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Abstract

Real-life decisions often need to take into account uncertainties about many future
events. There are various models for processes that evolve over time in a probabilistic
manner. Such processes are called stochastic processes. In this paper, we use both
discrete and continuous time Markov chains to model an aircraft maintenance facility and
explore the relationships of these models with standard queuing theory approaches. Our
first step applies discrete time Markov chains based on Binomial and Poisson
distributions to our model. Next, we extend the models to continuous time Markov chains
associated with exponential distributions, and also relate the new model to queuing
theory. Finally, we compare our discrete models to the continuous ones and generalize
cases for which a discrete Markov chain can be effectively implemented into the standard
queuing approach to help analyze the transient probability states. In the end, we analyze
strengths and weaknesses of our methods as well as propose future work that could be
accomplished. Several ideas are explored using Mathematica.
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Discrete Time Markov Chains (DTMC)

Processes evolving over time in a probabilistic manner are called stochastic
processes. In this paper, we will use a special kind of stochastic processes called a
Markov chain to approach an aircraft maintenance facility problem. A unique property of
Markov chains is that future probabilities (that is, how the process will evolve in the
future) depend only on the present state of the process, and so are independent of events
in the past. To begin with, we will briefly introduce the terminologies and key concepts
of general stochastic processes as well as Markov chains.

A stochastic process is an indexed collection of random variables {X,}, where
the index ¢ runs through a given set 7. Often T is taken to be the set of non-negative
integers, and X; represents a measurable characteristic of interest at time ¢. For example,
X: might represent the weather condition of a particular location on day ¢. Stochastic
processes are used to describe the behavior of a system operating over time. A stochastic
process often has the following structure:

The current status of the system can fall into any one of M + 1 mutually
exclusive categories called states. For notational convenience, these states
are labeled 0, 1, ... , M. The random variable X, stands for the state of the
system at time ¢, so its only possible values are 0, 1, ... , M. The system is
observed at particular points of time, labeled = 0, 1, 2, ... Thus, the
stochastic process {X;} = {Xo, Xj, X3, ...} provides a mathematical
representation of how the status of the physical system evolves over time.

The above process is referred to as a discrete time stochastic process with a finite state
space. Assumptions on the joint distribution of Xy, X, ... are necessary to obtain
analytical results. One assumption that leads to analytical tractability requires the
stochastic process to be a Markov chain with the following key property:

A stochastic process {X;} has the Markovian property if P{X;., =/ | Xo =
ko Xi=k, ..., Xe=k, X, =i} =P{Xsy=j|X,=i},fort=0,1, .. and
every sequence i, j, ko, k1, ..., kp1.

This Markovian property indicates that the conditional probability of any future “event,”
given any past “events” and the present state X; = i, is independent of the past events and

depends only upon the present state.

A stochastic process {X;} (+ =0, 1, ...) with the Markovian property is called a Markov
chain.

The conditional probabilities P {X;.; =j | X; = i} for a Markov chain are called (one-step)
transition probabilities. If, for each / and j,

P{/Y,ﬂ:jl/Y,:i}:P{X] =j|Xo=i}, forallr=1,2, ...,




then the (one-step) transition probabilities are said to be stationary. Thus, the definition
of stationary transition probabilities implies that the transition probabilities do not
change over time. Having stationary (one-step) transition probabilities also means that,
foreachi, j,andn(n =0, 1,2, ...),

P{Xen=Jjl Xi=1} =P{X,=j| Xo=i}

forallt =0, 1, .... These conditional probabilities are called n-step transition
probabilities.

To simplify notation with stationary transition probabilities, let
py=P{Xm=jlX =1},

P =P Xun=jlX,=i}.

p

(m) e

Thus, the n-step transition probability p;" is just the conditional probability that the

if

system will be in state j after exactly » steps (time units), given that it starts in state 7 at

any time ¢. When n = 1, note p{" = p;

(n)
y

Because the p," are probabilities and the process must make a transition into

some state, they must satisfy the properties

p=0, foralliandj;n=0,1,2, ...,

M
Zp;."’=l foralli;n=0,1,2, ....
7=0

An easy way to show all the n-step transition probabilities is the matrix form

State 0 1 ... M

(n) (n) (n) ~

0 Pow Po - Poum

(n) (n) (n)
P(n)=1 Po Pn - Py

n ( n
Mipio Pl - P
Note that the transition probability in a particular entry is for the transition from the row
state to the column state. When n = 1, we drop the superscript # and simply refer to this
as the transition matrix.

In this paper, we will focus on Markov chains with a finite number of states and
stationary transition probabilities.




An aircraft maintenance facility problem

Markov chains can be adapted to many real-life applications, such as weather
forecasting, inventory management, credit evaluation, etc. The hypothetical problem we
are going to model in this paper has to do with an aircraft maintenance facility and it is
described as follows:

In order to maintain its world leadership in humanitarian aid, Zhu Enterprises
owns a fleet of 5 Pelican Ultra Large Transport Aircraft (ULTRA). These state-of-the-art
aircraft can carry a payload of 1.5 million pounds, and can fly 10,000 nautical miles over
water and 6,500 nautical miles over land.

These new aircraft do break down, however, at a rate that is exponentially
distributed with a mean of 4. When they do break down, we can hire a repair technician
who can typically get them running again at an average rate of x that is also exponentially
distributed.

We begin the development of our model by applying the discrete time Markov chains.
Starting on some initial day (labeled as day 0), the number of aircraft that break down
without being repaired is observed on each day ¢, for t = 0, 1, 2,....The state of the system
on day ¢ can be either

State 0 = No aircraft broken down

State 1 = One aircraft broken down

State 2 = Two aircraft broken down

State 3 = Three aircraft broken down

State 4 = Four aircraft broken down

State 5 = Five aircraft broken down
We will let the random variable X; represent the number of aircraft broken down on day ¢.
Thus, fort =0, 1, 2, ..., the values that the random variable X, takes can be computed as

follows;

Setting up the one-step transition matrix

The difficult part is to make sure each row of our matrix will add up to 1. For
illustration purposes, we will assume 1 (the breakdown rates) and x (the repairing rates)
take on certain values; i.e., A = 1/25 per day and x4 = 1/10 per day. Because the
breakdown rates are exponentially distributed, we can apply Poisson processes to
calculate the probabilities of having 1 aircraft broken down a certain number of times in 1
day.




A =1/25 per day
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As we see from the above calculations, it is very unlikely to have a single aircraft fail
more than 1 time in 1 day. Therefore, we can approximate this break-down process as
follows:

D (0) = 0.961
D(1)=1-0.961 = 0.039
D@2,3,...,00)=0

Similarly, for the repairing process, we can calculate the probabilities of having certain
numbers of aircraft repaired in 1 day.

u = 1/10 per day
RiX=m=H%
n
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Again, we approximate this repairing process as follows:

R (0) = 0.905
R(1)=1-0.905 = 0.095
R(2,3,...,00)=0

Note that for simplicity, we neglect the probability of having more than one plane
repaired within 1 day. It is, however, legitimate for us to make such an assumption due to
the small value that P (2) takes on, 0.004524. Indeed, including the probability of having
more than one plane repaired within 1 day will result in certain problems when setting up
our one-step transition matrix, which we will discuss later.

Now we need to take into account the probability of having a certain number of
aircraft broken down within 1 day (assuming initially broken planes will not be repaired
in this procedure). This process can be viewed as a binomial distribution for current intact
planes, where X is the number of aircraft to be broken down at later times.

) -
n

Binomial: P(X =n)=| [p"(-p)
J

Thus, if m planes are in good shape at day ¢, the probability of having n of those planes

broken down on day ¢ + 1 can be described as below:

“

P{X,+,=n+(s—m)|X,=s—m}=L Jp"(l—p)""”.

m
n
where X, is the total number of planes broken down on day ¢.

When starting with 5 intact airplanes (i.e., X; = 5 — 5 = 0) and ending with n (0 <n <5)
planes broken down, we will have the following probabilities:

¢«

P{X,+I=nlx,=0}=l

\

5
n

i 5
Jp"(l -p)y = (’]0.039"0.9615‘"
1y




P {X,.;=0|X=0} = 0.819628,
P{Xu=1]X=0}=0.166314,
P {X,s;=2|X,=0} = 0.013499,
P {X;s;=3|X,= 0} = 0.000548,
P {X,s;=4|X,=0} = 0.000011,
P {X,e1=5|X,= 0} = 9.02242E-8.

When starting with 4 intact airplanes (i.e., X;=5—-4=1) and ending withn + 1 (0 <n <
4) planes broken down, we will have the following probabilities:

4 (4
P{Xu=n+1|X= 1}=( }p"(l—p)""’=[ 0.039"0.961*"
n n

F

r

P{X. =1]X=1} = 0852891,
P {X.1=2]X,=1} =0.138451,
P {X,;=3|X=1} = 0.008428,
P {X..1=4|X,=1} = 0.000228,
P {X;;=5|X,= 1} = 2.31344E-6.

When starting with 3 intact airplanes (i.e., X; = 5 -3 = 2) and ending withn + 2 (0 <n <
3) planes broken down, we will have the following probabilities:

P

P{Xii=n+2|X,=2}=

: 3
p'A=p) "= f ]0.039"0.9613‘"
n/

3

\n/
P {X.;=2|X =2} = 0.887504,
P {X.;=3|X,=2} = 0.108052,
P {X,o; = 4| X,=2} = 0.004385,
P {X;s;=5|X,=2} = 0.000059,

When starting with 2 intact airplanes (i.e., X; =5 —2 =3) and ending withn +3 (0 <n <
2) planes broken down, we will have the following probabilities:

o~y £

2 >
P{Xy=n+3|X,=3}= L Jp"(l—p)z‘"-: L JO.O39"0.9612‘"
n n

P {X.,=3|X =3} =0923521,
P {X,e1=4|X,=3} = 0.074958,
P {X.;=5|X =3} =0.001521.

When starting with 1 intact airplane (i.e., X; = 5~ 1 =4) and ending withn+4 (0<n<1)
planes broken down, we will have the following probabilities:

1 1
P{Xu=n+d|X,=4}=| |p"0-p)"= ( ]0.039"0.961'-"
N \.”z

P{X., =4|X =4} =0.96l,




P{Xy:=5|X =4} =0.039,

When all the airplanes are broken down (i.e., X; = 5), the only possibility is P {X;+; =5 |
X;=5}=1.

Note that in the above calculations for the probability of having certain numbers
of aircraft broken down within 1 day, we assume that initially broken planes will not be

repaired. Now we will consider the circumstance where broken planes are fixed.
Supposing broken-down events and repairing events are two independent processes, we
can calculate the probability of having a certain number of aircraft broken down within 1
day. We can call such a probability B (i, j), where i indicates the row number or initial
state and j the column number or final state in the one-step transition matrix; i.e., B (i, j)
is the probability of j broken down planes on day ¢ + 1 when starting with i broken down
planes on day .

We denote the first row by row 0 and it implies the probability of having n (0 <n
<5) planes broken down when starting with 0 broken planes. The calculations can be
performed as follows:

B(0,0)=D {X;=0]|X; =0} + D {Xpr; = 1| X,=0} x R (1)
=0.819628 + 0.166314 x 0.095 = 0.835428

The above calculation indicates that the probability of having 0 planes broken down with
initially O broken planes is the combination of two possible scenarios:
1. no planes broken down, indicated by D {X,.; = 0] X; = 0};
2. one plane broken down, indicated by D {X;.; = 1| X; = 0}, and the same one
getting fixed, indicated by R (1). Because we assume that no more than one
plane can be repaired within 1 day, the probabilities of having 2, 3, 4, and 5
planes broken down and getting the corresponding number of planes fixed will
simply be 0. Therefore, the probability of having 0 planes broken down with
initially O broken planes will be 0.835428. Similar reasoning can be adapted to
the rest of the entries in our one-step transition matrix. Another example will be
illustrated for B (0, 1), B (0, 2), B (0, 3), B (0, 4), and B (0, 5) as follows:

BO,1)=D {Xu;=1|X=0} xR(0) + D {Xir;=2| X =0} X R (1)
=0.166314x 0.905 +0.013499 x 0.095 = 0.151797

B(0,2)=D{Xu;=2]|X,=0} xR(0)+ D {Xin; =3 | X; =0} xR (1)
=0.013499 x 0.905 + 0.000548 x 0.095 = 0.012269

B(0,3)=D{X1=3]|X=0} xR(0)+ D {Xiu;=4] X, =0} xR(1)
=0.000548 x 0.905 + 0.000011 x 0.095 = 0.000497

B(0,4)=D {Xs;=4]X,=0} xR(0)+ D {X»;=5|X,= 0} x R (1)
=0.000011 x 0.905 + 9.02242E-8x 0.095 = 0.00001

B(0,5)=D {X-1=5|X =0} xR(0)
=9.02242E-8x 0.905 = 8.16529E-8




By summing all B (0, n), where 0 <n <S5, we have

B(0,0)+B(0,1)+ B (0,2)+ B(0,3)+B(0,4)+ B(0,5) =1

The result of 1 confirms the correctness of our approach to construct the one-step
transition matrix. Applying the same procedure to rows 1, 2, 3, 4, and 5, we can set up the
following one-step transition matrix P:

State 0 1 2 3 4 5
0.835428 0.151796 0.0122686 0.000496836 0.0000100686 8.16529x 107!
0.0810246 0.785019 0.126098 0.00764905 0.00020658 2.09366 x10™°

0 0.0843128 0.813456 0.0982036 0.0039741  0.0000536837

0 0 0.0877345 0.842908 0.0679815 0.00137651

0 0 0 0.091295 0.87341 0.035295

0 0 0 0 0.095 0.905 ),

where these transition probabilities are for the transition from the row state to the column
state. State 0 means that the day has all aircraft working, whereas state 1 indicates that the
day has one aircraft broken, state 2 two aircraft broken, and so on; so these transition
probabilities give the probability of the total number of aircraft broken down tomorrow,
given the state of the aircraft today.

To lessen our computing efforts, we automated the whole process on Mathematica.
To calculate the entries in row 1, we used probabilities of having n + 1 planes (0 <n < 4)
broken down with initially 1 broken plane (that is, D {X,+; = n + 1| X, = 1}). For the
entries in row 2, we used probabilities of having »n + 2 planes (0 < n < 3) broken down
with initially 2 broken planes (that is, D {X;.; = n + 2 | X; = 2}). For the entries in row 3,
we used probabilities of having n + 3 planes (0 < n <2) broken down with initially 3
broken planes (that is, D {X;., = n+ 3 | X, = 3}). For the entries in row 4, we used
probabilities of having » + 4 planes (0 < »n < 1) broken down with initially 4 broken
planes (that is, D {X;.) = n + 4 | X, = 4}). For the entries in row 5, we used probabilities
of having 5 planes broken down initially (that is, D {X,.; = 5 | X, = 5}).

Moreover, because these probabilities do not change if information about the aircraft
conditions (broken down or intact) before today (day ¢) is also taken into account,

P{)(;H:O,Xo:ko,X] =k|, ...,X',-1=k,-|,)(,=0}=P{)(p+| =0|.X,=0}
PX1=0|Xo=ko Xi=hky, ... X1=k, X, =1} =P{X1 =0| X, =1}
PXi=0|Xo=ko Xi=ky, ..., Xei=kut, Xy =2} =P{X;s1 = 0| X, =2}
P{Xn=0|Xo=ko X1 =ki, ..., X1 =k, Xy =3} = P{Xis1 = 0| X, = 3}
P{Xmi=0|Xo=koXi=ki, ..., Xe1=k, X, =4} =P{Xs1 =0 X, =4}
P{/YH]:O,Xo:ko,X] =k1, ...,‘X,-IZk,-l,/Y,ZS}:P{XV,H =O|‘X,:5}

where £, =0, 1,2,3,4,0r 5. Fort =0, 1, ... and every sequence i, j, ko, k1, ..., k.. These
equations also must hold if X,.; = 0 is replaced by X;+, =1, 2, 3, 4, and 5. The reason is
that states 0, 1, 2, 3, 4, and 5 are mutually exclusive and the only possible states, so the




probabilities of the six states must sum to 1. Therefore, the stochastic process has the
Markovian property, so the process is a Markov chain.

n-step transition probabilities

The following Chapman-Kolmogorov equations provide a method for computing the
probability of transitions from state i to state j in » steps, which we call the n-step
transition probabilities:

M
P =3 pPpym,  foralli=0,1,..., M,
k=0
i=0,1,..., M,

andanym=1,2,...,n-1,
n=m+1l,m+2,...

These equations point out that in going from state i to state j in n steps, the

(m) _{n-m)

process will be in some state k after exactly m (less than n) states. Thus, p;" p;’

the conditional probability that, given a starting point of state i, the process goes to state k
after m steps and then to state j in n-m steps. Therefore, summing these conditional

probabilities over all possible £ must yield p;") . The special cases of m = 1 and m = n -1

is just

lead to the expressions

M
(n) _ (n=1)
p{; _Zp;i'pk,l
k=0

M
(n) _ (n-1)
B A= > pl ) Dy
k=0

for all states i and j. These expressions enable the n-step transition probabilities to be
obtained from the one-step transition probabilities recursively. For n = 2, these
expressions become

M
p = Z Pu Py > for all states i and j,
k=0

where the p,.jz. are the elements of a matrix P, Also note that these elements are obtained

by multiplying the matrix of one-step transition probabilities by itself; i.e.,

PP =p.p=Pp
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In the same manner, the above expressions for p;™ when m = 1 and m = n — 1 indicate
that the matrix of n-step transition probabilities is

PP =pprl=prip=p"
Thus, the n-step transition probability matrix P” can be obtained by computing the nth

power of the one-step transition matrix P.

n-step transition matrices for the aircraft maintenance facility problem

For the aircraft maintenance facility problem, we now will use the above formulas to
calculate various n-step transition matrices from the (one-step) transition matrix P. To
begin, the two-step transition matrix is

PP=p.pP=

State 0 1 2 3 4 5
~ 0.710239 0.247012 0.0394143 0.00320069 0.000131104 2.15781x 10

0.131296 0.639186 0.20323 0.0248945 0.00136473 0.0000281346
0.00683142 0.134772 0.680958 0.1636€9 0.0134023 0.000367873

0. 0.00739715  0.14532 0.725315 0.117157 0.00481012
0. 0. 0.00800972 0.156691 0.772404 0.0628946
\ 0. 0. 0. 0.00867303 0.168949 0.822378 |

Thus, if the aircraft conditions are in state 0 on a particular day, the probability of being
in state 0 two days later is 0.710239 and the probability of being in state 1 then is
0.247012. Similarly, if the aircraft condition is in state 1 now, the probability of being in
state 2 two days later is 0.20323 whereas the probability of being in state 1 then is
0.639186.

The probabilities of the state of the aircraft conditions three, four, five, or six days
into the future also can be read in the same way from the three-step, four-step, five-step,
and six-step transition matrices calculated below.

PY=p.p=

State 0 1 2 3 4 5
-+ 0.613368 0.305044 0.0722041 0.00882277 0.000547116 0.000013677

0.161478 0.538839 0.249714 0.0460207 0.00382803 0.000120157
0.016627 0.164249 0.585367 0.207088 0.0256012 0.00106809
0.000599351 0.0180593 0.182779 0.636397 0.15267 0.00949444
0. 0.000675322 0.0202628 0.203379 0.691285 0.0843978

| 0. 0. 0.000760923 0.0227348 0.226277 0.750227
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ph=p.p’=
State 0 1 2 3 4 5
0.537141 0.33866 0.1055 0.0172155 0.00143508 0.0000483976"
0.178563 0.468565 0.277097 0.0678654 0.00758874 0.000321747
0.0271989 0.180817 0.515254 0.235643 0.0389004 0.00218704
0.00196396 0.0296785 0.206802 0.56845 0.178239 0.0148668
0.0000547178 0.00223855 0.0344114 0.236536 0.625699 0.10106
\ 0. 0.0000641556 0.0026136 0.039896 0.270453 0.686973 |/
PO=Pepi=
State 0 1 2 3 + 5
0.476182  0.356286  0.136624 0.0278598 0.00292298 0.000124565
0.187142 0.4183 0.292636 0.0887817 0.012472 0.000668314

0.0373733 0.189516 0.462945 0.254173 0.0522884 0.00370467
0.00404544 0.0410324 0.221863 0.51596 0.19656 0.0205391
0.000227091 0.00466694 0.0490275 0.259898 0.57231 0.113871

15.19819x10°% 0.000270723 0.00563439 0.0585768 0.304201 0.631312 |

PO=p.p’=

State 0 1 2 3 4 5
-~ 0.426684 0.363493 0.164351 0.0401289 0.0050801 0.000262366

0.190236 0.381454 0.300879 0.108004 0.0182435 0.00118383

0.0465782 0.193479 0.423241 0.265949 0.0651795 0.00557336

0.0067043 0.0515312 0.230967 0.474955 0.209595 0.0262477
0.000567855 0.00783175 0.063275 0.276169 0.528543 0.123613
.0.000026278 0.000688364 0.00975674 0.0777023 0.329672 0.582155 |

We note that we can continue in this manner until we note that on the 200" day, each
column has a unique set of identical values (see the matrix below.). This reflects the fact
that the probability of the aircraft being in a particular condition is essentially
independent of the initial number of aircraft that were broken down 199 days before.
Thus, the probabilities in any row of this 200-step transition matrix are referred to as the
steady-state probabilities of this Markov chain.

pRo0) _ p , pI19 =

State 0 1 2 3 4 5
0.0662 0.1345 0.2237 0.2731 0.2176 0.08492
0.0662 0.1345 0.2237 0.2731 0.2176 0.08492
0.0662 0.1345 0.2237 0.2731 0.2176 0.08492
0.0662 0.1345 0.2237 0.2731 0.2176 0.08492
0.0662 0.1345 0.2237 0.2731 0.2176 0.08492

10.0662 0.1345 0.2237 0.2731 0.2176 0.08492)
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Classification of states of a Markov chain

Transition probabilities associated with the states play an important role in the study of
Markov chains. To further describe the properties of Markov chains, it is necessary to
present some concepts and definitions concerning these states.

State j is said to be accessible from state i if p,” > 0 for some n > 0. (Recall that

p," is just the conditional probability of being in state j after n steps, starting in state 7.)

Thus, state j being accessible from state i means that it is possible for the system to enter
state j eventually when it starts from state i. This is clearly true for the aircraft

maintenance facility problem since p*®” > 0 for all i and ;. In general, a sufficient
condition for all states to be accessible is that there exists a value of » for which pé") >0

forall i and .

If state j is accessible from state / and state i is accessible from state j, then states i
and j are said to communicate. In the aircraft maintenance facility problem, all states
communicate. In general,

1. Any state communicates with itself (because p'” =P {Xp=i|Xo=i} = 1).
2. If state i communicates with state j, then state j communicates with state i.

3. If state i communicates with state j and state ; communicates with state &, then
state i communicates with state £.

Properties 1 and 2 follow from the definition of states communicating, whereas property
3 follows from the Chapman-Kolmogorov equations.

As a result of these three properties of communication, the states may be
partitioned into one or more separate classes such that those states that communicate with
each other are in the same class (a class may consist of a single state.). If there is only one
class, i.e., all the states communicate, the Markov chain is said to be irreducible. In the
aircraft maintenance facility problem, the Markov chain is irreducible.

Recurrent states and transient states

It is often useful to talk about whether a process entering a state will ever return to this
state. One possibility is described as follows:

A state is transient if, upon entering this state, the process may never
return to this state again. Therefore, state i is transient if and only if there
exists a state j (j #i ) that is accessible from state i but not vice versa, that
is, state i is not accessible from state j.

Thus, if state i is transient and the process visits this state, there is a positive probability
(perhaps even a probability of 1) that the process will later move to state j and so will
never return to state /. Consequently, a transient state will be visited only a finite number
of times.
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When starting in state /, another possibility is that the process definitely will
return to this state.

A state is said to be a recurrent state if, upon entering this state, the process
definitely will return to this state again. In other words, a state is recurrent if and
only if it is not transient.

Since a recurrent state definitely will be revisited after each visit, it will be visited
infinitely often if the process continues forever.

If the process enters a certain state and then stays in this state at the next step, this
is considered a return to this state. Hence, the following kind of state is a special type of
recurrent state.

A state is said to be an absorbing state if, upon entering this state, the process
never will leave this state again. That is, state i is an absorbing state if and only if

p,',': 1

Recurrence is a class property. That is, all states in a class are either recurrent or transient.
Furthermore, in a finite-state Markov chain, not all states can be transient. Therefore, all
states in an irreducible finite-state Markov chain are recurrent. Indeed, one can identify

an irreducible finite-state Markov chain (and therefore conclude that all states are
recurrent) by showing that all states of the process communicate. It has already been
pointed out that a sufficient condition for all states to be accessible (and therefore
communicate with each other) is that there exists a value of n for which p;” > 0 for all i
andj. In our problem, all the six states are recurrent.

Steady-state probabilities for a DTMC model

While calculating the n-step transition probabilities for the aircraft maintenance facility
problem, we noted an interesting feature of these matrices. If n is large enough (n = 200
for the aircraft maintenance facility problem), all the rows of the matrix have the same
entries, so the probability that the system is in each state j no longer depends on the initial
state of the system. In other words, there is a limiting probability that the system will be
in each state j after a large number of transitions, and this probability is independent of
the initial state. Therefore, for a system with such a property, we will have the following
steady-state equations

M
= Zﬂ,p,,_ forj=0,1,..., M,
1=0

Z T, = 1, where the 71; uniquely satisfy the above equations.

The n; are called the steady-state-probabilities of the Markov chain. The term steady-
state probability means that the probability of finding the process in a certain state, say j,
after a large number of transitions tends to the value x;, independent of the probability
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distribution of the initial state. Note that the steady-state probability does not imply that
the process settles down into one state. On the contrary, the process continues to make
transitions from state to state, and at any step » the transition probability from state i to
state j is still py;

The 7 can also be interpreted as stationary probabilities (different from stationary
transition probabilities) in the following sense. If the initial probability of being in state j
is given by m; (that is, P{X, = j} = m)) for all j, then the probability of finding the process
in state j at time n =1, 2, ... is also given by &, (that is, P{X, = j} = m).

Applying to the aircraft maintenance facility problem

The aircraft maintenance facility problem has six states (0, 1, ..., 5), so the above steady-
state equations become

7o = moBoo + mBro Tm2Bag +m3B3g + maBag + msBsy,
7 = moBo) + m By +mByy +m3B3) + m4Bay + msBsy,
72 = moBo2 + m\B12 +myByy +m3B3; + maBaxt+ msBsy,
73 = moBo3t+ m1B13 +m2By3 +73B33 + maBas + msBs;,
7t4= moBoa + mB1a +m2Ba+m3B34 + m4Bys + msBsa,
7ts= moBos + m1B1s+m2Bys+m3Bas+ m4Bas + msBss,
1= mo+ m+my +73 +74 +71s,

where By is equivalent to the notation B (i, j) we have introduced in the previous section.

The basic idea behind the first equation is that, in steady state, the probability of being in
state 0 after the next transition must equal (1) the probability of being in state 0 now and
then staying in state O after the next transition plus (2) the probability of being in state 1
now and next making the transition to state 0 plus (3) the probability of being in state 2
now and next making the transition to state 0 plus (4) the probability of being in state 3
now and next making the transition to state 0 plus (5) the probability of being in state 4
now and next making the transition to state 0 plus (6) the probability of being in state 5
now and next making the transition to state 0. The logic for the second, third, fourth, fifth,
and the sixth equation is the same, except in terms of states 1, 2, 3, 4, and 5. The seventh
equation simply expresses the fact that the probabilities of these mutually exclusive states
must sum to 1.

Combining these equations immediately yields the following steady-state
probabilities:

mo = 0.0662, my = 0.1345, m, = 0.2237, m3 = 0.2731, mq = 0.2176, 715 = 0.08492

These are the same probabilities as obtained in each row of the 200-step transition matrix
calculated in the previous section because 200 transitions proved enough to make the
state probabilities essentially independent of the initial state.

Note that the steady-state equations consist of M + 2 equations in M + 1
unknowns (as for the aircraft maintenance facility problem). Because it has a unique
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solution, at least one equation must be redundant and can, therefore, be deleted. It cannot
be the equation

M

Z;z' ;=1

J=0
because my = 0 for all j will satisfy the other M + 1 equations. Furthermore, the solutions
to the other M + 1 steady-state equations have a unique solution up to a multiplicative
constant, and it is the final equation that forces the solution to be a probability

distribution.

First passage times

All the previous discussions are based on an assumption that the time parameter t was
discrete (thatis, t =0, 1, 2, ...). We call this type of Markov processes a discrete time
Markov chain (DTMC). One merit of a discrete time Markov chain is that it not only
allows us to compute the n-step transition probabilities from state i to state j, but also to
make probability statements about the number of transitions made by the process in going
from state i to state j for the first time. This length of time is called the first passage time
in going from state i to state j. When j = i, this first passage time is just the number of
transitions until the process returns to the initial state i. In this case, the first passage time
is called the recurrence time for state .

To illustrate these definitions, reconsider the aircraft maintenance facility problem,
where X; indicates the number of aircraft broken down on day # and where we start with
Xo = 0. Suppose that is turns out that

Xo=0,X1 = 1,X2=3,X3=0,X4=2,X5=3,X6=1

In this case, the first passage time in going from state 0 to state 2 is 4 days, the first
passage time in going from state 3 to state 2 is 2 days, the recurrence time for state 1 is 5
days, and so on.

In general, the first passage times are random variables. The probability
distributions associated with them depend on the transition probabilities of the process. In
particular, let ﬁj(”) denote the probability that the first passage time from state i to state ; is
equal to n. For n > 1, this first passage time is » if the first transition is from state i to
some state k (k # j) and then the first passage time from state & to state j is n — 1.
Therefore, these probabilities satisfy the following recursive relationships:

2182 PPN | § [
js/ _prj _py9
(2¥ o 1)
f:' —Zp'k k
k#j
(n) _ (n-1)
j:_v'n _Zpikf;(jn r
k#j

Thus, the probability of a first passage time from state & to state j in n steps can be
computed recursively from the one-step transition probabilities.
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In the aircraft maintenance facility problem, for example, the probability
distribution of the first passage time in going from state 0 to state 1 is obtained from these
recursive relationships as follows:

9= pio=0.0810246,

0 =pn f0) Pty T o fa tpufe s fiy

=0.785019(0.0810246) + 0.126098(0.0122686) + 0.00764905(0.000496836)
+0.00020658(0.0000100686) + 2.09366E-5(8.16529E -8) = 0.065157

where the pyrand £} = pio are obtained from the (one-step) transition matrix given in

the preceding discussion. _
For fixed i and j, the £, are nonnegative numbers such that

Zf{"] <l1.

Unfortunately, this sum may be strictly less than 1, which implies that a process initially
in state / may never reach state j. When the sum does equal tol, it is equivalent to saying
that state j is accessible from state i. Thus ﬁ,(") (forn=1, 2, ...) can be considered as a
probability distribution for the random variable, the first passage time.

It is relatively simple to obtain the expected first passage time from state 7 from
state j. Denote this expectation by u;, which is defined by

g, = it £ <1,
n=1

S w50

n=l]

Whenever

301

n=l

w; uniquely satisfies the equation

/Uu = l + Zprkluig

ke



or

ﬂn—l,n_

where[f’] is the matrix P excluding row » and column #.

This equation recognizes that the first transition from state i can be to either state j or to
some other state £. If it is to state j, the first passage time is 1. Given that the first
transition is to some state k (k # ) instead, which occurs with probability py, the
conditional expected first passage time from state i to state j is 1 + u;;. Combining these
facts, and summing over all the possibilities for the first transition, leads directly to this

equation.

_.'un~I,rl i
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For the aircraft maintenance facility problem, the above equations for the u; can

be used to compute the expected time from one state to another for the first time. This

expected time is just the expected first passage time y;;. Since all the states are recurrent,
the system of equations leads to the expressions
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The simultaneous solution to this system of equations is

Uy =6.076
By '=15.8912
My, =10.6408
Moy =32.6052
Hyy =27.3299
Hyy =17.713
Moy =66.3695
My, =61.0942
15, 51452
M, =35.1011
Hos =177.578
Mys =172.302
H,s =162.66
M =146.281
Hys =113.396

so that the expected time from O broken planes to 1 broken plane for the first time is
6.076 days, from 0 broken plane to 2 broken planes 15.8912 days, and so on.

For the case of u; where j = i, u;; is the expected number of transitions until the
process returns to the initial state i, and so is called the expected recurrence time for
state i. After obtaining the steady-state probabilities (mo, m), ..., m4) as described in the
preceding section, these expected recurrence times can be calculated immediately as

,u,,=—l—, fori=0,1,..., M
T

Thus, for the aircraft maintenance facility problem, where 7y = 0.0662, m; = 0.1345, m,
0.2237, m3 = 0.2731, 4 = 0.2176, nrs = 0.08492, the corresponding expected recurrence
times are

Hoo=1/0.0662 = 15.1057, uy1=1/0.1345=7.4349, uy;=1/0.2237 =4.4703
133 =1/0.2731 =3.6617, p4a=1/0.2176 =4.5956, uss=1/0.08492=11.7758,

18
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so that the expected time from 0 broken planes to 0 broken planes for the first time is
15.1057 days, from 1 broken plane to 1 broken plane is 7.4349 days, and so on.

Continuous Time Markov Chain (CTMC) and Queuing Theory

Sometimes there are cases (such as for some queuing models) where a continuous time
parameter (call it ¢') is required, because the evolution of the process is being observed
continuously over time. The definition of a Markov chain given in the previous
discussion also extends to such continuous processes. In the following sections, we will
first introduce the continuous time Markov chains and then extend them to queuing
theory and its applications.

Steady-state probabilities of the aircraft maintenance facility problem can also be
obtained from a continuous time Markov chain approach. We then compare these results
with the ones based on our discrete time Markov model to see whether there is a
consistency between the two models (DTMC and CTMC). If their results are close
enough, we can therefore justify our discrete modeling approach discussed in the
previous section.

As before, we label the possible states of the system as 0, 1, ... , M. Starting at time 0 and
letting the time parameter ¢' run continuously for ¢’ = 0, we let the random variable X{(t’)
be the state of the system at time ¢. Thus, X (#') will take on one of its possible (M + 1)
values over some interval, 0 <¢' <¢,, then will jump to anther value over the next interval,
H < t' < b, etc., where these transit points (), ,, ...) are random points in time (not
necessarily integer).

Now consider the three points in time (1) ¢’ = r (where r = 0), (2) t'= s (where s >
r), and (3) t'=s + ¢t (where ¢ = 0), interpreted as follows:

t'=r  isapasttime,
t'=s is the current time,
t'= s+t isttime units into the future.

Therefore, the state of the system now has been observed at times +’' = s and ¢’ = r. Label
these states as

X(@s)=1i and X (r) = x(r).

Given this information, it now would be natural to seek the probability distribution of the
state of the system at time ¢ = 5 + ¢. In other words, what is

P{X(s+0=j|X(s)=1iand X (r) = x(r)}, forj=0,1,..., M?

Deriving this conditional probability often is very difficult. However, this task is
simplified considerably if the stochastic process involved possesses the following key

property.
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A continuous time stochastic process {X (¢'); ¢' = 0} has the Markovian
property if P{X (s +1) =j| X(s)=iand X (r) =x(r)} =P {X(s+1)=]|
X(s)=i},forallij, =0,1,...,Mand forallr 20,5 > r, and ¢t > 0.

Note that P {X (s + f) =j | X (s) = i} is a transition probability, just like the
transition probabilities for discrete time Markov chains considered in the preceding

sections, where the only difference is that # now need not be an integer. Therefore, the
probability only depends upon the current condition.

If the transition probabilities are independent of s, such that

PX(s+n=jlX()=i}=P{X({)=j|X(0)=i}
for all s > 0, they are called stationary transition probabilities.

To simplify notation, we will denote these stationary transition probabilities by
py(O) =P {X()=7|X(0) =i},

where pj; () is referred to as the continuous time transition probability function. We
assume that

lim p, (1) {1 e
m =
P00 ey

Now we are ready to define the continuous time Markov chains to be considered.

A continuous time stochastic process {X (¢'); ¢' = 0} is a continuous time
Markov chain if it has the Markovian property.

We shall restrict our consideration to continuous time Markov chains with the following
properties:

1. A finite number of states, and
2. stationary transition probabilities.

Key random variables

In the analysis of continuous time Markov chains, one key set of random variables is the
following.

Each time the process enters state 7, the amount of time it spends in that state
before moving to a different state is a random variable 7, where i = 0, 1, ..., M.

Suppose that the process enters state / at time ¢’ = 5. Then, for any fixed amount of time ¢
> 0, note that 7,> r if and only if X (+") =i for all #' over the interval s <t’'<s + t; that is,
the process stays in state i from time s to time s + ¢. Therefore, the Markovian property
(which stationary transition probabilities) implies that
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P{T>t+s|T;>s}=P{T;>1t}.

This is a rather unusual property for a probability distribution to possess. It says that the
probability distribution of the remaining time until the process transits out of a given state
always is the same, regardless of how much time the process has already spent in that
state. In effect, the random variable is memoryless; the process forgets its history. There
is only one (continuous) probability distribution that possesses this property — the
exponential distribution. The exponential distribution has a single parameter, call it g,
where the mean is 1/q and the cumulative distribution function is

chain:

—

3

P{Ti<t}=1-e % fort=0.

This result leads to an equivalent way of describing a continuous time Markov
The random variable 7; has an exponential distribution with a mean of 1/g;, and
when leaving state /, the process moves to a state j with probability p;;, where the
pj; satisfy the conditions

pi=0 for all i,

and

M

Zp,.j =1 foralli and
=0

the next state visited after state i is independent of the time spent in state i.

Just as the one-step transition probabilities played a major role in describing

discrete time Markov chains, the analogous role for a continuous time Markov chain is
played by the transition intensities.

The transition intensities are

d . 1-p,(t
g ==L p, @ =1im 2D prico 2.0
at 1—0 t
and
_d o p) -
9y = PO =lm="==q,p,, forallj#i

where pj; (¢) is the continuous time transition probability function introduced at
the beginning of the section and p; is the probability described in property 2 of the
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preceding paragraph. Furthermore, g, turns out to still be the parameter of the
exponential distribution for 7, as well (see property 1 of the preceding paragraph).

The intuitive interpretation of the g, and g, is that they are transition rates. In
particular, g;is the transition rate out of state i in the sense that g, is the expected number
of times that the process leaves state i per unit of time spent in state i. (Thus, g, is the
reciprocal of the expected time that the process spends in state / per visit to state i; that is,
q: = I/E [T}].) Similarly, g; is the transition rate from state / to state j in the sense that g, is
the expected number of times that the process transits from state i to state j per unit of
time spent in state i. Thus,

9,=2.4,

J#

Just as g, is the parameter of the exponential distribution for T}, each g;; is the parameter
of an exponential distribution for a related random variable described below.

Each time the process enters state i, the amount of time it will spend in state i
before moving to state j (if a transition to some other states does not occur first) is
a random variable T}, where i,j =0, 1, ..., Mandj #i. The T; are independent
random variables, where each T}, has an exponential distribution with parameter
qy> S0 E [T; ] = 1/q;. The time spent in state / until a transition occurs (7)) is the
minimum (over j # i) of the 7;. When the transition occurs, the probability that it

is to state j is p; = /4.

Steady-state probabilities for a CTMC model

Just as the transition probabilities for a discrete time Markov chain satisfy the Chapman-
Kolmogorov equations, the continuous time transition probability function also satisfies
these equations. Therefore, for any states i and j and nonnegative numbers 7 and s (0 < s <

h,
p, )= Z Pu(S)py, (1 =)
k=1

A pair of states i and / are said to communicate if there are times #; and ¢, such that p;(1)
> 0 and py(2) > 0. All states that communicate are said to form a class. If all states form a
single class, i.e., if the Markov chain is irreducible (hereafter assumed), then

pi() >0, for all t> 0 and all states i and j.

Furthermore,

lim Dy @)= z,
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always exists and is independent of the initial state of the Markov chain, forj=0, 1, ...,
M. These limiting probabilities are commonly referred to as the steady-state
probabilities (or stationary probabilities) of the Markov chain.

The 7 satisfy the equations
M

z, =lep”({), forj=0,1,..., Mand every t > 0.
1=0

However, the following steady-state equations provide a more useful system of
equations for solving for the steady-state probabilities:

;r)qizZ:ﬂ",q’.j, fij=0, 1,...,M
izj

and

The steady-state equation for state j has an intuitive interpretation. The left-hand
side (7 g)) is the rate at which the process leaves state j, since 7 is the (steady-state)
probability that the process is in state j and g; is the transition rate out of state j given that
the process is in state j. Similarly, each term on the right-hand side (7; ;) is the rate at
which the process enters state j from state i. By summing over all i #}, the entire right-
hand side then gives the rate at which the process enters state j from any other state. The
overall equation thereby states that the rate at which the process leaves state j must equal
the rate at which the process enters state j. Thus, this equation is analogous to the
conservation of flow equations encountered in many engineering and science courses.

Because each of the first M + 1 steady-state equations requires that two rates be in
balance (equal), these equations sometimes are called the balance equations.

The basic queuing process

Another standard way to approach our problem is to treat the aircraft maintenance facility
as a queuing system. Before applying queuing models to our problem, we will introduce
the basic queuing process in this section.

The basic process assumed by most queuing models is the following. Customers
requiring service are generated over time by an input source. These customers enter the
queuing system and join a queue. At certain times, a member of the queue is selected for
service by some rule known as the queue discipline. The required service is then
performed for the customer by the service mechanism, after which the customer leaves
the queuing system. The basic process is depicted in the figure shown below.



Queuing system

Input i Service i Served
Source j mechanism :

customers

1. Input source (calling population)

One characteristic of the input source is its size. The size is the total number of customers
that might require service from time to time, i.e., the total number of distinct potential
customers. This population from which arrivals come is referred to as the calling
population. The size may be assumed to be either infinite or finite (so that the input
source also is said to be either unlimited or limited). Because the calculations are much
casier for the infinite case, this assumption often is made even when the actual size is
some relatively large finite number, and it should be taken to be the implicit assumption
for any queuing model that does not state otherwise. The finite case is more difficult
analytically because the number of customers in the queuing system affects the number
of potential customers outside the system at any time. However, the finite assumption
must be made if the rate at which the input source generates new customers is
significantly affected by the number of customers in the queuing system.

The statistical pattern by which customers are generated over time must also be
specified. The common assumption is that they are generated according to a Poisson
Process; i.e., the number of customers generated until any specific time has a Poisson
distribution (the case where arrivals to the queuing system occur randomly but at a
certain fixed mean rate, regardless of how many customers already are there). An
equivalent assumption is that the probability distribution of the time between consecutive
arrivals is an exponential distribution. The time between consecutive arrivals is referred
to as the interarrival time.

Any unusual assumption about the behavior of arriving customers must also be
specified. One example is balking, where the customer refuses to enter the system and is
lost if the queue is too long.

2. Queue

The queue is where customers wait before being served. A queue is characterized by the
maximum permissible number of customers that it can contain. Queues are called infinite
or finite. The assumption of an infinite queue is the standard one for most queuing models,
even for situations where there actually is a (relatively large) finite upper bound on the
permissible number of customers, because dealing with such an upper bound would be a




complicating factor in the analysis. However, for queuing systems where this upper
bound is small enough that it actually would be reached with some frequency, it becomes
necessary to assume a finite queue.

3. Queue discipline

The queue discipline refers to the order in which members of the queue are selected for
service. For example, it may be first-come-first-served, random, according to some
priority procedures, or some other order. First-come-first-served usually is assumed by
queuing models, unless it is stated otherwise.

4. Service mechanism

The service mechanism consists of one or more service facilities, each of which contains
one or more parallel service channels, called servers. If there is more than one service
facility, the customer may receive service from a sequence of these (service channels in
series). At a given facility, the customer enters one of the parallel service channels and is
completely serviced by that server. A queuing model must specify the arrangement of the
facilities and the number of servers (parallel channels) at each one. Most elementary
models assume one service facility with either one server or a finite number of servers.
The time elapsed from the commencement of service to its completion for a
customer at a service facility is referred to as the service time (or holding time). A model
of a particular queuing system must specify the probability distribution of service times
for each server (and possibly for different types of customers), although it is common to
assume the same distribution for all servers (all models in this chapter make this
assumption). The service-time distribution that is most frequently assumed in practice
(largely because it is far more tractable than any other) is the exponential distribution and
our models will be of this type. Other important service-time distributions are the
degenerate distribution (constant service time) and the Erlang (gamma) distribution.

The queuing system of interest to us is depicted in the following figure:

Terminology and notation in a queuing model

Unless otherwise noted, the following standard terminology and notation will be used:

State of system = number of customers in queuing system
Queue length = number of customers waiting for service to begin
= state of system minus number of customers being served




N () = number of customers in queuing system at time  (z = 0)
P (1) = probability of exactly n customers in queuing system at time ¢,
given number at time 0
s = number of servers (parallel service channels) in queuing system
A.= mean arrival rate (expected number of arrivals per unit time) of
customers when n customers are in system
Hn = mean service rate for overall system (expected number of
customers completing service per unit time) when » customers
are in system. Note: u, represents combined rate at which all
busy servers (those serving customers) achieve service
completions
A, 4 p = see following paragraph

When 4, is a constant for all #, this constant is denoted by . When the mean
service rate per busy server is a constant for all » = 1, this constant is denoted by x. (In
this case, u, = su when n = s, that is, when all s servers are busy.) Under these
circumstances, 1/4 and 1/u are the expected interarrival time and the expected service
time, respectively. Also, o = A/(s¢) is the utilization factor for the service facility, i.e.,
the expected fraction of time the individual servers are busy, because A/(sg) represents the
fraction of the system’s service capacity (sx) that is being utilized on the average by
arriving customers (4).

Certain notation also is required to describe steady-state results. When a queuing
system has recently begun operation, the state of the system (number of customers in the
system) will be greatly affected by the initial state and by the time that has since elapsed.
The system is said to be in a transient condition. However, after sufficient time has
elapsed, the state of the system becomes essentially independent of the initial state and
the elapsed time (except under unusual circumstances). The system has now essentially
reached a steady-state condition, where the probability distribution of the state of the
system remains the same (the steady-state or stationary distribution) over time. Queuing
theory has tended to focus largely on the steady-state condition, partially because the
transient case is more difficult analytically. For example, in the aircraft maintenance
facility problem, we first use discrete Markov chains to analyze the first passage times
instead of jumping directly to a standard queuing model. The following notation assumes
that the system is in a steady-state condition:

P, = probability of exactly n customers in queuing system

L = expected number of customers in queuing system = Z nP,

n=0

-]

L, = expected queue length (excludes customers being served) = Z (n-s)P,

w = waiting time in system (include service time) for each individual customer
W = E(w) (the average w)
w, = waiting time in queue (excludes service time) for each individual customer.
W, = E(w,) (the average w,)




Relationship between L, W, L,, and W,

Assume that 4, is a constant 4 for all n. It has been proved that in a steady-state queuing
model process,

L=iw and Ly =W,

If the A, are not equal, then A can be replaced in these equations by 4 , the average
arrival rate over the long run.

Now assume that the mean service time is a constant, 1/u for all #» > 1. It then
follows that

W=W,+ i .
Y7,
These relationships are extremely important because they enable all four of the
fundamental quantities, L, W, L,, and W,, to be immediately determined as soon as one is
found analytically. This situation is fortunate because some of these quantities often are

much easier to find than othe.s when a queuing model is solved from basic principles.

Applications of balance equations (the birth-and-death process)

Balance equations are often used to describe the birth-and-death process. Before moving
to the detailed analysis, we will introduce the birth-and-death process that often occurs in
a queuing system. In the context of queuing theory, the term birth refers to the arrival of
a new customer into the queuing system, and death refers to the departure of a served
customer. The state of the system at time ¢ (f = 0), denoted by N (¢), is the number of
customers in the queuing system at time . The birth-and-death process describes
probabilistically how N (f) changes as ¢ increases. Broadly speaking, it says that
individual births and deaths occur randomly, where their mean occurrence rates depend
only upon the current state of the system. More precisely, the assumptions of the birth-
and-death process are the following:

Assumption 1. Given N (f) = n, the current probability distribution of the remaining
time until the next birth (arrival) is exponential with parameter A, (n =0, 1, 2, ...).

Assumption 2. Given N (¢) = n, the current probability distribution of the remaining
time until the next death (service completion) is exponential with parameter u, (n=1,
2,..).

Assumption 3. The random variable of assumption 1 (the remaining time until the next
birth) and the random variable of assumption 2 (the remaining time until the next death)
are mutually independent. The next transition in the sate of the process is either

n-n+l (a single birth)




n-n-1 (a single death),

depending on whether the former or latter random variable is smaller.

For a queuing system, A, and y, respectively represent the mean arrival rate and
the mean rate of service completions, when there are n customers in the system. For some
queuing systems, the values of the A, and the y, also can vary considerably with n.

Analysis of the birth-and-death process using balance equations

Because of its assumptions, the birth-and-death process is a special type of continuous
time Markov chain. Queuing models that can be represented by a continuous time
Markov chain are far more tractable analytically than any other.

Except for a few special cases, analysis of the birth-and-death process is very
difficult when the system is in a transient condition. Some results about the probability
distribution of N (¥) have been obtained, but they are too complicated to be of much
practical use. For this reason, we adopt the discrete model in the first place to help us
assess the transient states, which are often difficult to analyze with a standard queuing
model. On the other hand, it is relatively straightforward to derive this distribution after
the system has reached a steady-state condition (assuming the condition can be reached).
This derivation can be done directly from the rate diagram, as outlined next.

Consider any particular state of the system n (n =0, 1, 2, ...). Starting at time 0,
suppose that a count is made of the number of times that the process enters this state and
the number of times it leaves this state, as denoted below:

E, (f) = number of times that process enters state n by time .
L, (#) = number of times that process leaves state n by time 7.

Because the two types of events (entering and leaving) must alternate, these two numbers
must always either be equal or differ by just 1; that is,

E,(-L,(0)|<1.
Dividing through both sides by ¢ and then letting # - co then gives

E,() L) EW0_LO|_,

1 .
<-, SO lim
t t t (ol f t

Dividing E, (¢) and L, () by ¢ gives the actual rate (number of events per unit time) at
which these two kinds of events have occurred, and letting ¢ - co then gives the mean
rate (expected number of events per unit time):

tim £2®)

{—o t

lim £

{—w t

= mean rate at which process enters state ».

= mean rate at which process leaves state n.




These results yield the following key principle:

Rate In = Rate Out Principle For a system in a steady-state with states n (n =0, 1,
2, ...), mean entering rate = mean leaving rate.

The equation expressing this principle is called the balance equation for state ».
After constructing the balance equations for all the states in terms of the unknown P,
probabilities, we can solve this system of equations (plus an equation stating that the
probabilities must sum to 1) to find these probabilities.

To illustrate a balance equation, consider state 0. The process enters this state
only from state 1. Thus, the steady-state probability of being in state 1 (P;) represents the
proportion of time that it would be possible for the process to enter state 0. Given that the
process is in state 1, the mean rate of entering state 0 is u;. (In other words, for each
cumulative unit of time that the process spends in state 1, the expected number of times
that it would leave state 1 to enter state 0 is | ) From any other state, this mean rate is 0.
Therefore, the overall mean rate at which the process leaves its current state to enter state
0 (the mean entering rate) is

Py +0(1 — Py) =Py,

By the same reasoning, the mean leaving rate must be APy, so the balance equation for
state 0 is

Py = APy.

For every other state there are two possible transitions both into and out of the
state. Therefore, each side of the balance equations for these states represents the sum of
the mean rates for the two transitions involved. Otherwise, the reasoning is just the same
as for state 0. These balance equations are summarized as follows.

State Rate in = Rate Out
0 Py =Py
1 MoPo+ P2 = (A + 1) P
2 MPy+ 3Py = (hy + 1) P2

A'n-ZPn-Z'F/-lnPn = ()"n-l +,un-l) Pn-l
xn-an-l +,un+an+l = (}Ln +)un) Pn

A
P1=—0Po

H,




A 1
P, :—IE +~—(gh P, — A Fy)

2 H;

A, 1
By =—=P +—(u,P, -4, B)

3 Hs

4 A A g ey

—Il—[)”_" * —1—(#"_] 1)'1—} - /‘{'n—l P,-.'-:) = —L Pn—l

Iun /un aun ll‘ln/'ln—l"'
A 1 A, A A ol
n+l= . Pn+_(lunPn_/ln—an—]) Frm— n =_*]—OPO
/un+l Iun+l -un+| :un+llun"'au]

When a queuing model is based on the birth-and-death process, so the state of the
system n represents the number of customers in the queuing system, the key measures of
performance for the queuing system (L, L,, #, and W) can be obtained immediately after
calculating the P, from the above formulas. These definitions of L and L, given in the

previous discussion specify that

L, :i(n—s)Pn.

Furthermore, the relationship given on Page 28 yields

L
and w, ==
A

where 4 is the average arrival rate over the long run. Because A, is the mean arrival rate
while the system is in state n (n=0, 1, 2, ...) and P, is the proportion of time that the
system is in this state,

A=Y AP,

n={

Several of the expressions just given involve summations with an infinite number
of terms. Fortunately, these summations have analytic solutions for a number of
interesting special cases. Otherwise, they can be approximated by summing a finite
number of terms on a computer.

These steady-state results have been derived under the assumption that the A, and
HMn parameters have values such that the process actually can reach a steady-state
condition. This assumption always holds if A,, = 0 for some value of r greater than the
initial state, so that only a finite number of states (those less than this n) are possible. It




also always holds when A and u are defined and p = M/(su) < 1. It does not hold if
® AP =

n=} A" N

Applying the birth-and-death process to the aircraft maintenance facility problem

In the aircraft maintenance facility problem, we have assumed that the five planes
break down with a mean time between failures that is exponentially distributed with a
mean of A. Also, the repairman gets them running again in an average time of x days that
is also exponentially distributed. With these assumptions, we can use the birth-and-death
process to calculate L, L, W, and W, of the existing facility system. Applying the balance
equations, we get the following results:

Py = 0.06973, Py = 0.139462, P, = 0.22314, P; = 0.267767, P4 = 0.214214, Ps = 0.08569

and

L=2.67433, L,= 1.74406, W = 28.7479, W,=18.7479.

Note that the P, from the continuous model are equivalent to the =, from the discrete
model, which allows us to make a comparison between the two models.

When comparing the above steady-state probabilities to those derived from our previous
model (discrete Markov chains), we see that the two different approaches give very close
results in terms of the steady-state probabilities (see the following table.). Such
consistencies confirm the correctness of our discrete model. Incorporating a discrete
Markov chain into the standard queuing approach (birth-and-death process in our case)
enables us to assess not only the long-term (steady-states) conditions, such as L, L,, %,
W, and steady-state probabilities, but also transient conditions, such as the first passage
times. However, there are certain cases where the discrete approach does fail to hold; in
particular, the values of A and x have significant impact on our models.

State 0

State 1

State 2

State 3

State 4

State 5§

DTMC

0.0662

0.1345

0.2237

0.2731

0.2176

0.08492

CTMC

0.06973

0.139462

0.22314

0.267767

0.214214

0.08569

Diff (%)

3.3%

3.7%

0.25%

2.0%

1.6%

0.9%

Analysis of the Break-down of Our Discrete Models

Based on the aircraft maintenance facility problem, we have developed a scheme that
incorporates a discrete Markov chain to the standard queuing approach for analyzing the
transient probability states. However, there are several limitations in our methods. Recall
in the earlier discussion, we used binomial distributions to derive the probabilities of
having n aircraft broken down given m intact planes. In order to apply such distributions,
we need assumptions on the broken-down processes; i.e., each broken-down process




results in only two possible outcomes, labeled as D (0) and D (1), the probabilities of
having no aircraft broken down and having 1 aircraft broken down once per day. Also
each broken-down case is independent of one or the others.

Break-down of this model occurs when 4 is too small to guarantee the assumption
that each process results in only two possible outcomes. The following table lists D (n)
given a set of A ranging from 1 day to 30 days, where n = 5. If A takes on values between
1 day to 5 days, D (2) and D (3) become significant so D (0) and D (1) will not comprise
the only two outcomes for the broken-down process. Therefore, our discrete models only
hold for 4 with values between 6 days to 30 days. Although small 2 may not be realistic
for an aircraft maintenance facility problem, its limitations might apply to other problems
in different fields.

D(0) D(1) D(2) D(3) D(4) D(5)
0.367879 0.367879 0.18394 0.061313 0.015328 0.003066
0.606531 0.303265 0.075816 0.012636 0.00158 0.000158
0.716531 0.238844 0.039807 0.004423 0.000369 2.46E-05
0.778801 0.1947 0.024338 0.002028 0.000127 6.34E-06
0.818731 0.163746 0.016375 0.001092 5.46E-05 2.18E-06
0.846482 0.14108 0.011757 0.000653 2.72E-05 9.07E-07
0.866878 0.12384 0.008846 0.000421 1.56E-05 4.3E-07
0.882497 0.110312 0.006895 0.000287 8.98E-06 2.24E-07
0.894839 0.099427 0.005524 0.000205 5.68E-06 1.26E-07
0.904837 0.090484 0.004524 0.000151 3.77E-06 7.54E-08
0.913101 0.083009 0.003773 0.000114 26E-06 4.72E-08
0.920044 0.07667 0.003195 8.87E-05 1.85E-06 3.08E-08
0.925961 0.071228 0.00274 7.02E-05 1.35E-06 2.08E-08
0.931063 0.066504 0.002375 5.66E-05 1.01E-06 1.44E-08
0.935507 0.062367 0.002079 4.62E-05 7.7E-07 1.03E-08
0.939413 0.058713 0.001835 3.82E-05 5.97E-07 7.47E-09
0.942873 0.055463 0.001631 3.2E-05 4.7E-07 5.53E-09
0.945959 0.052553 0.00146 2.7E-05 3.75E-07 4.17E-09
0.948729 0.049933 0.001314 2.31E-05 3.03E-07 3.19E-09
0.951229 0.047561 0.001189 1.98E-05 2.48E-07 2.48E-09
0.953497 0.045405 0.001081 1.72E-05 2.04E-07 1.95E-09
0.955563 0.043435 0.000987 1.5E-05 1.7E-07 1.55E-09
0.957453 0.041628 0.000905 1.31E-05 1.43E-07 1.24E-09
0.959189 0.039966 0.000833 1.16E-05 1.2E-07 1E-09
0960789 0.038432 0.000769 1.02E-05 1.02E-07 8.2E-10
0.962269 0.03701 0.000712 9.12E-06 8.77E-08 6.75E-10

0.96364 0.03569 0.000661 8.16E-06 7.56E-08 5.6E-10
0964916 0.034461 0.000615 7.33E-06 6.54E-08 4.67E-10
0.966105 0.033314 0.000574 6.6E-06 5.69E-08 3.93E-10
0.967216 0.032241 0.000537 5.97E-06 4.98E-08 3.32E-10
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In addition, we have also observed an interesting phenomenon when including
more than two outcomes in the repairing processes, i.e., including R (3), R (4), etc. rather
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than just R (0) and R (1). For instance, if we take D (0) = 0.961 and D (1) = 0.039 along
with R (0) = 0.904837, R (1) = 0.090484, and R (2) = 0.004524, the same approach we
developed in the discrete model does not guarantee that each row in the one-step
transition matrix adds up to 1. Unfortunately, we have not been able to understand why
extra terms like R (2) = 0.004524 would generate such a problem in our model.

Conclusion

In this paper, we have developed an approach that incorporates a discrete Markov chain
to the standard queuing approach for analyzing the transient probability states. For the
aircraft maintenance facility problem, we begin with a discrete time Markov model and
derive both the steady-state probabilities and first passage times from it. We then adapt
our problem to the continuous time Markov chain and obtain the steady-state
probabilities based on this model. Finally, by comparing the two different models, we
conclude that our discrete approach agrees with the continuous one; however, there are
cases where our discrete time Markov model breaks down, particularly when the values
of 4 are too small.
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