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INTRODUCTION

"TPhe Great Architect of the Universe
now begins to appear as a pure mathematician."l

Mathematies enjoys special esteem above all the
other sciences for several reasons. Its laws are abso-
lutely certain and indisputable. This priority would
not be momentous if the laws of mathematics referred
only to objects of one's imagination. However, it is
mathematics which affords the exact natural sciences a
certain measure of security, to which without mathemat-
ics they could not attain.

A fitting exemplification of this role of mathemat-
ies can be seen in the mathematics of relativity, one
aspect of which is treated in uauis paper. The explana-
tions of Riemannian geometry and of the general theory
of relativity given herein are by no méans complete.
However, it is hoped that they will provide the reader
with a general insight into the relation between geometry
and physiecs.

Werner Heisenberg's statement regarding the law
of mathematies adequately sums up this thesis:

The elemental particles of modern

physies, like the regular bodies of Plato's
philosophy, ere defined by the requirements

l. E. T« Bell, Men of Mathematics (quote from J. H.
Jeans), (New York: Simon and Schuster, 1937), p. xxi.
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of mathematical symmetry. They are not
eternal and unchanging, and they can hardly,
therefore, strietly be termed real.

Rather, they are simple expressions of
fundamental mathematical constructions
which one comes upon in striving to break
down matter even further, and which provide
the content for the underlying laws of nature.
In the beginning, therefore, for modern
zcience, was the form, the mathematical
pattern, not the material thing.2

2. Robert W. Marks (ed.) Space, Time and the N
Mathematics (New York: Bantam Books, 1964), De 120.



PART I
Riemannian Geometry
"A geometer like Riemann might al-

most have foreseen the more important

features of the actual world."

Geometry was first studied because it was use-
ful, Such studies date back to 3000 B. C. The word
itself is derived from two Greek words meaning "earth"
and "to measure". Geometricel conclusions were ar-
rived at intuitively and then tested experimentally.

It was the ancient Greeks who first attempted a
scientific approach to geometry. Greek interest in
demonstrative geometry began with Thales of Miletus
(600 B. C.), who has received ths *“i*le of Father of
Geometry because of the impetus he gave that made
geometry the model for logical thought. By the time
of Euclid (300 B. Cs.) the science of geometry had
reached a well advanced stage, and from the ac~-
cumulated material Euclid compiled his Elements - con-
sisting of definitions, postulates and common notions,
and propositions. The most remarkable feature of this

work lies in furnishing logical proofs in logical order.4

3. Ope cits E. T. Bell, (quote from E. S. Edding-
ton) Pe 484,

4. E. Hs Taylor and G. C. Bartoo, An Introduction

to College Geometry (New York: The MacMillan Company
119497, "p“." B1.
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It is a landmark in scientific progress.

' Since the Greeks, the first decided advance in
geometry came about the beginning of the nineteenth
century. But before considering this, one should
have a better idea of the very essence of geometry.

Geometry treats of entities which are denoted
by the words straight line, point, etcet@ma. These
entities presuppose only the validity of the axioms,
which, in purely exiomatic geometry, are to be taken
in a purely formel sense and, whieh]in practical
geometry, are to be based upon intuition or experi;
ence. In axiomatic geometry these axioms are free
creations of the human mind, white ii praotical
geometry they have a deeper significance. All other
propositions of geometry are logical inferences from
the axioms. The matter of which geometry treats is
first then defined by the axioms.

Not until the nineteenth century did man fully
realize this axiomatic view of geometry. Before this
time Euclidean geometry was considered to be the only
logically consistent geometry possible. However one
postulate, the fifth, in Bueclid's geometry perplexed
men throughout the centuries, because of its complexity
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and lack of self-evidence. The fifth postulate stated
that: If a straight line falling on two straight lines
makes the interior angles on the same side less than
two right angles, the two straight lines if produced
indefinitely, meet on that side on which the angles
are less than the two right angles.* This has been
desceribed as "perhaps the most famous single utterance
in the history of science." It is the starting point
in the study of Non-Euclidean Geometry. Tumerous and
varied attempts made throughout many centuries to de-
duce the fifth postulate as a consequence of the other
Buclidean postulates and common uouiions, otated or im-
plied, all ended unsuccessfully. Today it is known
that the postulate cannot be so derived.

It so happened that independently and about the
same time the discovery of a logically consistent geo-

metry in which the fifth postulate was denied was made

*There have been several substitutions for the
fifth postulate. Two are:
l. Playfair's Axiom: Through a given
point can be drawn only one parallel to a
given line.
2+« The sum of the angles of a triangle
is always equal to two right angles.

5. Harold E. Wolfe, Introduction to Non-Euclidean
Geometry, (New York: The Dryden Press, 1945), D« 4.
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by Gauss (1777-1855) in Germany, Bolyai (1802-1860) in
Hungary, and Lobachevsky (1793-1852) in Russia« Xach
developed with satisfactory results a new geometry
based on the assumption that the sum of the three angles
of a triangle is less than 1800. This geometry retained
all the other postulates and common notions of REuclid.
Shortly after this a new figure appeared- George F.
Riemann (1826-1866). He studied under Gauss and became
the outstanding student in the long teaching career
of that great mathematician, In a dissertation delivered
before the Philosophical Faculty at GOttingen in 1854,
he stated that: " However uncertain we may be of the un-
boundedness of space we need not as a congequence infer
its infinitude. For if we assume independence of bodies
from position and therefore aseribe to space constant
curvature, it must necessarily be finite provi%ed this
curvature has ever so0 small a positive value."o ‘
Riemann thus suggested a geometry in which two straight
lines always intersect one anoﬁher. This characteristic
postulate is incompatible not only witgrkuclidean DPOS=
tulate which it replaces and with the one which asserts
that straight lines are infinite, but with others also.

Thus Riemann called attention to the true nature and

6. Ibido. Pe7s
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significance of geometry - developing an axiomatic
geometry the axioms of which were based upon real ob=-
Jects of intuition and experience.

Since these first discoveries of non-RBuclidean
geometries, many other non-Fuclidean geometries have
been developed, but these will not be discussed herein.

The modern theory of Riemannian geometry, based
upon Riemann's characteristic postulate, was developed
from the elementary differential geometry of surfaces
in Buelidean épace by the process of sbstraction. The
problem of formulating a geometry without the frame-
work of straight lines and their Euclidean network of
axioms and theorems is not so strange as it may first
appears.

Consider the problem of measuring the distances
between points on any curved surface, say a hilly
piece of land. Euclidean geometry is not strictly
valid on hilly territory for there are no straight
lines on such & surface. It holds only in smell or
infintessimal regions, while in larger areas a more
general doctrine of surface holds. Now, to find meas-
urements systematically one would first cover the ter-
ritory with a network of lines marked by poles, re-
quiring that two families of lines intersect.




* .. (8)

Y .
Take "x" as the symbol for any member of one femily

and "y" for any member of the other. Hach point then
can be charascterized by & value of x and of y, Thie
uethoa: of fixing the points of a curved surface was
. first applied by Gauss; x and y ere, therefore,called
Geussian coordinates.” The essentisl festure ine
volved is thaet the numbers x and y do not denote nmease-
urable geometrical quimtities. but are merely nunbers.
One would now proceed to measure out mesh for
mesh. Conside;' one of the meshes, & parallelogram,

whose sides correspond to two consecutive integers.

L

horizontal: x coordinate .
vertical: y eoordinste .

7« Max Born, Einstein's Theory of Relativity,
(New Youk: Dover Publications, Inc., 1962), p. 322.
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Let "P" be any point within this mesh and "S" its
distance from the corner point "O", Draw the paral-
lels to the net lines through P, intersecting the net
lines at "A"™ and "B", Let "C" be the foot of the
perpindicular dropped from P onto ites corresponding
x coordinete. Denote the ratio OA/Ol as the increase
of the x coordinate from A to 0 and designate it as
mem, £ thenm is the Gaussian coordinate of A. Simie
larly the Gaussian coordinate of B could be found and
designated as )] + So the Gaussian coordinates of P
relative to 0 are (f )« The true length of O0A is
a £, where "a" is e definite number to be determined
by measurement. Similarly OB is by . If P is moved
about, its Gaussian coordinates change but the numbers
"a" and "b", which give the ratio of the Gaussian co=-
ordinates to the true lengths, remain unchanged.

Next, express the distence OP - 8 with the help of
the right triangle OPC and aceording to Pythagoras!

theorem: g Y i 2

*This number "a" will be further clarified in
what is to follow.





































































