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I. Introduction

For over a century, the calculus has been understood
via the limit process developed by Cauchy and Weierstrass.
The delta-epsilon process of limits is always a new and
usually confusing concept to the first-year calculus
student. In my own experience, it was several years after
being introduced to the delta-epsilon definition of the
limit, that finally an "aha! Insight!"1 came and I under-
stood the limit process. The delta-epsilon limit "was a
disaster for students to learn and teachers to teach,"2 but
for years there was no other mathematically sound concept
by which one could understand analysis. It is an exciting
development in mathematics, then, that Abraham Robinson of
Yale University has succeeded in discovering a nonstandard
way to logically warrant the infinitesimal. It is now
possible to return the calculus to the Newtonian under-
standing that seems far easier to comprehend.

The purpose of this thesis is to introduce the reader
to some of these nonstandard techniques of analysis and
show that they are equivalent to the more complex methods
based upon the standard delta-epsilon limit.

We will begin by reviewing the axiomatic development
of the real number line and the standard techniques that

Cauchy and Weierstrass developed that are based upon the
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limit. 1In order to warrant the infinitesimal, Robinson
extended the reals into a hyperreal number system that

is consistent with the infinitesimal. By reviewing the
development of the reals, the reader will be better able
to understand the similar development of the hyperreals.

After defining hyperreal number systems, we will il-
lustrate the nonstandard analysis associated with them by
showing that the nonstandard definition of continuity, dif-
ferentiation, and integration are equivalent to the standard
delta-epsilon approach. Finally, we will end the develop-
ment of the nonstandard analysis by proving, using only
nonstandard techniques, the Fundamental Theorem of Integral
Calculus (FTIC). While Robinson was able to extend the
application of nonstandard techniques far beyond the major
concepts of continuity, differentiation, and integration,
these three will illustrate the essentials of the theory
of nonstandard analysis, and serve as an ample introduction
to the topic.

The development and successful application to analysis
of the hyperreals also prompted new interest in many complex
epistemological questions. These questions illustrate the
divergent concepts that lie at the foundations of mathematics
and the distinctions between the Formalist and the Platonist
understanding of mathematics. This discussion of the hyper-
reals will end by noting those insights into mathematical
epistemology which are further illustrated by the nonstandard

analysis.



ENDNOTES

lMartin Gardner, aha! Insight (San Francisco:
W.H. Freeman and Company, 1978), pp. vi-viii.

2James M. Henle and Eugene M. Kleinberg, Infin-
itesimal Calculus (Cambridge, Massachusetts: The MIT
Press, 1979), p. viii.




II. The Real Numbers and Standard Analysis

Introduction

In the following chapters, hyperreal number systems
and the general subject of nonstandard analysis will be
examined. In order to aid in the understanding of these
developments, a review of the real number system and stan-
dard analysis is provided for readers unfamiliar with these
general areas. The reader might skim over this chapter or
omit it entirely if he is confident of his knowledge in
these areas.

The purpose of this chapter is to briefly review both
the number system and the methods associated with standard
analysis. While the implication made in the statement by
Kronecker "God made the integers; all the rest is the work
of man"1 is true, the theory that develops the real numbers
from the integers is difficult. Instead, as with most
elementary analysis presentations, the properties of the
real number system, R, will be taken as axioms.

A note should be made about the terminology used in
this chapter. Keeping in mind the intended reader of this
chapter, I will not use the formal, symbolic, mathematical
language in which most statements of the real numbers can
be written. To formally develop the less familiar hyperreal

numbers of the following chapters, I will resort to this



formal language. Here, let us simply state that a formal
development of the real numbers is likewise possible and
leave the mathematician's shorthand for the following

chapters.

The Real Number System

We will begin with the field postulates for R. First,
let a, b, ¢, d, ... be elements of ("& ") a class R, and

LL

addition ("+") and multiplication (".," or simply juxta-
position) be binary operations on R. Note that "€ ,"
"+," and "+" are all undefined. Also, assume that R in-

cludes an equivalence relation ("=") defined as follows:

Definition I: Equivalence Relation2

4

.1. a=a (reflexive)
.2. a=b implies b=a (symmetric)
3. a=b and b=c implies a=c (transitive).

HEE

Given the above, R is a field as defined by the fol-

lowing postulates:

Definition II: The Field Postulates3

F.l. Closure: a+b and ab& R for all
a,beR.

F.2. Well-definedness: a+c = b+d and ac = bd
for all a,b,c,d& R such that a=b and
c=d .

F.3. Commutativity: a+b = b+a and ab = ba
for all a,bé&R.

F.4. Associativity: a+(b+c) = (atb)+c and
a(bc) = (ab)c for all a,b,ce&e R.

F.5. Zero: There exists an element 0& R
such that 0+a = a for all a&R.

F.6. Unit (One): There exists an element
1€ R such that 1#0 and l1-a = a for
all a€ R.




For all a& R there exists
(-a) &R such that a + (-a)
For all a& R except 0,

0.

there exists (l1l/a)& R such that

r.7. Negative:

F.8. Reciprocal:
a-(1l/a) = 1.

F.9. Distributivity:
(atb)c =

a (b+c)
ac + bc for all a,b,c&R.

ab + ac and

While these nine field postulates do not define the

entire real number system, they are sufficient to derive

some of the significant laws of algebra.

For example,

they

are sufficient to prove the cancellation laws for addition

and multiplication:

Theorem I:

Additive Cancellation Law

B

If a+c = b+c for all a,b,c
Prove: a=b.
Proof:
l1.) a,b,c&R
2.) a+c = b+c
3.) =-cé&R
4.) -C = -C
5.) (atc)+(-c) = (b+c)+(-c)
6.) (a+c)+(-c) = a+[c+(-c)]
7.) c+(-¢c) =0
8.) a=a
9.) a+[c+(-c)] = a+0
10.) a+0 = a
11.) a+[c+(-c)] = a
12.) (a+c)+(-c) = a
13.) a = (a+c)+(-c)
14.) a = (b4c)+(-c)
15.) (b+c)+(-c) = b+[c+(-c)]
16.) b=b
17.) b+[c+(-c)] = b+0
18.) b+0 = Db
19.) b+[c+(-c)] = Db
20.) (b+c)+(-c) = b
21.) a=>n
Q.E.D.

R

given
given
step 1 and F.7
E.1l

steps 2,3 and F.2
F.4

F.7

E.1

steps 7,8 and F.2
F.5

steps 9, 10
steps 6, 11
step 12 and
steps 13, 5
F.4
E.1
steps
F.5
steps
steps

steps

and
and
E.2
and

E.3
E.3

E.3

16, 7 and F.2

18 and E.3
19 and E.3

20 and E.3

17,
15,

14,



Strict mathematical formality reauires many steps which
were included above but seem obvious. In future proofs,
these steps will not be explicitly included. Also, this
is more correctly a proof of the right-hand cancellation
law of addition. The left-hand law (a+b = a+c implies b=c)

is proved in a similar way.

Theorem II: Multiplicative Cancellation Law

If ac = bc for all a, b, c&R and ¢ # 0

Prove: a=b.

Proof:
1.) c¢c #0 given
2.) (l/c)&eRr step 1 and F.8
3.) ac = bc given
4.) (ac)-(l/c) = (bc)-(1l/c) steps 2,3 and F.2
5.) alc-(1/c)] = blc-(1l/c)] repeated F.4
6.) a-(1) = b-(1) repeated F.8
7.) a =»>ob repeated F.6
Q.E.D.

The proof that ab = ac implies b = ¢ is similar.

Even though many important results may be derived
from these nine field postulates, they are still insuf-
ficient to define the real number system. They require
only the existence of two elements 0 and 1. It is easily

shown that if + and - are defined as follows:

o+

0 1
0 1
1 O

H ol
o oo
~ o|~

then all nine of the field postulates are satisfied.5
However, in the familiar real number system, 1l+1 # 0, and

therefore "F.l1 to F.9 are not sufficient to characterize



the real numbers and our postulates so far are incomplete."6
One necessary addition to our postulates is the
addition of the order relation, denoted by the sympol "> ."

Definition III: Order Relation7

If an element a in R stands in this order
relation to an element b in R, we write a>» b and
say that a is greater than b. We now state that R,
in addition to being a field, has an order relation
and satisifies the following postulates:

0.1. Trichotomy: If a and b are elements
of R, then one and only one of the
following relations holds: a=b or ab
or b>a.

0.2. Transitivity: For all a,b,c,d€&R
(a) If aPb, b>c, then a>>c
(b) If a>b, c=a, d=b, then c> d.

0.3. Additivity: If ad b, and ¢ is any
element of R, then a+c?) b+c and
c+a ) c+b.

0.4. Multiplicity: If a2 b and c» 0 then
ac» bc and ca ) cb.

Likewise, it is possible to define less than ("{ "),
greater than or equal to ("Z'W, and less than or equal
to ("€").

The order relation, in combination with the other
postulates, gives rise to the integers. To demonstrate
this, it is necessary to show they preclude defining ad-
dition as above, i.e. 1+1 # 0.

First, we assume the standard meaning of the phrase

"same sign," and that x-0 0 and -a-b = -(ab), and prove

the following theorem:

Theorem III:8

If a,b&R and have the same sign



Prove: ab) 0.

Proof: By the trichotomy postulate (0.1) and the defin-
ition of same sign, either a >0 and b)» 0 or 0> a and
0> b.

case i.) a0 and b> 0

1.) a>o0, by o given

2.) aby o0 step 1 and 0.4
case ii.) O0)a and 07 b

1.) 0y a given

2.) 0+(-a) )y a+(-a) 0.3

3.) =-a> o0 F.7 and F.5

4.) 072b given

5.) (-a)-02>(-a)-b 0.4

6.) 0> -(ab) x-0=0 and (-a)-b = ={(ab)

7.) 0+(ab) > -(ab)+ (ab) 0.3

8.) ab>o0 F.7 and F.5

Q.E.D.

As a corollary to this, it is clear that any element
a in R has the same sign as itself, and therefore a-a =
aZ>0, and specifically because 1E&R, 12=1> 0.

Continuing with our original problem of proving that
1+1#0, it is sufficient to show that the assumption that

1+1=0 leads to a contradiction.

Theorem IV: 141 # O

Proof (by contradiction):

1.) 1+1=0 negative assumption
2.) 1>0 corollary above

3.) 1+12>1+0 0.3

4.) 0+1=1 F.5

5.) 1+12>1 0.2a

6.) 021 step 1, 5 and 0.2b

But, this is a contradiction to the corollary
above, and thus our assumption that 1+1 = 0
must be false, proving that

7.) 1+1 # 0 R.A.A
Q.E.D.
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The order rclation thus excludes the possibility that
the ordered field (a set R of elements and the equivalence,
order, additive, and multiplicative relations satisfying
the field postulates) contains only the two elements 0 and
1. 1In fact, by defining 2 to equal 1+1, and by defining 3
to equal 2+1, etc., the ordered field gives rise to the
integers and ultimately the rationals.9 However, the
ordered field is insufficient to encompass the complete real
number system. This requires one final addition to our
postulates, the postulate of completeness.

To illustrate the necessity of this final postulate,
let us show that the rationals developed in the ordered
field do not include J2, i.e., we will show that J2 is not
rational. We do know, however, Ii_is real. We will assume

that the following lemma has been proved:

10 . . 2 ; .
Lemma : If a is an integer and a“ is an even integer, then
a must be an even integer.

Theorem y:ll J2 is not rational

Proof (by contradiction): Assume that J2 is rational.
That is J2 = (a/b), where a and b are relatively
prime integers. Two integers are relatively prime

if they have no common factors other than +l. By
requiring a and b to be relatively prime, we are

requiring nothing more than the fraction (a/b) is
in lowest terms.

1.) (a/b) =J2 negative assumption

2.) (a2/b2) = 2 square both sides

3.) a2 = 2 b2 - both sides by b-

4.) a2 is even it is twice the integer b2
5.) Let a = 2c a is even
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6.) 402 = 2b2 steps 3 and 5
7.) b% 2h2c? step 6, - both sides by %
8.) Db” is even it is twice the integer c2
9.) a and b are even lemma, steps 4 and 8
10.) 2 is a common divisor definition of even
of a and b
But this contradicts the requirement that a and
b _are relatively prime. Thus,
11.) J2 is irrational R.A.A.

Q.E.D.

The completeness postulate states that:

Definition IV: Completeness Postulate12

Completeness: Every nonincreasing sequence
of real numbers that is bounded below con-
verges to a real number. Likewise, every
nondecreasing sequence of real numbers
that is bounded above converges to some real
number.

Now, let us see why this insures the existence of J2
as a real number.

Theorem 21:13 J2 is a real number

Proof: Let ixr3 be the sequence

X, = 1, X .1 =D . (Eq. 1)

First we must prove {xnz is bounded below. We can
prove this by showing that xn2 ff'for all n> 1.
Remember, all real numbers squared are greater than
or equal to zero. Thus,

(a- b)2>

a +b 22ab. (Eq. 2)

Let a ‘ and b E
\‘ *n
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Thus,
X
2 __n i

a“wbr,T 5 * X = *n+l. (Eq.3)
Combining equations 2 and 3,

X =a2+b>2ab= I =[2, for

n+l
all n> 1.

Therefore,

x »J2 for all n>1. (Eq. 4)

Second, we must show that gxng is nonincreasing, i.e.

Xn+I$ x - It is easily shown that f3‘70, and thus

for n>1,

x 22

xn22f2. (Eq.5)
Adding xnz,

2x %y x ° + 2. (Eq.6)

Dividing by the positive number 2xn.

S _
*n? 2% = *n+l. (Eq.7)

Eguations 4 and 7 confirm that §xn} is nonin-
creasing and bounded below, and thus by the complete-
ness postulate we know that f converges to a real
number. We will now prove that J2 is the real number
to which éxn} converges.

By the completeness postulate, gxn} converges.

Let it converge to a:

lim x = a.
n—y
Thus,
lim Xoel = a
n- @
also, and
xn2+ 2 (lim xn)2 + 2 a2 + 2
a = lim Xn+1 = llmT = n-» ao =_2__a__
n-»mp n-r @ n 2(lim xn)

n-=» o
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Solving for a,

a 2.

= X
But Xn>/ﬁ- for all n» 1, and thus

a = J2,
which shows that xng convexges to J2, and therefore
that Ja-is a real number. Q.E.D.

This ends the brief review of the real number system.
It is possible to approach the real number system by other
routes, but this axiomatic approach is the most conducive
to the development of the hyperreals in Chapter III. We
started with the field postulates, and showed they alone
were insufficient to guarantee the existence of 2 (i.e. 1+1).
We then added the ordering postulates and developed the
ordered field, but still these were insufficient to guarantee
the existence of the irrationals. We finally included the
completeness postulate and showed that {E_is a real number,
and by implication, that the completeness postulate guarantees
the inclusion of all the irrationals into the real number
system. An ordered field that includes the completeness
postulate is called a complete ordered field, and is large

enough to include all of the real numbers.14

Standard Analysis

Newton and Leibniz, most historians now concur, in-
dependently but simultaneously developed and used the initial
methods of the calculus. However, both used methods which
were logically gquestionable when dealing with the real
numbers, and "the processes employed were justified largely

wiD

on the ground that they worked. Newton created what he
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called the method of fluxions in his treatment of differ-
ential calculus, but the fluxion was on such tenuous log-
ical footing that Bishop Berkeley called them the "ghosts

of departed quantities."16 It was almost two hundred years

later when Weilierstrass, "the father of modern analysis,"17
started the movement to reduce the principles of analysis
to real number concepts. This "arithmetization of analysis"18
finally ended with the basic concept of the limit with which
he defined the major higher concepts of analysis: con-
tinuity, the derivative, and the integral. It was the limit
process that the nonstandard analysts believed to be too
cumbersome. Consequently, they were prompted to develop

the nonstandard analysis. The nonstandard analysis avoids
the limit process and is the focus of this thesis. Before
introducing the hyperreals and developing the nonstandard
analysis, let us end our review with the major concepts of
standard analysis.

Newton developed the calculus during his investigation
into physics. Consequently, he was not as interested in
securing the logical foundation of the calculus as he was
in developing a method that worked. The result was the

Method of Fluxions, written in 1671 but not published until

1736.19 Generally, Newton considered a curve generated by
the continuous motion of a point. Using his original
notation, he defined the fluxion of x (X) to be the rate that
the x-coordinate of the curve changed with time (in

modern notation, % = dx/dt). By letting the symbol "o"
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represent a short interval of time, it was clear that %o
was the change in the x-coordinate during the short time
interval o. (Here, Newton is assuming that the rate of
change is constant over o.) Similarily, y represents the
rate of change of the y-coordinate, and thus y/X equals
the slope of the tangent (mT) at the point (x,y). For
example, consider the equation y=x2. By substituting x+
%0 for x and y+yo for y, we obtain

y+yo = (x+>‘<o)2 = x2 + 2xXXo + (20)2.
Since y=x2, this reduces to

YO = 2XXO0 + (ko)z.
Dividing by %o,

mT=y/i = 2x + Xo.
Finally, Newton reminds us o is a short time interval,
SO X0 is insignificant. This finally yields the expected
answer

m, = 2x.

The problem here is the sleight of hand in dealing
with Xo. If Xo is insignificant, then the answer is only
an approximation of the true answer. But Newton's claim
was that his method of fluxions was not an approximation,
but produced the actual result. This would seem to imply
that Xo must cqual zero, but if this is the case, we cannot
divide the equation, as we did, by %o. It is this %o that
must be absolutely insignificant (have no meaningful mag-
nitude), but nevertheless be greater than zero, that prompted

Berkley to make his famous remark.
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For Newton, all that mattered was the method worked.
For the mathematicans that followed, logically establishing
this method was a formidable problem, finally solved by the
limit process. The answer seemed to lie in the fact that
a quantity could be as close to zero as one desired, and
yet not equal zero. (For the physicist, the answer did lie
here: The small insignificant quantity could be a function
of measurement.) The definition of limit takes this idea of
magnitudes approaching zero and formalizes it into a mathe-
matical process.

The value a function approaches as its dependent
variable approaches a constant value is called the limit of
the function at that value.

Definition V: Limit2°

The function f(x) has the limit L as x approaches
a, written

lim f£(x) =L,
X~>a

if and only if corresponding to an arbitrary positive
number £ , there exists a positive number § = § (£) such
that

0< Ix—a |< § implies If(x)—Ll<£,
for values of x for which the function is defined.
[It is important to note that the deleted neighborhood

defined b
efine Yy o< Ix—a |< S

includes all the reals arbitrarily close to x=a, but
excludes x=a itself. If a=0, this statement is a formal
way of saying that x is as close to zero as we wish, but
not equal to zero.]
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By making use of this definition, it is possible, and

not too difficult, to prove the following theorems:

Limit Theorems21

I. If lim £f(x) exists it is unique.
X-ra

IXI. If f(x)=k (k=constant) then lim f(x) = k.
X—->a

If 1lim f(x) and lim g(x) exist and are finite,
X-2a X—2>a

III. then lim [£(x) + g(x)] = 1lim £(x) + lim g(x).
X—>a X—>a Xx—»a

IV. then lim [f(x) - g(x)] = 1lim £(x) - lim g(x).

X—>a X-—-da X—a
V. then lim [f(x)-g(x)] = lim f(x)-lim g(x).
X—>»a X->a Xx—a
VI. and if g(x) # 0, lim g(x) # 0, then
X-=—>a
lim £ (x)
Lt f(x) - X—a
T g(x) lim g (x)
X—pa X —ra

The limit is extremely important in standard analysis
because many of the major concepts of analysis are based

upon it.

Definition VI: Continuity22

A function is continuous at x=a if and only if:

(i) f(a) exists,
(ii) lim f(x) exists and is finite, and
X—»a
(iii) 1lim f(x) = f(a).
X—>a
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Alternative Definition: Continuity23

A function is continuous at x=a if and only if
it is defined at x=a and corresponding to an arbi-
trary positive number £ , there exists a positive
number § = § (¢) such that

|x—a|< g implies f(x)—f(a)l( £,

for values of x for which f(x) is defined.

Again, by making use of either of these definitions,
one may prove:

Continuity Theorems:24

I. Any constant function is continuous everywhere.

If £f(x) and g(x) are continuous at x=a,

II. then f(x) + g(x) is continuous at x=a.
III. then f(x) - g(x) is continuous at x=a.
IV. then f(x) - g(x) is continuous at x=a.

V. and if g(a) # 0, then [f(x)/g(x)] is continuous
at x=a.

VI. If f(x) is continuous at x=a, and g(y) 1is
continuous at y=f(a), then g[f(x)] is
continuous at x=a.

Definition VII: Derivative25

A function y = f(x) is said to have a derivative
or be differentiable at x=a if and only if the
following limit exists and is finite; the function
f'(x) defined by the limit is called its derivative:

&Y _ frx) = 1im Elxh) - £(x)
dx h—>0 h

The following is a list of the standard theorems associated

with this definition:
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Derivative Theorems:26

I. If f(x) = k, then f'(x) = 0.

If u=u(x) and v=v(x) are differentiable at x=a,

dfutv) _ du _ dv
II. then ax = 3x + ax
d(u-v) _ du _ dv
III. then —ax i
_ dv du
IV. then d(gz) = u 3y + v ax

V. and if v(a) # 0, then

d(gév) -V (du/dx; - u (dv/dx) o
v
VI. d(xn) _ n-1
= nx .
dx
VII. d(ku) =k 8
— dx
dx
VIII. (Inverse Theorem) Let f be a one-to-one

function defined on [a,b] and whose der-
ivative exists and is positive on
(a,b). Then f has an inverse g, and
if v = £(x), then
1
] —
IX. (Chain Rule) If y is a differentiable
function of u, and u is a differen-
tiable function of x, then

dy _ dy . du
dx du dx °

The derivative is a very useful operator. It is the
mathematical expression for the rate at which a function
changes with respect to its independent variable. It can
be used to find the slope of the tangent to a curve, the
velocity and acceleration of projectiles, and in max/min
theory, to name only a few.

Let us break from our review of analysis, and show how
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this rigorous, limit developed analysis gives the same
result as Newton's method of fluxions.

For example, remember that Newton's method stated the
slope of the tangent of y=x2 is twice x. More formally, if
y=x2, then the slope of the tangent of y=x2 at x=a is 2a.
One of the applications of the derivative is the slope of
the tangent to the curve y=f(x) at x=a equals f'(a). Thus,
we must prove that if y=f(x)=x2, then f£'(a) = 2a. Because
we have not proved any of the theorems for the limit or the
derivative in this thesis, we will use only the definitions

of these concepts in this proof.

Theorem VII:

If y=f(x)=x2
Prove: f'(a) = 2a.

Proof: By definition,

£1(x) = lim f(x+h; - f(x) )
h—0
and so
£'(a) = 1im 2latp) - f(@)
h=>0
Requiring that y=x2,
2 2
£'(a)=lim {2*h)_ - 2
h->0
. a2 - 2ah + h2 - a2
=1lim 5
h=0
2
=1i 2ahh+ h .
h->0

To prove that this limit equals 2a, we must prove
there exists a positive ¢ such that for all positivee
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4
2ah + h*

R - 2a |K& whenever O<lh—0l<(§).

The definition requires only the existence of a £;0
for any positive £ , and therefore we can choose =g,
and then prove that this choice works.

Letg.=£ . Now,

o< |n-0| = |nlc§=€.

Because h # 0, this can be written

h2
 KE.
But, 2 2 -
h"|_|2ah + h®" - 2ah{ _ |2ah + h® _ 5
h h - ) at »
and thus,
2ah + h°
l'ﬁ—— - 2a | & whenever 0< lh-Ok(g‘and §=¢.
. . 2ah + h?
This proves that lim —r = 2a, and therefore that

h—>0 5
the slope of the tangent of y=x" at x=a is equal to
2a. Q.E.D.

The importance of this and other limit proofs is that
there is never any mention of insignificance or attempts
at dividing by something which will later be equated to
zero. Remember this was the case with the method of fluxions.
The limit process provides the necessary and beautiful rigor
that maintains the certainty of the mathematics involved.
The existence of fluxions, or infinitesimal quantities, was
no longer required in the development of analysis, The price
paid for this, however, was that one had to accept and under-
stand the idea of the limit process -- an idea that for

many is confusing. (A statement to which anyone who has
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taught a first year calculus course will attest.)
Before we can define integration, the last of the
major concepts we will review, we must first extend the

definition of limit to limits as X tends to infinity.

Definition VIII: Limits at Infinity?’

The function f(x) has the limit L as x becomes
positively infinite, written

lim £(x) = L,
X—200

if and only if corresponding to an arbitrary positive
number £ , there exists an integer N = N(€), such that

x> N implies |£(x) - Ll(f:

for values of x for which f(x) is defined.

Now, we define integration in these two different ways.

Definition IXa: Definite Integration28

Let £ be a function which is continuous over
the domain [a,b]. Let

a, Xq. x2, ooy Xn—l'b
be a set of real numbers

a<x1<x2<...< x 1< b
that partition [a,b] into n equal sub-intervals
each of length

Ax = b-a !
n

Finally, let Cir Cor +ee4Cy be a set of n numbers,

one in each subinterval, such that

a ¢ <4 £

X
x,€c, & x

1 72 2

X £c_ £ b.
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The definite integral of f(x) from a to b, symbolized

b
ES f(x) dx,
a
equals, n
Lim N f(c,)Aax,
n— o
k=1

if this limit exists and is finite.

[This is the "infinite sum" definition.]

Definition IXb: Indefinite Integration29

F(x) is an indefinite integral of £ (x) with
respect to x, symbolized by

F(x) = f(x) dx,
if and only if
dF(x)]

F'(X) =——dx_ =f(X).

[This is the familiar "antiderivative" definition.]

We will end this chapter by proving the Fundamental
Theorem of Integral Calculus, which combines these two
seemingly different definitions into the single process
of integration. Before doing this, it is necessary to
prove the Mean Value Theorem for derivatives, which in
turn is most easily done by first proving Rolle's Theorem.

We will accept the following theorem without proof
as our starting point. (This theorem is more or less a
direct result of the completeness property of the real

numbers.)

Theorem VIII:30 Let f be defined and continuous on the
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closed interval [a,b]. Then f(x) assumes a maximum
and a minimum value on [a,b].

Theorem IX: Rolle's Theorem31

Let f be defined on [a,b] and let
(i)} f be continuous on [a,bl],
(ii) f be differentiable on (a,b), and

(iii) £(a) = £(b) = 0.
Prove: There exists a point ¢ in (a,b) such that f£'(c) =
Proof: If f£(x) = 0, then the theorem is obvious. Assume
that f£(x) > 0 for some point in (a,b). By Theorem VIITI,
since f is continuous on [a,b], f assumes a maximum
on [a,b]l]. Let c be that point. Now, f(c) must be
positive because f(x) > 0 at some point in [a,b]l, and

also c cannot equal a or b because f(a)=f(b)=0.

Therefore, ¢ is in (a,b). Because f(c) 1s a maximum

f(c+h) - £(c)£ 0
for all h near c, implying that
> 0 if h<o,

f(c+h) - f(c)
h ¢ 0 if hyo.

Now, since f'(c) exists by hypothesis (ii), the

f(c+h) - f(c)
h

lim
h—0

exists. This implies that
£'(c)$ 0S £ (),
and thus that
f'(c) = 0.
The assumption that f(x) { 0 for some point in [a,b]

also results in a ¢ in [a,b] such that f£'(c) = 0,
by a similar argument. Q.E.D.

Now, it is simple to prove the Mean Value Theorem:

Theorem X: The Mean Value Theorem32

Let f be defined on [a,b], and let

0.
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(i) f be continuous on [a,bl],
(1i) £ be differentiable on (a,b).

Prove: There exists a point c in (a,b) such that

f(b) - f(a)

tile) = =—3

f(b) - f(a)
b - a

By assumption a#b, and f(a) and f(b) exist, and so it
is clear 1l(x) exists. It is also evident, since

1(x) is a linear function, that it is continuous and
differentiable everywhere. Now, let

(x-a) .

Proof: Let 1l(x) = f£(a) +

g(x) = £(x) - 1(x).

Because f(x) and 1l(x) are both continuous on [a,b],
by Continuity Theorem VII, g(x) is continuous there.
Also, because f(x) and 1l(x) are differentiable on
(a,b), by Derivative Theorem VII, g(x) is differen-
tiable there. Lastly, we note that

_ f(b) - f(a)

l(a) = f£(a) 5 = a (a—a) = f£(a); and
1(b) = £(a) - f(bé : g(a) (b-a) = f(b), so that
g(a) = g(b) = 0. This shows that the requirements of

Rolle's Theorem are met, and therefore there exists
a point ¢ in (a,b) such that
0 =g'(c) = £'(c) - 1'(c)

f(b) - f£(a)
b - a

= £'(c)-

which shows there exists a point c in (a,b) such
that
f(b) - f(a)

£'(c) = =t . Q.E.D.

We are now in a position at last to prove the Funda-

mental Theorem of Integral Calculus:

Theorem XI: Fundamental Theorem of Integral Calculus33

If £(x) is continuous

Prove: b

§ f(x) dx = F(b) - F(a),

where f(x) = F'(x) over [a,b].



Proof: From Definition IX
b
g f(x) dx =
a

We will prove the result assuming the ck's are the
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a,

n

Lim f(c,) Ax.
n-» g

k=1

c's generated by the Mean Value Theorem. (It is

possible to generalize this argument and eliminate
assume the same notation

this requirement.34)

Also,

as that in Definition IXa.
f(x), and therefore F(x) is differentiable over [a,b].
Also, it can be shown that if a function is differ-
entiable at a point it is also continuous there, so

F(x) is continuous on [a,b].

It is given that F'(x)

Applying the Mean Value

Theorem on each subinterval, there exist ci's such that

Fl(cl) .} F(xl) - F(a)
X, - a
F-(cz) - Flx3) - F(x,)
X2 7 X1
* F(b) - F(x )
F'(Cn) - n-1
b - X1
Therefore, since f£(x) = F'(x)
F(xl) - F(a) = F'(cl) (xl—a) = f(cl)A>m
F(xz) —F(xl) = F'(cz) (x2-xl)= f(cz)zsx,
F(b)-F(x__q) =F'(cn)(b—xn_1) = flc, ) &x.

Adding all of these equations together, we find

F(b) - F(a)

F(b) - F(a)

and noting that F(b)

£(

cl) AX + f(cz) AX + ...

E: f(c,) ax.
k=1 &

Taking the limit of both sides as n tends to infinity,
- F(a) is independent of n,

+ f(cn)AX
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n
F(b) - F(a) = lim f(ck)Ax
n-re 177

b
=S f(x) dx. Q.E.D.
a

This ends our review of the real number system and
standard analysis. We began by developing the real number
system into a complete ordered field, and then followed
Newton in trying to apply this field to the world of
physics. We observed the shaky foundation that Newton
accepted for the calculus he discovered in trying to do this,
and then followed the later analysts who stabilized this
foundation by using the limit process. We defined the
limit, and then showed how continuity, differentiation, and
integration are all defined in terms of this important con-
cept. Finally, we proved the Fundamental Theorem of Integral
Calculus, which establishes differentiation and integration

as inverse operations.
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ITTI. The Hyperreal Numbers

Introduction

Now that we have reviewed standard analysis, we are
ready to begin our study of nonstandard analysis. 1In
the preceding chapter we found that in order to set analysis
on a secure foundation, it was necessary to accept the
concept of the limit. This is because the real number
system, the field associated with standard analysis, does
not include any element other than zero that may be con-
sidered to have no physical magnitude. What is important
to note here is that there are really two approaches
that will place analysis on a secure logical foundation.
The limit process (standard analysis) is one, and the
other is to extend the field that analysis studies to
include elements not equal to but arbitrarily close to
zero (nonstandard analysis). This extended field is
appropriately called a hyperreal number system.

The purpose of this chapter is to define a hyperreal
nunber system and to develop a model of such a system.
This model will be used in the discussion of nonstandard
analysis in Chapters IV and V. Before this is possible,
it is necessary to understand the more basic concepts of

language and structure.

30
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Language and Structure

Definition I: Language1

A first order language L is defined in the
following way:

The atomic symbols of L are:
(i) An arbitrary but fixed set of constants
(usually transfinite in number)
(ii) A set of arbitrary variable symbols
(must be countably infinite)
(iii) A set of arbitrary but fixed relation
symbols of order i (i=2 1)
(iv) The connectives:
- negation
vV disjunction (or)
A conjunction (and)
—> implication
= equivalence
(v) The gquantifers:
existential
vV universal
(vi) The grammatical symbols:
[{] brackets
() parentheses.

The atomic formulae are obtained by filling the i
empty spaces of the i order relations with
either constants or variable symbols.

The well-formed formulae (wff) are obtained either:

(i) If X and Y are atomic formulae, then
[X] ’ [_X] [} [XVY] [ [X/\Y] 7 [X"Y] 7
and [XZY] are wff; or

(ii) If X is a wff, then so are [(Jy)X]
and [ (Vy)X provided X does not
already contain (Jy) or (Vy).

(Some authors also include function symbols.z)

A variable y is free in a well-defined formulae X
if neither (ay) nor (VYy) are contained in X. A wff is
called a sentence in L if it contains no free variables,
and a predicate if it does contain a free variable.

For example, the wff [x=1l] contains the free variable
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x, and is therefore a predicate. It is interesting
to note that [x=1] is neither true nor false. However,
the sentence [(Vx) (x=1)] must be either true or false,
depending on the facts of the matter. This illustrates
the important rule of logic that all sentences in any
language must be either true or false.

These "facts of the matter" determine the truth
value of a sentence. Thus, the truth of a sentence is

independent of the language in which it is written --

i.e. truth cannot be defined in any L3 . It is structure

that determines truth, not language. Before defining

structure, let us look at an illustrative example.

Example 19:4 Let:

(i) The set of constants in L be a, b, c,
d, e, £, and g;

(ii) The set of variables, connectives,
quantifiers, and brackets take on
the usual meaning; and

(iii) L have one relation symbol N( , ).

This completely describes our language L. Now,
we add the structure that each of the constants
represents a person at a party, and that the relation
N(x,y) means that "x shook hands with y." Persons
who shook hands are identified by a line connecting
them in figure 1.
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That is, because a and b are connected in figure 1
by a line, they have shaken hands during the party,
and thus N(a,b) is true. Likewise, N(c,e) is false.
Notice that without the structure depicted in figure
1, the truth of N(x,y) could never be determined.

Example Ib: Now redefine N(x,y) as depicted in figure 2.

Figure 2.

As with Example Ia, N{a,b) is still true, but now

N(c,e) is true instead of false. This illustrates
that the truth of a sentence is dependent upon the
structure or context associated with the language

of the sentence but not upon the language itself.

(L of both examples was identical.)

Now we are able to formalize the definition of

structure.

Definition II: Structure5

A structure (S,R,F) appropriate to a given
language L consists of three things: S, a set of
elements; R, a set of relations on S (not to be
confused with R, the real number system); and F,

a set of functions on S; such that
(i) Each constant of L corresponds to some
element of S;
(ii) Each relation symbol of L corresponds
to some relation on S in R; and
(iii) Each function symbol of L corresponds
to some function on S in F.
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Note every constant in L must correspond to some
element in the set S of structure <S,R,F) . This does
not require that each element in S§ have a corresponding
constant in L, nor that each constant in L correspond

to a unique element in S.

Example II: Another structure in the same language
as Examples Ia and Ib is the structure (S,R,F>
such that:

S: éa,b,c,d,...,x,y,z}

R: {alphabet orderinq} - i.e. N(x,y) means
that "x is before y in the alphabet."

F: i} .

In this structure, N(c,e) is true because ¢ comes
before e in the alphabet. The point to note is that
L is defined only for the seven constants a, b, c,
d, e, £, and g, but S is defined by all twenty-six
elements of the alphabet.

The Hyperreal Number Systcm

"We are now in a position to state precisely what

we mean by a 'hyperreal number system.'"

Definition III: Hyperreal Number System7

A structure ¢(S,R,F) is a hyperreal number
system if and only if it has the following proper-
ties:

(i) <S,R,F> contains the real number system.
By this we mean not only are all real
numbers in S, but also all functions
and relations that are defined on the
reals are in F and R respectively;

(ii) S contains an infinitesimal, denoted by
®, other than zero;
(iii) The same sentences of L (the language
of the real number system) are true
in the hyperreals and the reals.
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That is, if X is any sentence of L,
then X is true in the hyperreals if
and only if X is true in the reals.

This definition in turn requires that we define
precisely what is meant by an infinitesimal and the

formal language of the real number system L.

Definition IV: Infinitesimal8

A number h that is a hyperreal is an infini-
tesimal if and only if |h|¢{m for all positive real
numbers m.

[There seems to be a discrepancy in the literature here.
Some authors require that an infinitesimal be strictly
greater than zero.? Those who do modify Definition IIT

to read that ¢{S,R,F) must contain at least one infini-
tesimal.]

Obviously, the only hyperreal number also in the real

number system that is infinitesimal is zero.

Definition V: The Language of the Real Number SystemlO

The language L for the real number system will

consist of:
constants. A constant symbol "r" for every
real number r;

variables. X0 Xy x3,...and a, b, ¢, ...;
grammatical symbols. (), [];
connectives. -,V ,A ,—2,=;

quantifers. .V

functions. For every function f on the real
numbers, we include the stan-
dard function symbol in L
(e.g. +, x, 1ln, sine);

relations. For every relation R on the real
numbers, we throw in the stan-
dard relation symbol into L

(e.g. I()r <)-
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[This may scem a bit circular. Simply said, L is the
language that we always use when formally describing the
real number system.]

It is important to realize that for every constant
in L there is a corresponding element in S of the struc-
ture <S,R,F> . But not every element in S has a corres-
ponding constant in L (e.g. @®).

We are now ready to develop our model of a hyperreal
number system. Notice that in Definition III "we defined
what we mean by a hyperreal number system, rather than the
hyperreal number system. This is simply because there
are many different hyperreal number systems. What is
remarkable is that for the purpose of doing the calculus
any one of them is as good as any other."11

Call this particular model hyperrcal number system
HR. By Definition III, all hyperreal number systems
are structures. Consequently, HR must be a structure. That
is to say HR is defined by listing a set S of elements,

a set R of relations, a set F of functions, and an appro-
priate language L*.

Let the set S of elements in HR be the set of all
sequences of real numbers: For example, the hyperreal
number h might be the sequence h: -1, 3, -5, e, 2, 0, O,

0, ... Note that by the definition of sequence, every
hyperreal is countably infinite in length. Also note that
all hyperreals may be represented in function notation.

For example, h:h(l), h(2), h(3),... where
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Let the set R of relations in HR be the set of rela-
tions in the real number system defined as follows:
R(,,,) is an i order relation, and j, defined by j(n),

k, defined by k(n), etc., are i arbitrary hyperreals.
Define R(j,k,,,) to be true if and only if én: R(j(n),
k(n),,,) is true? is quasi-big (soon to be defined).12

Note that all the j(n), k(n), etc., are real numbers.

Consequently, R(j{(n), k{(n),,,) is a real number relation

defined on HR. Before we define the term "quasi-big,"

let us look at a few examples.

Example III: One example is the connective =. Assume for
the moment that a set large enough to include all but
a finitc few of the natural numbers is quasi-big.
(Such sets are called cofinite.) As above, let h
be the hyperreal number defined as follows:

-1 if n=1
3 if n=2
-5 if n=3
h S e if n=4
2 if n=5
0 if n26.
Let k: k(n) = 0 for all n. Now the question is,
does h=k? To determine this, we look at §n: h(n) =
j(n) is trueg . When n=1, h(l) = -1 and k(1) = 0.
Thus, h(l) # k(1), and n=1 is not an element of
¢gn: h(n) = k(n) is true$ . However, we see that for
any n2 6, both h(n) and k(n) are zero, and therefore
we determine gn: h(n) = k(n) is trueg to be 36,7,8...

This set is cofinite and therefore quasi-big. Hence,
the answer to the question, Does h=k, is yes, h=k.

[Another example might be the two place relation< . Is
h<k? 2n: h(n)< k(n)3 is only the finite set §1,3§ , which
surely is not quasi-big, and therefore htk.]
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A rigorous definition of quasi-big is complex and a
bit ambiguous. 1In defining quasi-big, the usual method is
to generate, in a kind of transfinite way, all the quasi-
big subsets of the natural numbers. This method is arbi-
trary since this inductive process will sometimes define a
set as quasi-big and other times define it as not quasi-big.
The significance of these differing sets of all the quasi-
big subsets of the natural numbers (called an ultrafilter
on N) is that each one may correspond to a different
hyperreal number system. In any case, all quasi-big sets
share the following four properties, which are sufficient

to understand our usage of the term guasi-big.

Properties of Quasi-Big sets:13

(i) No finite sct is quasi-big.
(ii) If A and B are quasi-big, then so is A/l B.

(iii) If A is quasi-big and A< B, then B is quasi-
big.

(iv) If A is any set, then either A or its comple-
ment A€ is quasi-big, but not both.

Note if A is cofinite, it is quasi-big: A€ is finite, and,
by (i), cannot be quasi-big. Therefore, by (iv), A must
be quasi-big. Also note that these properties do not
determine which of the two complementary sets, the even or
the odd integers, is quasi-big. They do require that one
must be quasi-big and that the other cannot be quasi-big.
Define the set F of functions in HR to be the set of
functions in the real numbers defined as follows: If j:
j(n) represents any hyperreal in HR, then f£(j) is defined

to be the sequence £(j): £(3j(1)), £(3(2)), £(3(3)),... i.e.

£f(j):£(3j(n)). Some examples:
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Example IV: Hyperreal Functions

Let h and j be hyperreals defined as follows:
h: -1, 3, -5, e, 2, 0, 0, 0, ...
j: 1,0, 7,1, 1,1, 1, 1, ...
a.) If f(x) = x2, then
£(h): (-1)%, 3
1, 9, 25, e, 4, 0, 0, 0, ...

b.) All of the arithmetic functions are defined term
by term as well:

f(h+j): -1+41, 3+0, -5+7, e+l, 2+1, 0+1, 0+1, O0+1,
: 0, 3, =5+7, e+, 3,1, 1, 1, ...

Subtraction, multiplication, and division are all
defined in this term by term way. For example,
f(hj) (1) = £(h(i)) -£(3(1))

c.) Other functions are similar. For example, if f(x) =
Ix|, then

f(h) = h : 1, 3, 5, ¢, 2, 0, 0, O, ...

Does this definition of functions in HR preserve the

well-definedness of £? Let us try to prove it does.

Theorem 1:

If j and k are arbitrary hyperreals such that
J =k,

Prove: £f(j) = £(k).

Proof: Let A = in: j(n) = k(n) is true} , and B = én:
f(j(n)) = £(k(n)) is trueg . We must prove that B
is quasi-big. Because j=k, we know that A is quasi-
big. Also, because f is well-defined in the real
number system, and because j(n) and k{n) are real
numbers for all n, we know that if j(n) = k(n) then
f(j(n)) = £(k(n)). Therefore, A€ B, and, by property
(iii) of quasi-big sets, B must also be quasi-big.
Q.E.D.
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[The proof that relations in HR are well-defined is sim-
ilar.]

Finally, we must define L*, the language appropriate
to HR. Let L* be the expanded language which contains L
and additional constant symbols for every hyperreal. Be-
cause our functions, relations, and other symbols are defined
in HR, we can use the same symbols of L in L*.

We have now completed our model structure HR, because
we have defined the sets S, R, and F, as well as the lan-
guage L* appropriate for HR. We now must prove HR fulfills
the three requirements of Definition III.

First, let any real r be represented by the hyperreal
r,r,r,r, ... By the definition of relations and functions
in HR, all real relations have corresponding hyperreal
relations, and, likewise, all real functions have correspon-
ding hyperreal functions. Thus, the real number system is
contained in HR.

Second we must prove HR contains at least one infini-
tesimal other than zero. Let ®#: @&(n)=(1/n) (i.e. & is the
sequence 1, 1/2, 1/3, ...). It is clear that & # 0, and
further that|é|= ®. From Definition IV, we must show
that HN(nlfor every positive real number m. By an appli-
cation of the Archimedean property14, there exists an
integer k of the reals such that (1/k)< m. Therefore, fk,
k+l, k+2, ...5€ in: e(n)(m}. But Zk, k+1, k+2, } is
cofinite, and hence quasi-big. Thus, [®|(m for every real
m, and & is an infinitesimal.

Finally, we must show that if X is any sentence of L,
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then X is true in HR if and only if X is true in the reals.
We start by accepting the following theorem.
Theorem 11:15

If G is any formula of L*

Prove: G is true in HR if and only if n: an is true in
the reals} is quasi-big.
Proof: The theorem is proved by assuming the opposite and

proving that the resulting G cannot be a formula as
defined in Definition I, which is a contradiction.

Notation: G

a formula in L* such that the j's are the hyperreal
constants that appear in G. Also, Gn is the

G(3q, j2, j3, ceoy jk) indicates that G is

corresponding formula of L such that Gn = (jl(n),
o)y ey Jp(n) ). '

Now, since X is a sentence (and therefore a formula)
of L, it cannot have any hyperreals appearing in it. Thus,
Xn = X for all n, and so gn: Xn is true in the reals} is
either the empty set if X is false in the reals, or the
quasi-big set of all the natural numbers if X is true in
the reals. By Theorem II, X is therefore true in HR if and
only if X is true in the reals.

This proves that HR is a hyperreal number system as
defined in Definition III. We will conclude this discussion
by noting a few of the properties of HR.

Many of the properties of the real number system extend

to HR because any sentence that can be written in L is true

in HR if and only if it is true in the reals. (Not all of
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the properties of the reals are properties of HR, however.
The Completeness Property cannot be written in L and is not
a property of HR.) For example, it is possible to write
the commutative property of addition in L:

Vx1Vx2(x1+x2=x2+xl) .

It must therefore be true in HR. Likewise, the order
properties can be written in L, and therefore true in
HR, e.qg.,

V%, sz Vx3( (X< X, A X, < x3)0x, < x5)

By definition, all hyperreal number systems have at
least one element other than zero that is infinitesimal. We
showed that ®: @®(n)=(1/n) is an infinitesimal in HR. 1Is
® the only infinitesimal in HR? Clearly not -- /2 is surely

an infinitesimal also, and in general the following are true.

Theorem III: Properties of Infinitesimals

If $1 and 62 are infinitesimals, and r is any
real

Prove:
(i) Ql-r is infinitesimal;
(ii) 61-62
(iii) ®l+ $2 is infinitesimal.

or @2(or r in (i)) equal zero, the

is infinitesimal; and

Proof: If either el,
theoerm is obvious. Assume that none are zero.
el-r and $1-®2 are not zero. To show that @1-r is
infinitesimal, we must show that |el-r|<xn for all
positive real m. Because 9 is infinitesimal,
|®l|<.any real, and so |@,|< (m/ jr| ). Multiplying
both sides by |r], |®1|° r] = Iel°r|<1n. Therefore,
®
itesimal, remember that |$l|<1n, and certainly, |®2|<l.

*r is infinitesimal. To show that @l-®2 is infin-
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Therefore |$l| . |®2| — |$1'62|< m, and therefore,

® -®, is infinitesimal. Finally, |®;| < (m/2) and
|®2|< (m/2), and hence by the triangle inequality,
|®1+@2|$l®1 |+ |®2| {(m/2) + (m/2) = m. Once again,
showing that $1+$2 is infinitesimal. Q.E.D.

A hyperreal is nonstandard if it is not a real.
Therefore, all infinitesimals, other than zero, are non-
standard. It is easily shown that if r is a real and h is
a nonstandard, then r+h is a nonstandard. In fact, "every
real is surrounded by a cloud of nonstandard numbers 'infin-

itely close' to it."17

Definition VI: Infinitely Close18

Two infinitesimals h and j are infinitely close
if (h-3j) is infinitesimal. When h and j are infinitely
close, we write

Iy B8

It is also possible to show that for every finite hy-
perreal h, there exists a unique real number r infinitely
close to h denoted by r = [h].

It is clear HR is much denser than the reals. Are
there any numbers in HR that are larger (or smaller) than
any r in the reals? The answer is yes! These numbers are
called infinite hyperreals.

19

Theorem IV: (1/8) is an infinite hyperreal

Proof: Because hyperreal number systems are fields and
contain at least one nonzero infinitesimal, &, it
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must contain the multiplicative inverse (l/@¢). We
must show that this is infinite, that is, it is larger
than all real numbers M. Let & be a positive infin-
itesimal (if it is negative, the positive infinit-
esimal -® will fulfill this theorem). Thus, (1/6)) 0,
and so it is greater than all negative M. By def-
inition ® < m for all positive real m, and therefore,
® ( (1/M) for all positive M. This implies that

M (1/®) is true for all positive M, and thus (1/®)

is infinite. Q.E.D.

There is a lemma to this theorem:

Lemma20

Prove: There exists an infinite hyperinteger N. (That
is, there exists a hyperreal N that is infinite and
for which I(N) is true. I(x) is the integer relation
that is true if x is an integer, and false if it is
not.)

Proof: An application of the Archimedean property of the
real numbers is, for all real r, there exists an
integer n that is larger than r. This can be written
in L:

(V) [(In)(x<naI(n))].
Therefore, it is true in the hyperreals. Because,
(1/®) is a hyperreal, there exists an integer N

such that (1/6){ N. But ML (1/6) for all real M, and
thus M<N for all real M. Q.E.D.

Finally, we prove if h is any hyperreal in a closed
interval bounded by two reals, then the standard part of

h, [h], is also in the interval.

Theorem V:

If a and b are real such that h is any hyperreal
in [a,b]

Prove: [h] is in [a,b].
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Proof: By hypothesis a{¢ h{¢b. 1If [h] = a or b, then the
theorem is trivial. Assume that [h] # a or b. We
must show that a<[h]< b. Assume the opposite (proof
by contradiction). Either [h] is less than a or
greater than b. If b { [h], this implies that h<{b< [h].
By definition hZ>[h], and so b= [h]. Because b and
[h] are both reals, this implies that b = [h]. But
this contradicts our assumption that b # [h]. There-
fore, [h]< b. Similarily, a< [h]. Q.E.D.

In this chapter we formalized our understanding of
language and structure; defined what we meant by a hyper-
real number system; developed a model structure HR of a
hyperreal number system; and then derived a few of the sig-
nificant properties of HR. Because HR contains at least
one infinitesimal other than zero, we can now develop the
major concepts of analysis without using the limit process.
In Chapter IV, we will define continuity and differentiation
in this nonstandard way. Likewise, in Chapter V, we will

define integration and prove the FTIC.
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IV. Continuity and Differentiation

Introduction

In Chapter III we developed the definition of a
hyperreal number system, and then proved that the model
structure HR was an example of such a system. 1In this
chapter we will show it is possible to define the limit
process in terms of the infinitesimal. We will then
develop several of the definitions and theorems of analy-
sis, including continuity and differentiation, in this
nonstandard way.

In all the following, let f(x) be a real valued
function defined for all real x in (a,b). We will use
the same symbol, f(x), to represent the hyperrcal function
in HR associated with the real f(x). Hyperreal f(x) will
therefore be well-defined (see Theorem I Chapter III) for
all hyperreal x on the open interval bounded by real a and
b. Also, recall if j and h are infinitely close, j&h,
then the difference between j and h is infinitesimal (see

Definition VI Chapter III).

Limit

Theorem I: Left-Hand Limit1

In order that the standard real number L be the
limit f(x) in R as x approaches b from below, it is

48
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necessary and sufficient that f(x)2= L for all
x2=b, a<x<b. That is, for a, b, and L in R,

lim f(x) = L if and only if £(x)&L for all
X=>b

Xx= b in (a,b).

Proof: (forward) Assume that
lim_ f£(x) = L.
Xx-»b

By definition, for all positive real & , there exists
a positive real § = §(e) such that

|f(x) - L|< & whenever 0 £ (b-x)< g, x in (a,b).
Now, if xZb in (a,b), then (b-x) must be infinites-

imal, and Qy definition less than all positive reals,
including . Therefore, we conclude

lf(x) - L|(E,
and, since g is arbitrarily small,
f(x) <& L.
(reverse) Assume that

X & b implies f(x)= L, for all x in (a,b).
Therefore, for all x in (a,b),

(b-x) = &; implies |f(x) - L‘ = 8,,
where 61 and $2 are any positive infinitesimals.

Thus, if € is any arbitrary positive real,

(b-x) = @, implies [f(x) - L|<E.

1

From this equation, it follows that the following
stronger statement must also be true:

(b-x) @, implies |f(x) - L|< £.

That is,
(V) [[(b-x) < @82 <x<b] —>|£(x) - L|<ET.

Therefore, the more general statement is also true,
QL1850 4 1(Vx) [1b-x1<S 2 <x<bl=> |x) - L]<g 117

(The F that exists is el)
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Because this statement is true in HR, but is written
in the language of the reals (L), it must also be
true in R. Therefore,

lim_ £f(x) = L. Q.E.D.
X->b

While it appears this theorem is complex, keep in
mind we were proving that the concept of limit is similar
to the concept of infinitely close: i.e. one can be de-
fined in terms of the other. The question might be asked:
Was this theorem difficult because the concept of infinitely
close complicates the more basic concept of the limit, or
is it not morc probable that the concept of the limit ob-
scures the more fundamental idea of infinitely close?

In any case, it can be similarily shown that

lim f£(x) = L@f(x)& L for all x72-a in (a,b) ,2
+
x-da

and finally that the following corollary is true.

Corollary:3
For all ¢ in (a,b), a, b, ¢, and L in R,
lim £(x) = LEE(x) 2= L for all xL=c in (a,c) (c,b).
X—=C

Continuity and Differentiation

Armed with this corollary, it is simple to develop
the nonstandard understanding of continuity and differ-

entiation.

Theorem II: Continuity4
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The function f(x) is continuous at
in (a,b) if and only if f(x)Z= f(c) for
Proof: (forward) Assume f(x) is continuous

lim £(x) = f(c),
X=2C

and by the Corollary to Theorem I, this
f(x)= f(c) for all x =c.
(reverse) Assume that
f(x) = f(c) for all xZ=rc.

This implies f(c) exists and is finite.
Corollary to Theorem I

lim f(x) = f(c).
X=2C

any real c
all x= c.

at c¢c. Then

implies that

By the

From the definition of continuity (Definition VI

Chapter II), f(x) is continuous at c. Q.E.D.
Theorem III: Differentiation5
Prove: f'(c) = d if and only if f(xi : g(c) 2~ d for

all x> c¢ in (a,b), and a, b, ¢, and d in R.

Proof: (forward) Assume f'(c) = d.
By the definition of derivative

f(c+h) - f(c)

d = lim

h—> 0 h
Now, letting x = c+h
d = lim f(X}){ : (f:(C)
X=—>C

By the Corollary to Theorem I,

f(x) - f£(c)

ds=
X - cC

(reverse) Assume

dn~ £{x) - £(c)
X - C

for all x & ¢ in (a,b).

for all x & c in (a,b).
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Using the Corollary to Theorem I this directly implies

f(x) - f£(c)
X - C

d = lim
X—> C

= f'(c). Q.E.D.

Are these definitions of continuity and differen-
tiation easier to understand and use than the standard
definitions? In Chapter II we proved if f(x) = x2, then
f'(x) at x=a equals 2a using standard techniques. Let us

compare that proof (Theorem VII Chapter II) with the fol-

lowing proof using nonstandard techniques.

Theorem IV:

If £(x) = x°
Prove: f'(x) = 2a at x=a.
2 2
Proof: f(x) - £f(a) _ x_=-a _ 4,4 (x # a).
X - a X - a

But x+a &= 2a for all x & a, so

f(xl - g(a} 2~ 2a for all x 2 a, x+#a.

By Theorem III,

f'(a)

2a. Q.E.D.

Because we have proved the nonstandard definitions
of continuity and differentiation are equivalent, it is
evident the Continuity and Derivative Theorems listed in
Chapter II can be proved by nonstandard techniques.

Also in Chapter II, we accepted Theorem VII without
proof. Let us now prove it in a relatively simple way

utilizing nonstandard analysis.
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Theorem V: (same as Theorem VIII Chapter II)6
Let f(x) be defined and continuous on [a,b].
Prove: f(x) attains a maximum and a minimum value on {[a,bl.

Proof: To show that f(x) attains a maximum on [a,b] we
must prove there exists a real point c in [a,b]
such that f(c) 2 f(x) for all real x in [a,bl.

Let fxng be defined by

= n -

X a + g (b-a),

where N equals the infinite hyperinteger proved to
exist in HR (Lemma to Theorem IV Chapter IITI).

Note this sequence is an internal sequence of [a,Db]
because a % X, € b for all n. Because f(x) is defined

on [a,b]l, the sequenceéf(xn)} , defined by gf(a),

£(xq), E(X,) 4 vuus f(b)g , exists.
Now, it is true in R that for every sequence of
real numbers Tgr T1s Tor weer Ty there exists

a natural number j, 0¢ j$¢ n, such that rj‘—:.ri for all

i=0,1, 2, ..., n. Since it is possible to write
this in L, it is true in HR as well.

Thus, there exists some natural hyperreal number
j, 0£ j €N, such that

f(xj)a f(xi) for all 1 =0, 1, 2, ..., N.

We must prove that if c = [xj], then f(c) 2 f(x) for

all real x in [a,b].

The length of each subinterval of X is

b=-a
(_ﬁ_) ’

which is infinitesimal. [Remember that N > (1/@).
Therefore, (1/N) < &, proving that (1/N) is infini-
tesimal, and thus that (r/N) is infinitesimal.]
Therefore, every real x in [a,b] must be infinitely
close to at least one X -

We now assume that f(c) € f(x), and will prove
a contradiction (proof by contradiction). Choose

X = [xi].
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Because f(x) is continuous, and c = [xj],
f(c) &= f(xj) and f(x) = f(xi).
Therefore, if f(c) < £f(x), this requires that
£(x;) < £(xg),
which is a contradiction of the definition of Xj'
Therefore,
f(c) 2 f(x) for all real x in [a,b].

The proof for the existence of a minimum value
on [a,b] is similar. Q.E.D.

Finally, let us prove Rolle's Theorem by nonstandard
methods. Our motivation in doing so is that the proof
of the Mean Value Theorem (MVT) for derivatives could then
be proved by the same argument we used in Theorem X Chap-
ter II. [I.e. perform a rotation of axes so f(x) will
satisfy the conditions of Rolle's Theorem when referenced

in the rotated coordinate system.]

Theorem VI: Rolle's Theorem7

Let f(x) be defined and continuous on [a,b],
differentiable on (a,b), and f(c)=£f(b)=0.

Prove: f'(c) = 0 for at least one real c in (a,b).
Proof: If f£(x) = 0, then f'(c) = 0 for all ¢ in (a,b)
(see Derivative Theorem I Chapter II). Therefore,

assume f(x) > 0 for some real point d in [a,b].

(The proof assuming f(x) € 0 for some point in [a,b]
is similar.) From Theorem V we know there is a point
¢ in [a,b] that is real and where f(x) assumes a
maximum. Because £(d) > 0 and f(c) 2 f(d) we can con-
clude f(c) 2> 0.

Let ® be a positive infinitesimal, and X, = c-8

and X, = c+®. By the definition of c,

£(x,) { f(c) and f(x,) < f(c),
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and hence,

£(x;) - £(c) < 0 and £(x,) - f(c)< 0.
Therefore,
f(xz) - f(c) ;o < f(xl) - f(c)
x2 - C ~ ~ xl - C
But, by Theorem III,
f(x,) - £(c) f(x,) - f£(c)
1 e 2 ~ 1
tiie) = X, = C - X, - C
2 1
Thus,
f'(c) = 0,

and because ¢ is real,f'(c) is real, and
f'(c) = 0. Q.E.D.

[The Mean Value Theorem is proved utilizing the same method
as Theorem X Chapter II.]

In this chapter we applied nonstandard methods to
the structure HR developed in Chapter III, and showed the
limit process in R can be defined in nonstandard terms in
HR by using infinitesimals. Because statements written in
L, the language of the real number system, are true in HR
if and only if they are true in R, this extension into HR
can be used to prove many significant theorems in R. We
proved the standard definitions of continuity and differen-
tiation can be defined in nonstandard terms, and then
developed new nonstandard techniques for differentiation and
for proving continuity. We next used these techniques to

prove a continuous function assumes a maximum and a minimum
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value on a closed interval (a difficult theorem when limi-
ted to standard techniques only). Finally, we concluded

with a nonstandard proof of Rolle's Theorem.
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V. Integration

Introduction

In the previous chapters we developed hyperreal
number systems and investigated the nonstandard techni-
ques associated with continuity and differentiation. We
will complete our development of the nonstandard analysis
by defining integration with nonstandard techniques and

then prove the Fundamental Theorem of Integral Calculus.

Integration

The definition of the indefinite integral has the
same form in both standard and nonstandard analysis. This
follows since the derivative defined in nonstandard terms
has the same form as the standard derivative. Thus, the
understanding of indefinite integration is independent
of whether one understands differentiation classically or
via nonstandard ideas. We will now develop the definite

integral through nonstandard techniques.

Theorem I: Definite Integration1

Let f be a continuous function defined on [a,b].
(The terminology used has been previously presented
in Definition IXa Chapter II.)

Prove: f isintegrable over [a,b] if and only if

58
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b
g f(x) dx=x f(ck) A X,
a k=1

where N is any infinite hyperinteger.

Proof: (forward) If f is integrable over [a,b], then
by definition

b n
S f(x) dx = lim E f(c,) oax.
a 2@ =
That is, there exists an integer K = K( € ) such that
n b
E flcy ) ax - S f(x) dx | < € whenever n 2 K.
k=1 a

It is clear this sentence can be written in L, and
therefore it is true in HR as well. But N is greater
than any real integer K, and therefore

N b
E f(ck)Ax - S f(x) dx

k=1 a

<t .

Since & is any arbitrary positive real, this implies

that
N b
; f(ck) ax2Le S f(x) dx.
k=1 a
(reverse)
b N
If S f(x) dxo E f(ck) A X,
a k=1
then

b

N
| E f(ck) AX - S f(x) dx
k=1

a

=®<E,
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where € is any arbitrary positive real. That is to
say in HR there exists a K (it equals N) such that

K b
E £lc,) ax - S f(x) ax | E&.
k=1 a

Since this statement is true in HR, but is written
in L (or could be), it must also be true in R. Thus,
there exists a real integer K such that

K b
E f(ck) A X - S f(x) dx | C £ .
k=1 a
And hence, by the classical definition of limit,
n b
lim E f(ck)Ax = S f(x) dx ,
n-y k=1 a
and therefore f is integrable ofer [a,b]. Q.E.D.

[Note in HR

which we have previously proved to be infinitesimal.
Thus, nonstandard integration is an infinite sum of
sub-intervals of [a,b], each having infinitesimal
width.]

As with nonstandard differentiation, because the
classical definition is equivalent to the nonstandard defi-
nition , all theorems true of classical integration must
also be true for nonstandard integration.

To see how nonstandard integration works, integrate
f(x) = x3 from 0 to 1. Classically it is known (and simple

to calculate) that
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Let us show we get the same results using nonstandard

methods.

Example 1:2 Show
1
g x3 dx = % .
0
Let N
s = E (c,)” ax.
k=1
We must show that Sz-% . Now, Cp = k a4 x, therefore,
N N
S = :>: (k Ax)3 AX = E k3 (AX)4-
k= k=1
A x is independent of k, and Ax= (b;a) - % , SO
N N
s=(ax? - E k3=-];4§ K>
N =

k=1

It is easily shown (by induction)” that for any
positive integer n,

n
k3 - nz(n+l)2
4
k=1
Because this is true in R and written in L, it is true

in HR as well, and
N
3 A1)
7] .
k=1
Therefore,
NZn+1)2 11 1
1Tt T3
4N
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Now, because 1 is an infinitesimal, == and -
N 2N 4N2
are infinitesimal as well and
1
~
S 7 °

We are at last in a position to give a nonstandard
proof of the Fundamental Theorem of Integral Calculus (FTIC).
As might be expected, a proof of this theorem is not
strictly necessary. Because of the equivalence between
classical and nonstandard integration and differentiation,
the FTIC could be proved simply by stating that equivalence
and proving the theorem classically. This however, is not
very elegant, and because of the importance of the FTIC
to analysis, we will prove it via nonstandard techniques.

One note should be made about the continuity require-
ment for f--strictly speaking, continuity is not a require-
ment for integration, but only that f have at most a finite
number of point discontinuities on [a,b]. In this case,
integration over [a,b] is defined to be the sum of the
integrals over the continuous sub-intervals.

14

Theorem II: Fundamental Theorem of Integral Calculus4
(nonstandard)

If £ is continuous over [a,bl]

b
Prove: S f(x) dx = F(b) - f(a) where F'(x) = f(x).
a

Proof: Let

X
F(x) = S f(x) dx, x on [a,b].

a
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Note that F(a) = 0, and therefore,
b b
F(b) = S f(x) dx = S f(x) dx + F(a).
a a
Thus,
b
"
5 f(x) dx = F(b) - F(a) .
a

Hence, we must prove F'(x) = f(x).

Now, for any positive real h and c in (a,b)
such that c+h still belongs to [a,b],

c+h C

r
F(c+h) - F(c) = ( f(x) dx - \ f£f(x) dx
J J
a a
c+h a
r
= ( f(x) dx + f(x) dx
) )
a c
c+h
= ( £ ax.
J
C
We now uniformally partition the sub-interval [c, c+h] by
. kh - kh
X, = Ct s, SO AX = =

where N is any infinite hyperinteger and k = 0, 1, 2,...,
N. Therefore,

o b
F(c+h) - F(c) = f(ck) ax
l =1
5 N -
—_ h -
= ( N ) 2{: f(ck)
k=1
1L
= h N E f(ck)
k=1

(The large brackets indicate standard part.)
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Because f is continuous on [c,c+h], it attains a

maximum and a minumum at some real values Xy and X

in [c,c+h]. Let M=f(xM) and m=f(xm). Thus,
m & £le) € M, k=1, 2, 3, ..., N.

Hence,

N N N
E m=N-m\<E f(ck)éé M =N - M.
k=1 k=1

k=1

and

k=1
Now, because m and M are real,
N

m¢ & . D £(c ) | & M.

k=1

2

and because h is positive,

N
1
h - mg&h - ﬁ-; flc,) <£h - M.
k=1
Therefore,
h *m£F(cth) - F(c)$h - M,
and
Y F(C+h) - F(C) { M
< h ] "

This is true in R, and expressed in L, and so once
again it must be true in HR where h can be a positive
infinitesimal. Hence, because it is true for all
positive h, let h be an infinitesimal. Then,

X & caxX
m M

and because f is continuous,

m2 f(c)Z M.



65

Therefore,
£(c) = F(c+h) - F(c)
h
for any positive infinitesimal h. (A similar ar-
gument proves that this is also true when h is in-
finitesimally negative.) Therefore, by the

definition of differentiation,
f(c) = F'(c).
But ¢ was arbitrarily chosen and therefore,

f(x) = F'(x). Q.E.D.

The fundamental theorem "provided a spectacular

impetus"6 in unifying the two main branches of the calcu-
lus. "The importance of this can hardly be understated.
Not only is this an elegant unification of two branches of
mathematics, but it replaces the very difficult process of
integration with the relatively easy process of differen-
tiation."7

While it is possible to continue the development of
nonstandard analysis further to include the analysis on n-
dimensional space and Stoke's Theorem, the generalized
theorem for which the FTIC is only a one-dimensional version,
to do so would take us beyond the scope of this thesis.

It is also possible to apply nonstandard techniques to the
convergence of sequences and series, to infinite polynomials,
to topology, etc., but these too require a treatment in

more detail than is possible here. For the reader interested

in extending nonstandard techniques, I refer him or her to

the bibliography at the end of this work.
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In this chapter we ended our study of the nonstandard
analysis by again showing its equivalence with standard
methods. We showed integration can be defined in terms
of nonstandard concepts, and that the Fundamental Theorem
of Integral Calculus can be proved by using nonstandard
methods. This indicates it is possible to develop en-
tirely the calculus by extending the number system into
hyperreal structures and then undertaking a totally non-
standard approach. It is this extension from the real to
the hyperreal numbers that raises interesting questions
for the mathematical philosopher. In Chapter VI we will

briefly treat these questions.



67

ENDNOTES

lAbraham Robinson, Non-Standard Analysis, rev.
ed. (New York: American Elsevier Publishing Company,
Inc., 1966), p. 72.

2James M. Henle and Eugene M. Kleinberg, Infin-
itesimal Calculus (Cambridge, Massachusetts: The MIT
Press, 1979), pp. 56-57.

3Murray R. Spiegel, Mathematical Handbook of
Formulas and Tables (New York: McGraw - Hill Book
Company, 1968), p. 108.

4Robinson, op. cit., pp. 72-75.
5Henle and Kleinberg, op. cit., pp. 77-83.

6John M.H. Olmsted, Advanced Calculus (Englewood
Cliffs, New Jersey: Prentice - Hall, Inc., 1961), p. 127.

7Henle and Kleinberg, op. cit., p. 77.



VI. Philosophical Implications

We will conclude with a brief discussion of the im-
plications nonstandard techniques hold for the foundations
of analysis. Ultimately, these techniques deepen the
split between the two radically different schools of
epistemological thought. This split is the distinction
between the Platonist's view of the foundations of mathe-
matics and the Formalists' view. We will discuss the
historical development of this distinction and its sig-
nificance today, and then conclude with a remark concerning
its implications for the future of mathematics.

Before we begin, one last note should be made. All
of the philosophical concepts touched upon in this chapter
could easily be the subject of another paper. It is not
the purpose of this brief chapter to present a complete
philosophical solution to the epistemological gquestions
raised by the nonstandard methods outlined in the previous
chapters, nor even to touch upon any of them in any
depth. Rather, I hope to show only that nonstandard
techniques raise significant questions that philosophers
have been struggling with for centuries.

"Virtually all of mathematics and much of science

is based on the abstract concept of the real number line,"1

68
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a concept that serves as our model for both one-dimen-
sional space and time.

Plato's description of mathematics as the

discovery of the properties of objects in an

ideal universe -- the universe of Platonic

ideals -~ has been the most enduring and

popular philosophy of mathematics, since it

provides mathematics with the (scientific)

discipline of conforming to some kind of

perceived reality . . .

Platonists tend to believe mathematics is a descrip-
tion of an objective, external reality, and thus any two
individuals who undertake the study of mathematics will
ultimately present identical descriptions. Kant offered
the explanation that perceived reality is the construct
of a human mind which possesses an a priori kernel of
intuitive mathematical and geometrical truth. Taking
this into account, mathematicians dutifully proceeded to
try and describe the foundations of this mathematical
kernel. Their result was the development of the axio-
matic system described in Chapter II that defined the real
numbers as a complete ordered field.

This description of the mathematical Mindscape3 as a
logical system derived from a set of self-evident axioms
gave rise to the belief that the essence of mathematics
was not content but form. Kant believed that one of the
fundamental categories of the mind was space as described
by Euclidean geometry. "Thus it came as a considerable
shock to the intellectual community of the early 19th cen-
tury to learn of the discovery of the non-Euclidean geome-

wé

tries... The significant consequence of this discovery
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was the movement of mathematics away from the Platonic
understanding that mathematics described an ideal, objec-
tive, reality, to the Formalist position that mathematics
was not concerned with an objective reality at all. The
Formalists maintained that mathematics was nothing more
than the study of definition. By defining the real
number system as a set of axioms, all of mathematics was
a derivation of the theorems implied in this axiomatic
system. If one were to define the real number system with
a different set of axioms, the task of mathematicians would
be to derive the consistent implications of this axiomatic
set. Thus, mathematicians began to regard axioms not as
self-evident truths but rather as arbitrary rules. A
useful axiomatic system seemed to describe the reality, but
the primary concern of the mathematician was the consistency
of the axiomatic set. "For the axioms to be great the
theory derived from them had to be both beautiful and use-
ful [conform to the objective universe], but to be mathe-
matics the theory had only to be consistent."5
As soon as Newton and Leibniz developed the calculus,
it was criticized on two philosophical grounds. First,
philosophers still followed the Aristotelian denial of
the actual infinite, and thus denied the existence of
infinitesimals. Second, the existence of infinitesimals
was inconsistent with the axiomatic definition of the real
number system. Remember that the completeness postulate
(Definition IV Chapter II) states every nonincreasing

sequence of real numbers bounded below converges to some
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real number. If infinitesimals were real numbers, then
the real number system would be inconsistent because in-
finitesimals are inconsistent with the completeness pos-

tulate. To illustrate this, let ixn} be defined by

X = 4 - n® , where ® is a positive infinitesimal.
? xn} is nonincreasing because xn+lg X, for all n, and is

bounded below because x_ » 3 for all n. Yet, if infin-
itesimals are real numbers, this sequence does not converge
to any real value because each X, would be a unique real
number.

The calculus worked nevertheless, and scientists were
quick to utilize it. Thus, mathematicians turned their
attention to the calculus and tried to reconcile it with
the real number system. It was the limit process developed
by Weierstrass (and Cauchy) that eventually answered both
the criticism of the actual infinite and of the infinitesi-
mal by replacing the infinitesimal with the limit process
and the potential infinite.

Standard analysis was subsequently adopted by vir-
tually all of the mathematicians of the time and continues
to be widely taught today. However, Cantor's set theory
and his development of transfinite numbers re-established
the existence of the actual infinite on logical grounds,
and set the stage for the discovery of nonstandard analysis.
In the early 1960's

Abraham Robinson of Yale University developed

a consistent mathematical theory of infinites-

imals. This new theory, called 'nonstandard
analysis,' resuscitated the discredited ideas
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of the actual infinite and actual infinites-

imal and showed how much of modern mathematics

could be consistently translated into a language

of infinites and infinitesimals. 1In particular

Robinson's new theory created a significant

alternative to the mathematician's real-number

line (alias the complete ordered field), an

alternative that contained infinitesimals and

on which calculus could be done in the spirit

of Newton and Leibniz.

Thus by the end of the 1960's there were

available . . . pretenders to what could be

called the throne of mathematics: the real-

number line.

Along with the discovery of nonstandard analysis,
the same epistemological questions returned. The Formalists
accepted the hyperreal number system as a useful tool to
help develop the theory of infinitesimals and to further
their understanding of analysis. The question of the ex-
istence of the hyperreals was not a valid guestion for
Formalist mathematics because mathematics was only interes-
ted in studying the consistent consequences that are
derived from definitions. Platonists, on the other hand,
faced a much more difficult question. Clearly the hyper-
reals can serve as a model for a continuum because the
order properties are defined for them and because between
any two hyperreals there exists at least one other hyperreal
distinct from the original two. The question is whether
they can serve as a model for the objective universe of
space-time. One concrete expression of this basic Platonic
question is the completeness postulate, which is true in
the reals but not in the hyperreals. 1Is the continuum of

space-time the complete ordered field of the reals or the

ordered field of the hyperreals that contains infinitesimals?
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The consequences of this distinction between the
Formalist and the Platonists for the future of mathemati-
cal analysis can be seen in the striking parallel between
the development of analysis and the development of gquantum
mechanics. Just as the development of quantum mechanics
introduces uncertainties described by the Heisenberg un-
certainty principle, the development of nonstandard
analysis introduces analytical uncertainties. In non-
standard analysis, these uncertainties arise because
the definition, "a statement is true in the hyperreals
if it is true in the reals a sufficiently large (quasi-
big) number of times," ultimately transforms the clas-
sical two-valued logic system into a logic system that
is probability-valued. This is a consequence of Gd8del's
proof, which states that in any axiomatic system large
enough to include arithmetic, there will always exist
uncertain statements whose truth cannot be determined.7’8
In physics, the Heisenberg principle says these uncertainties
are the effects of experimental observation and that things
are locatable only with higher or lower degrees of proba-
bility as to place and time. Hence, both in 20th century
mathematics and in one area of contemporary physics, we see
that probability, which entails uncertainty, is a standard
feature.

"It is not surprising that the introduction of 'un-
certainty' results in mathematics was accompanied by fun-
damental disagreement about their significance."9 This
disagreement can again be attributed to the Formalist/

Platonic distinction. The Formalist holds that mathematics
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is pure form, and therefore these uncertainties are in-
herent to the very foundations of mathematical reality.

10 The Plato-

"Robinson himself reflects this position."
nists, Gbdel and Einstein among them,11 insist mathematics
is a description of ideals, and the existence of these
uncertainties only reflects the limitations of our present-
day mathematics. They believe it is possible for future
mathematicians to find ways to avoid these uncertainties.

In this chapter, we briefly recounted the historical
developments of analysis and the discovery that nonstandard
foundations were possible which logically re-established
both the actual infinite and the actual infinitesimal.
We noted how, as a result, this development resuscitated
the same philosophical questions that have existed for cen-
turies and are reflected in two different schools of
mathematical philosophy known as Formalism and Platonism.
Finally, we showed how this distinction illustrates the
existence of basic uncertainties in the foundations of
present day mathematics.

Let us end with one final note:

It is ironic that Robinson, the re-creator

of infinitesimals, does not believe they

really exist, whereas G8del, the prophet

of undecidability, believes in a Platonic

universe in which the properties of mathe-

matical objects are visible for those who

have the eyes to see. Perhaps these men

are merely reflecting an intense modesty

about the significance of their own achieve-

ments. It seems unlikely, however, that

within the next few generations mathema-

ticians will be able to agree on whether

every mathematical statement that is true
is also knowable.l2
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Number Line," Scientific American 225 (August 1971):
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2Ibid.
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>Ibid.
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