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INTRODUCTION

This paper will examine the application of the residue theorem to series
solutions. It will begin with a statement of the residue theorem and then
proceed to develop the tools and techniques necessary to allow its application.
$pecial functions with simple poles occurring only at the integers will
gonstitute the tools which will enable certain series to be summed by this
method. The primary techniques, which utilize the tools mentioned above, will
be developed and presented in the form of theorems in this paper. After the
problem-solving foundation has been laid, the reader will have the opportunity
to observe how the method works in a collection of various application
problems. Several of these applications will have a twofold purpose. The
tfirst and most important will be to illustrate the usefulness and importance

9f the method. A secondary benefit of these examples will be the presentation
of interesting problem-solving 'tricks', which include the use of expansions of
dertain trigonometric functions in terms of Bernoulli numbers or Euler numbers.
In fact, several of these applications will illuminate interesting properties

inherent in these special numbers.

After the reader has had the opportunity to witness the functioning of the
method, the focus of the paper will switch to the problem of summing an entire
dqollection of related series at once. It will be in the course of this task
fhat several of the interesting properties of the Bernoulli numbers and Euler
rlumbers (mentioned above) become apparent. Also, one of the applications
fowards the end of the paper will +introduce the Bernoulli polynomials as a
flroblem-solving device. This same application will also lead to a direct
rielationship between the Euler numbers of order 2k and the Bernoulli polynomials

82k+1(6)) of order (2k+1) evaluated at 6 = 1/4, Next, the paper will continue




with a discussion of the possibility of other functions or tools besides the
ones used in this paper. It will conclude by mentioning the shortcomings of
-his method and by examining how this technique can still be useful 1in

:hose situations where the method fails to directly sum a particular series.
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THE RESIDUE METHOD FOR THE SUMMATION OF SERIES

A necessary foundation and starting point for this paper is a statement
f the Residue Theorem.
heorem 1 (Residue Theorem).

Let f(z) be analytic except for isolated singular points Z1,..., Zm in a

simply connected domain, D, and let C be a simple closed contour in D
bounding Z1,..., Zm. Then

J.f(z)dz = Zﬂikg1(residues of f(z) at Zk) (see [3], PP. 171-172)
Before one proceeds to apply this theorem, it is necessary to establish
he following Temmas.
emma 1
Let s(z) = n/sin 7z, t(z) = w/tanrz. Then s(z) and t(z) are analytic
xcept for poles of order one at the integers and have residues (—1)n and 1

espectively.

iﬂz_e—iﬂz)/21.

Notice that s(z) = T/sinnz = 2ﬁ1/(eiﬂz—e_1nz), since sin (rz) = (e

Tlhen 2”1/(e1ﬂz—e_1ﬂz) = 2ﬂ1e1ﬂz/(e2Hiz—1) so that the poles of s(z) occur when
(e2ﬂiz 1) =0
Now, eZTﬁZ = e2ﬂ1(z_n) = I (2W1)k(2—n)k/(k)!

k=0
Thus, e2ﬂ1z—1 = X (Zﬂﬁ)k(z—n)k/k!

=]
which has a zero of order one at z = n. Hence, s(z) has a first order pole at
74 = n. The residues of s(z) at z = n can be found in the following manner:
residues of s(z) at (z = n) = z]iT . m(z-n)/sin(mz)
_ lim [2ﬂ1e1ﬂz (z—n)]/(e2ﬂ12-1\
zZ —>n =

Tlhis expression is the indeterminate form 0/0 and,consequently,L'Hospital's

ule may be applied to give




1im . iz 2miz Tim iz inzy; 2miz
sop 2Tie (z-n)/(e -1 =L, (e )/ e

- enwi _ (ewi)n _ (_1)n

+ (z-n) qime

L]

Hence, the residues of s(z) at z = n are equal to (-1)".
The proof of the second part of Temma 1 is similar to the first.
cxamining
t(z) = n/tan(wz) = (wcos(nz)/sin(nz)

»ne can see (from above) that t(z) has a pole of order 1 at z = n. The

residues of t(z) are thus

liﬂ m(z-n)/tan(mz) = ;jﬂ (ncosnz(z-n))/sin(nz)

= lim m(z-n) /tan(rz)

since sin(mz) = (eiﬂz - e_iﬂz)/Zi, and cos(mz) = (eiTTZ + éﬁﬂz)/Z.
Then
M ri(zon) (e2M2 4+ 1)/(e2™2 - 1)

is the indeterminant form 0/0 which after application of L'Hospital's rule

becomes

DM [mizen) + 1/2 + e 2MZ2] = 1/2 4 M2 2

and the Temma is established.

_emma 2

Let Cm be the simple closed contour |z| = m + 1/2 for integers m = 0, 1,




q

C
“m2
(-(m+1/2),1(m+1/2)) - (m+1/2,1(m+1/2))

¢
“m3

(]

mi

(-(m+1/2) ,-1(m+1/2)) | (m+1/2,-1(m+1/2))

C
m4

Then on C , and C g0 |s(z)| < 2ne™while [t(z)| <27, and on €. and C
5(z)|<m/cosh(my), while |t(z)|<rtanh(ry). In particular [s(z)| and [t(z)]
are bounded by 27 on Cm.

The proof of this lemma begins by examining s(z) = 2ﬂ1/(eiwz—e_1ﬁz)on

-i(m + 1/2). One then finds that
2ﬂ1/(eﬂ(m+]/2) ) e—ﬂ(m+1/2) _ 2W1eﬂ(m+1/2)/(ew(2m+1)_1).

:m4 with z
s(z)

it can be shown that e

Now,

W(2m+1)_] N eTr(2m+1/2) since

éﬂ/Z ~ eAﬂ(2m+1/2) -

eTr/2 > 1

eﬂ/2 > T + e

+ e_ﬂ(2m+]/2) (max. at m = 0)

-r/2

1.48104773 > 1.2078796

lence, |s(z)]< | ZTr-ieTr(m"']/2)/e1T(2m+'|/2)<_21Teﬁm.

Dn sz,

s(z) = 2ni/(e="(M1/2)_T(m+1/2) _ 2rie"(M1/2) g _ m(2mt1)y

$imilarly, from above it is true that

]-I = eﬂ(2m+1)’ 2 [e"lT(ZH'H"I/Z)‘l.

- =T :
hus, |s(z)] < 2me ™ as expected. Now, since

t(z)

1l

m/tan(mz) = ﬂi(e1ﬂz + e“-iqu)/(eilnz - e_iﬂz)

,Tr_l(_|+e_21T-|Z)/(-l _ e"'ZTr'iZ), on

Cm4 t(z) = ir(1 + e—ﬂ(2m+1))/(] _ e—ﬂ(2m+1)).




o
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1

Mence, |t(z)| < 27 on C,

imm_iw/2 - —imm ~in/2 w
PR m/ eV - e e / e,

n order to satisfy the lemma, one needs

(1 + e—ﬂ(2m+1))/(1 B e—ﬂ(2m+1) <2

which is true since,

14+ e—ﬂ(2m+1) < 2_Ze—w(2m+1)

3e—ﬂ(m+1) <1

(max at m = 0)

3¢ < 1

.1296417 < 1.

A

4 A similar argument yields the same bound for

t(z)| over sz.

Now on CmV z equals m + 1/2 + iy, where

~-(m+1/2) <y < (m + 1/2) and s(z) = 2ﬂi/(e1ﬂz - e_iﬂz). The den-

in(mt1/2 + iy) e—iw(m+1/2+iy)

minator of s(z) is e , which becomes

im/2 g e—iﬂ/Z

However, e I = —-i so the

imm =Ty + eiﬂmeﬂy)

. .. . ) . + 1!
enominator is i(e e Notice that if m is even,e— M= 1, and

+iTm

1f m is odd, e = -1. Thus,

|s(z) | < | 2ri/[i(e"Y + e ™) ]| = n/cosh(my).

similar argument establishes the same bound for s(z) on Cm3'

On Cm1

(2) Tr_i(e1'1T(m+1/2+1'y) N e—iﬂ(m+1/2+1y))/(eiﬂ(m+1/2+1y) _ e—iﬂ(m+1/2+1y))

1]

ﬂi[i(e1ﬂme—ﬂy_e1ﬂmeﬂy)/{i(e1ﬁme—ﬂy~e—wmeﬂy)}]

‘herefore,
| t(z) | < m(eY - e Y)/(e"Y + &) = 7tanh(my)
\ similar argument establishes the same bound on Cm3sand lemma 2 is
ettled.
At this point one does not have all the tools necessary to begin
pplying the Residue Theorem to the summation of series. However, the

ollowing theorem will make ths application possible.




E

[heorem 2

Let f(z) be a rational function with zero of order greater than or

aqual to two at infinity and with no integer poles. Then,

X f(n) = - Z[residues of f(z)t(z) at poles of f(z)]
n=—
z (-1)"F(n) = - s[residues of f(z)s(z) at poles of f(z)]
n=-—o0
The proof of theorem 2 begins with an application of Cauchy's Theorem
(theorem 1):
fcm f(z)t(z)dz = 27 I (residues of f(z)t(z) in Cm).

_et m be so Targe that it includes all poles of f(z).

Then,
.qﬂf(z)t(z)dz = 27 % (residues of f(z)t(z) at poles of f(z)) + 2mi ng_m f(n)
since the residues at z = +k, k =0, 1, 2,... are
liz (z+k)f(z)t(z) = f(+k) by lemma 1.
Now,
e f@)t(@)dz | < S 1f(2)]]t(2)]]dz (see [3], PP. 102-104)

|A

ZWQh]If(z)Ildzl by lemma 2 (bound on t(z)).
Then the fact that f(z) has a zero of order greater than or equal to two at
infinity implies that for large m, |f(z)| < k/Izl2 < k/(m+ 1/2)2
(k, a positive constant). It follows then that
Znle |f(2)||dz] < [20k/(m+1/2)%]4(2me1)
vhich goes to zero as m approaches infinity. Consequently,
Q%1f(z)t(z)dz —> 0 as m —> «, and so

b} f(n) = - %(residues of f(z)t(z) at the poles of f(z)).

n=—«




't can be seen that the series on the left (above) does,in fact, converge by
noting that for large n, 7| f(n)| < Z—%Z, which converges.
A similar argument applies to .%mf(z)s(z)dz since |s(z)| is bounded on

Cm and the residues of s(z) at n are (-1)". Thus,

(o]

nﬂZ_oo(—])nf(n) = - T(residues of f(z)s(z) at the poles of f(z)),
vhich establishes Theorem 2.

In order to prove the importance of this theorem, consider the
following applications.

Application 1

x

Sum the series ng—w 1/(n2+a2), a > o. It is evident that
f(z) = 1/(22+a2) has a second order zero at «; hence, the requirements of

theorem 2 are met. Thus,

) 1/(n2+a2) = -Z (residues of f(z)t(z) at poles of f(z)).

n - 00
$ince f(z) = 1/[z-ai)(z+ai)], f(z) has simple poles at z = + ai. The

residues at z = ai is

M4 ) (z=ai)/(2%+a%) = 1™ t(2)(z-ai)/[(z-ai)(z+ai)]

Z>ai z-+a’i
- lim m/[(z+ai)tan(nz)] = m/(2ai tan(rai)
z>3ai .
Wwhere
tan(ﬂai) - (eiﬂai _ e—iﬂai)/[i(eiﬁai + e—iﬂai)]
4o that

rn'/(za-l tan(TTZai)) _T‘r“-(e'iﬂa'i + e*iﬂaj)/[zai(eiﬂai n e—i'lTa'i)]

ﬂ_(e—’n’a + ewa)/(za(e—na A e'rra))

- mcoth(ra)/(2a)

Yimilarly, the residue at z = -ai is -mcoth(ma)/(2a).




Then,
- 2 2
L 1/(n" + a") = mcoth(ra)/a
n:—-oo
Now,
z 1/(n2+a2) = I 1/(n2+az) + I 1/(n2+a2) + %2 =2 7 1/(n2+a2)+ gZ'
n=—co n=] n=1 n=1
‘hus,

; 1/(n2+a2) = (mcoth(ma)/a -~ 1/a2)/2.
n=1

Application 2

oo

Sum the series I 1/(n4+1).

n=1
“irst note that ¥ 1/(n4+1) =1+2 % 1/(n&+1), so that
n=— n=1
o1/ (n+1) =2 1/(n'+1) - 11/2
n=1 n=—c°

Now, setting f(z) = 1/(z4+1), it is clear that f(z) satisfies theorem 2

indicating that

; 1/(n4+1)

n:—OO

-~ Z(residues of t(z)f(z) at poles of f(z))

= - Z(residues of t(z)f(z) at P1r Por Pas 04)

_ e3ﬂ1/4, _ 5ﬂ1/4' _ i/

/4
L] 02 - =

vhere 01 = e

0 by De Moivire's theorem

P3 4
'see [3], p. 15). Notice that g =P and Py = 32. These residues all rise

From simple poles; so the residue at 01, for example, is

oty (0 DIT/4a0(12) ] [1/1(2-09) (2P) (2-0p) (25,) ]

= meot(npy)/[(p157)(04-0,) (PP, 1. (2.1.)
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Similarly, at‘E] the residue is

Tim

gy (20 [n/tan(12) " [1/4(2-0))(207) (2-0)) (28011 (2.2.)

= mcot(mp1)/[(P3=07)(07-P5) (0,-P5) 1 -

Ihe same sort of computations hold for Py and Bé. It follows, then, that the

sum of the residues at 01, 02, 03. 04 equals twice the real part of the sum of

the residues at 01 and 02 since the residue at p] equals the conjugate of the

~esidue at 01 and the residue at 02 equals the conjugate of the residue at Pp-
o~ B =R
For 01 = e /4 =/2(1+i)/2, P, = ejﬂ]/a = V2(-1+i)/2, the denominator of (2.1),

fo1—'51)(p1— 02)(01—'52) becomes

VZ(OI+Hi=141 W21+ +1-1 W2(1+i+1+1) /8 = 2 V2 (1) (1+1)

] so,

ﬂi[eiﬂp1 + e_iﬂp1]/[e1ﬂp1 e ™

]

rmotﬂp1

Ti(e™P1 + 7P g R . TP

(ei’lTp-I B e—ﬂTO]) e-—ﬂTﬁ'] B eﬂTf)']

ein(p]QE])) _ eiﬂ(p]¥5]) 2 e—iﬂ(p]+5]) _ e—iﬂ(p];51)

- 1Ty =0y) _ im(ep+py) _ —im(ep+0y) | —iT(0y-07)
a mi(e ™2 _ W2  Y-WZ | W2y o2 W2 | —iZ | w2,
™2 L2 L (cos(2) +isin(12)) + (cos(M2) - i sin(1V2))
«
e 1 ™2 _ (cos(mP) + i sin(mD)) = (cos(VE) - i sin(T/7)
- mile™2 2 ™2 L g isin (WD /e ™2 4 &2 2 2 cos(D)].
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Hence, the sum of the residues at 01 and 02 is

™2

2 Re{[TTi(e_m/2 - @ eﬁ/z

- 2 sin(m2)/(e™2 + = 2cos(m2)) ] [1/(21(1+1)W2) ]}

w72 V2

= Re{[m (e - -2 + ™2

- 2i sin(m/2))/(e e - 2cos(m/2))]-[(1-1)/(2/2) 1}

-2 V2

£ /2[ (e eﬁ/E; 2$inﬂ/§)/(e_ﬂx? + e ¢ - 2cos(m/2))]/4

7 [(n/2)/4]-[{~ (eﬂ/é - e_ﬂ/?)/Z - sin(ﬂ/?)}/{(eﬂ/? + e_ﬁ/é)/Z-cos(n/?)}]
¥ [1V2/4] [ (~sinh(TV2) = sin(1V2))/(cosh(m/2) - cos(m/2))].

For the sum of the residues at 02 andf% one finds that the residue at(% is

M (2p)) n/tan(r2) 11/ ((2-07) (25 (29) ((25,))] (2.3)

Ly

= WCOt(sz)/[(pz—p] )(92"61)(02"62)]-
The sum of the residues at 02 and 52 is twice the real part of the above

expression, as was demonstrated for the case of 4 and'gi. The denominator of

(2.3), (02—01)(02—51)(02—52) is (V2(-2W2(-2+2iW2(2)/8 = 2i(1-iW2. Now,

=

cotrp, = ﬂi[(eiﬂpz+e—iﬂpz)/(eiﬁpz—e-1ﬂp2)] [(e_iHDZ- 1.Trpz)/(e_1'1T02-e1'TT02)]
mi[ (e'i'” ©2 -52 )—eiTT (p2.|52 )+e_iﬂ( p2"'52)—e_1’”( 02_62)/{( e'i'”( 92_52)
-eiﬂ(pz+62)—e—1ﬂ(pz'5é) + o im(0p=pp)}

ﬁi[(e-ﬂ/f_e—ﬂi/§'+ eiﬂ/z_eﬂ/z)/(e—ﬂ/?;e—ﬂi/?;eﬂj/?;eﬂ/z)]

VZ

'[(e_ﬂ/g;eﬁ/z' 3 Zisin(ﬂ/Z))/(e_ﬂ/2+eﬂ -2 cosmy/Z) ]

m1

Thus, the sum of the residues Pos Eé is,

-1/2 7
-e

2 Re {[mi(e + 21's1'n(1r/2)/(e_m/2'+e1T -2 cos(m/Z))1-[1/(2i(1-1)vZ2) ]}
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Re{n(e_ﬂ/?;eﬂ/z%Zi sin(n/?))/(e_ﬂ/z;eﬁ/z;Zcos(n/Z))]'[(1+iV(2V?)]

[W/(Z/E)]-[(e_ﬂ/ﬁ;eﬂ/g;Z sin(ﬂ/ﬁ))/(e"“/ﬁ;e“/g;Z cos(m/2))]

[mV2/4]-[(-sinh(T/2)=sin(TV2))/(cosh(TV2)-cos(TV2))].

't follows, then, that

o]

g 1/(n4+1)= -Z(residues of f(z)t(z) at poles of f(z))

n =00
= —[m2/2] [-sinh(TV2) = sin(TV2))/(cosh(TV2) - cos(TV2))].

Therefore,

[oe]

z 1/(n4+1) = [{ @&/2/2)-(sinh(m/2)+sin(m/2))/(cosh(m/2)-cos(m/2))} -1]/2

=1

Application 3

0

2

As a third application of this method, consider the sum, I 1/(n2+n_ ).
n=1
Notice that this can be rewritten as = n2/(n4+1), and in this form resembles

n=1 -
the sum in application 2 with the addition of the n® term in the numerator.

Now, f(z) = 22/(z4+ 2) satisfies Theorem 2,indicating that:

) n2/(n4+1)= - I (residues of f(z)t(z) at the poles of f(z))

n=-°

ipplication 2. Recall that the poles of f(z) occur in conjugate pairs Pys 51,

DZ,E%. Hence, the sum of the residues of f(z)t(z) at these poles is

[t was shown in application 2 that

conveniently, the residues of f(z)t(z) at the poles of f(z) can be deduced from

PRe{ p?'(residues of t(z)/(z4+1)) at 01} + 2Rel pg'(residues of t(z)/z4+1)) at o

2

}



Il

residues of t(z)/(z4+1) at Py

8 cosh(mV2)-cos(T/2)

w2 (-sinh(TV2) + i sin(T/2))

residue of t(z)/(z4+1) at Py
8 cosh (T2) = cos(TV2)

Again, using the results of application 2 one can show that

of = (1/2)(1+1)% = (1/2)(142i-1) = i

05 = (1/2)(i-1)? = (1/2)(-1-2i+1) = -
Therefore, the sum of the residue becomes

w2  (=sinh(m/2) - i sin(1/2))(1+7)
2Re [ 1+
8 cosh(m/2) - cos(mV/2)

™2 (- sinhv2m) + i sin(m2))(1-1)

ZRe
8 cosh(m/2) - cos(Tv2)

13

w2  (-sinh(m/2)-i sin(m/2)) L (1-1)

. (1+1)

w2  -sinh(m2) + sin(M2) ™2 —sinh(T2) + sin(V2)

— " +

™2 -sinh(m2) + sin(7v2)
2 cosh(m2) - cos(mv2)

Hence,
© o 4 TV2  sinh(T™2) - sin(TV2)
T n“/(nT+1) =
n=-co 2 cosh(mv2) - cos(mv2)
However,
)3 n2/(n4+1) =2 I n2/(n4+1) = 2 I n2/(n4+1)“
n=-o n=0 n=1

4 cosh(mv2) - cos(mv2) 4 cosh(m2) - cos(TV2)

CORETTE LIBRARY

L COLLEGE
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Thus,
w2 sinh(m/2Z) - sin(m/2)
4 cosh(m/2) - cos(m/2)

T g

1 n2/(n4+ 1) =

Application 4

Now, consider the sum 1 - (1/33) + (1/53) - (1/73) S

This sum may be expressed asnz (—1)”/(2n+1)3. In this form one can observe

0
that f(z) =1/@z + 1)3 has a zero of order three at infinity; hence theorem 2
1s satisfied. So, for this application we have

rlcg_oo(—ﬂ)n/(ZnH)3 = -3 (residues of f(z)s(z) at poles of f(z)).

Now, f(z) has a pole of order three at z = ~1/2. The residue of f(z)s(z) at
2 =-1/2 is then

(2+1/2)% 7

Tim 2,,.2
(1/21) d°/d (S [3] p.176
z-1/2 ’ (22+1)3 « sinfr z) & P )

= ZliT/z(ﬂ/16) dz/dZZ(CSC(ﬂZ)) = ZliT/z(ﬂ/TG) d/dz(~mcsc(nz)cot(mz))

= 1M 12/16) (—mesc(rz)-n(cot2(n2) ) (cse(nz)))

z+-1/2

= L (P116) (esed(n2) + (cot(n2)) (ese(2)))
2 —ﬂ3/16

(onsequently,

TN (@2ne1)? = 2 °Z°O =D/ (2041)3 = —(=13/16) =7 3/16

n=-oo n=
herefore,

|

L (-1)"/(2n+1)3 = n3/32.
n=0
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Application 5

(s 0]

In this application consider the sum nE_a)1/(n—w)3, weC/Z, (w is in €, but
is not an integer). Setting f(z) = 1/(z—w)3. notice that f(z) is analytic
sxcept for a 3rd order pole at z = w, Therefore, theorem 2 may be applied to
jive
; 1/(n—w)3 = - I (residues of f(z)t(z) at the poles of f(z)).

n=-c

The residue of f(z)t(z) at z=w is given by
T /21)) ¢/d2® Tt(2)(zw) >/ (z-w))

- ;Ea(1/2) d2/dz2 [r/tan(mz)]

=M /2) d/dz(=resc(nz)) = 1M @?/2)(2ncsc?(nz): cot(nz)) .

= w3csc2(ww)°cot(ﬂw)

Fhus,

[ee]

Z_Oc)]/(n—w)3 = -

3 cscz(ﬂw)-cotan).

These examples give one a hint of the power and practicality of this
nethod. The following lemma will serve as a tool enabling one to uncover

hdditional situations where the residue theorem may prove useful.

lLemma 3 (see [6], p. 434, exercise 38)
Since z/(ez—1) is analytic in the disk |z| < 2m, it has a Maclaurin series
there. By convention this series is denoted, = (BﬁZn)/(n!), where the Bﬂ

n=0
are "Bernoulli numbers". Thus,

1= [z/(e*~1)]"[(e%-1)/z2] = ZO(ann)/(n!) : Zozn/(n+1)!

n= n=
Since both series on the right converge for |z| < 27 and the second converges
iniformly for |z| < m/2, one may take the Cauchy product of the series

snd equate coefficients by Mertens' theorem (see [6], p. 406). Thus,
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vritten in the form I Bk(

B

B
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@ n

= ]
1= nEocnz where Cy = kzobkan_k and b, =B, /(k!), a _ = 1/(n-k+1)!
This yields
n
B =1, C,=0= L B /[(k!)(n-k+1)!] for n > 1
o) k=0 K
Therefore,
n-1 n-1
L B /[(k!)(n-k+1)!] + By/nl =0, or-z B /[(k!)(n-k+1)!] = B_/n!
k=0 k=0 "

which furnishes the recursive formula

n-1

B, =-Z Bk(n!)/[(k!)(n—k+1)!] for the n-th Bernoulli number. This may also be

k=0 n+1
) =0
k=0

since,

n n
£ B (ne) ! /[(kD(n=keD)1] = = B. (™) =0
k=0 “ k=0 * X

where

n ; ]) = (n+1)1/k!(n+1-k)!. Using the first form of the recursion produces:

=.I/6’B =O, B4=_]/30,B =O’B =]/42’B =O,

],B =-]/2,B

1 7

0 2 3 5 b

-1/30, B4 = 0, Bio © 5/66.

8 9 0

n fact, since z/(e®~1) + z/2 is an even function, BZk+1 =0 for k =1,2,3,0uu.

\pplication 6

1

I

oo

Now with the aide of lemma 3, one possesses the means to sum the series I
n:

—1)n+]/(n3sinh(nﬂ)). First notice that sinh(mz) = (eﬂz - e_ﬂz)/z = (eZWz_

1)/(2e™¥) so that 1/sinh(mz) has simple poles at z =0, +ni (n =1, 2,...).

1so, note that

o]

%! (—1)n+1/(n3sinh(ﬂn)) =2 I (—1)n+1/(n3sinh(nﬁ))

n=— n=‘]

where the prime (') denotes the omission of the n=0 term. Therefore,

/(z3sinh(zﬂ)) has a fourth order pole at z=0 and first-order poles at z = + ni,

#0. Residues of f(z)s(z) at z=n (n#0) are




1121T(z—n)/(z3sinh@2)sin (12)) = (<1)"/(n%sinh(mn))

by lemma 1. Residues of f(z)s(z) at z =ni (n > 1) are

0 [(ni) /2] 12 /(5211 [2mi /(T2 -]

ZL;T [ZeWZ/Z3].[(Z_ni)/(92ﬂz‘1)]'[ZNi/(eiﬂz - e‘i“Z)]

[2(-1)"/(=2in)] [2mi/(e™=e"™)]

-1)"/(n3sinh(nm))

Similarly, the residues for z = -ni (n >1) are

lef:i [(Z'*'ni)/(ezﬂz—n]'[Zeﬂz/z3]-[2,m-/(e1"ﬂ2_ e-'iﬂz)]

[1/(2re?™ ) 1. [2-1)"/(ind) ] - [27i/(e™ - & ™)]

(—1)”/(n3sinh(wn))

Thus,
4

n

(—1)nf(n3sinh(ﬂn))= —-(residue of f(z)s(z) at z = 0), or
1

I ™8

(—1)n+1/(n3sinh(nn)) = residue of f(z)s(z) at z = 0>
]

4

n

™8

taking into account the residues at z = + ni, n=1, 2....

Now, the residue of f(z)s(z) at z = 0 is given by

b (170 - d¥/dz* [2°s(2)/(Psinh(rz))]

= lig (1/m4l)) - d4/dz4 (rz csc(mz) mz csh(mz))

At this point, it will be necessary to use the following relations:

oo

mz csch(mz) = - [(2”—2)89nw2n22n]/(2n)!
n=0 -
rz ese(nz) = & [(~D)™1(22"-2)B, 122207/ (2n)
n=0 -

17

(see [6], p. 435, exercise 39)
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Dne can use lemma 3 to show that these expressions are actually valid. Recall

that in lemma 3, it was shown that

z/(e2—1) +2z/2 = 1L 82 Zzn/(Zn)! for |z| < 2m.
n=0 <"

low, notice that the left hand side of this expression can be rewritten as
(z/2)[(e®+1)/(e®-1)] = (2/2)- coth(z/2).

[hen, observe that csch(z) = coth(z/2) - coth(z) since

Loth(2/2) - coth(z) = (e2/% + &2/2))(e?/? - &) L (& 4 &)/( - &)

2/(e® - e %)

Il

csch(z).

Thus, for |w]| < 2m, csch(w) = coth(w/2) - coth(w) or w csch(w) = w coth(w/2) -

w coth(w). Setting w =7z gives

Tz csch(mrz) = § (2B2n(ﬂz)2n/(2n)! - an(Zﬂz)zn/(Zn)!)
n=0
co2 2n.2
- _nib (2 ”—2)Bzg‘ N2/ (2n)!

[n order to obtain the second expression one may exploit the fact that

ssch(imz) = -3 csc(mz). This yields

—(1)2Fz csc(mz) = imz csch(inz)

a0

-1 1208, n ()P (2m)!
n=

-1 (D@28, 21N 2n)

n=
30 [(-1)”*1(22”-2)Bzﬁn2”22”]/(2n)!
n=

In a sufficiently small open disk about z = 0. This allows one to return to the
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problem of application 6 and enables us to rewrite

lig (1/@r41)) d4/dz4(ﬂz csch(nz) Tz csc(nrz)) as

2
2n n]

T (/many) dYd (- 3 122208, 722"/ (2n) Dx

2n

(-2

z
n=0
( Z

~2)8,, @771/ (20)11)]

1M (1/many a2t --1e2n222 (206 - 1t (30 a4

(1+21222/(26) + (=1)147%2%/(=30-41)+"**)]

= 138 (1/(m41)) d*/7dz" [(1-m 2,216 + 11%2% /3604 )

(1 47 22/6 + 7ﬂ 4/360+"')]

T8 /emany) dtazt 1+ 1ant2t360 - nhat/36en )

(1/m-41))[24-14+7%/360 - 24-7%/36]

(/m ety /360] = 13/90

Hence,

5 D™ (n3sinn(mn) = (1/8) T (<D™ /(n3sinn(nn)) = (1/8)(13/90) = 73/360
=1

= =00

In application 6 it was shown that expansions of mz csch(mz) and mz csc(mz)
in terms of the Bernoulli numbers were vital to the solution of that problem.
The following Temma restates the latter of the two expressions above and
defines another expansion of this type. The applications which follow lemma 4

will establish its significance.

Lemma 4

For |z| < 1,

zt(z) = mz cot(mz) = Z (-1 B (2ﬂ )Zk/(2k)I and
k=0
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2s(z) =7z csetwz) = & (-1)¥1(2%5-2)8,, (m2)*/(2k)!
k=0 ‘

$ince coth(iz) = -i cot(z), the first result follows directly from the
expansion z coth(z) = I B, 2°"z2"/(2n)! which was developed in lemma 3.

n=
Therefore, it follows that

—(1)2ﬂz cot(mz) = I BQnZZnﬂzn(i)znzzn/(Zn)! = X (—1)nBQn(2ﬂz)2n/(2n)!
n=0 ~ n=0 s

The second part of the lemma has already been derived in the course of solving

application 6.

Application 7

In this application consider the sum, ; 1/(n3sin(nﬂ/§) which has a
solution, —13W3/360/?). "

In order to prove that the above series does converge one must notice that
$ince v2 is irrational, the nearest integer to n/Z satisfies the following

Inequality:
InvZ - m| = |2n2—m2\ /(n/24+m) > 1/(n/Z4m) > c/n

for a positive constant C. For example, since m < 2n, (nv2+m) < n(/2+2), so

1/(ny/Z4m) > 1/n(v/242). Now observe that

|sin(mny/Z2-mm) |

|sin(mnv2):cos(mm) - sin(mm)cos(mv2) |, or
[sin(mnv2) |.

Il

|sin (rnv/Z-mr|

Then, using the Maclaurin series expansion for sin(x) (sin(x) = x—x3/(3!) +
:5/(5!) - x7/(7!)+"') one obtains:

|sin(myZ=mm) | = |sin(mv2) | = |m(n¥YZ-m) - m(nvZ-m)>/(31)+ " |.

Thus, Is.in ('lTn/Z——m'n‘)l = |S'in(1Tn/2_) ’: c'l 'n'(n/é__m)[ > Cll/n for
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some positive constantc” from the first inequality above. Thus,

sse(nm2) | < An (A = 1/c¢") so that,
|1/n3sin(nﬂ/2)) < An/n3 = A/n2

vhich implies absolute convergence of the serijes.

Now, Tet € = v2-1 and consider f(z) = 1/(z3sin(ﬂ82)) (see [8], P. 135,
bxcercise 16). Then the residues of f(z)s(z) = ﬂ/[z3sin(wez)-sin@rz)] for z#0
hre

'n > 0) 112 (z—n)W/[z3sin(W62)-sin(Wz)] = (—1)”/[n3sin(ﬂ6n)] (from Lemma 1)
= (—1)”/[n3sin(ﬂn/f—ﬂn)]
= (—1)n/[n3(sin(ﬂn/§)'cos(ﬁn) - sin(mn)-cos (Tnv2))]

-1)"/[n3:sin(mv2)- (-1)"]

1/[n3sin(ﬂn/§)]

-n>0) len (z+n)ﬂ/[z3sin(ﬂez)'sin(ﬂz)] = (—1)/[—n3sin(W9n) (from Lemma 1)

(—1)”/[n3sin(ﬂn/§¥ﬂn)] (from above).

1/[n3sin(mv2)]

At the zeros of sin(m6z), z = + n/8 = + n(V2-1), the residues arise, again,

‘rom simple poles and are

n > 0) le?Q (2=n/8)7/[2351n(182)- sin(T2)]

= 211?9 (z—n/e)/sin(ﬂﬁz]-[zl;Tg ﬂ/z3sin(ﬂz)]

[1/(78 cos(n8))1- [T/[(n/8)3 sin(Tn/6)]]




f

1]

P one must be sure that f(z) is bounded on Cor-

1

22

(—1)“92/[sin(nﬂ/§) cos(nm) + cos(nm2)sin(nm)]

(-1)"8%/[(-1)"sin(n1V2)]

62/sin(nﬂ/§)

trate that |csc(mzv2)| behaves like a constant times m on Cm by following an

argument similar to the one used above to establish |csc(™v2)| < An. This

ermits the aplication of theorem 2 which gives

(2+262) X 1/[n3sin(ﬂn/?)] = —(residue of f(z)s(z) at z=0).

n=1

Observe that f(z)s(z) = ﬂ/[z3sin(zw/?)~sin(ﬂz)] has a fifth order pole at z = 0.

he residue at this point then is

lig (1/(41)) d4/dz4 [25ﬂ/[z3sin(ﬂ92)'sin(ﬂz)]

= llﬂ (1/(41)) d*/dz" [(1/78)(m8 csc(mBz)-mz csc(nz))]

hen using the results of lemmas 3 and 4 this limit becomes,

(z

However, it is possible to demon-

(-1 (2728, (182)% = (1)K (2% 2)B,, (n2)%K

1n (1/(n6"41)) d4/7d24 (2

o €3]

Lo (2k)!

lig (1/1641)) d*/dz*1 (1 + 1022276 + 707024 /3604 ) (1 + 1222/6 + Tn2t/360)+ -

4 4 4 4

112(1/(Wg4])) d*/dzt1 7247360 + 16224736 + 7te%2t /36047

(1/69+41)) *[1217(7/360 + 62/36 + 76%/360)]

2

73/(360 0)[7 + 10 8% + 7 0%].

$imilarly, for -n (n > 0), the residues are Gz/sin(nﬂ/ﬁ). In order to apply theorem

]
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Thus,

(2+26°) L 1/(n3sin(mnv?) = —(13/(360 8))[7 + 10 62 + 78%]
-

Therefore,

T 1/(n3sin(mn2))=(=13/(360 8))[7 + 10 6% + 7 8M)/(2 + 2 6%)]
n=1

Now, _
2 _ (/3-1)2 = 3-2/7

(e8]
]

= (3-2v2)% = 17-12/2

[e»]
1

1/8 = V2+1

Hence, one obtains as a result,

; 1/(n3sin(nn/?)) = (-w3/360)-(/§41)[(7+10(3—2¢?}+7(17-12v?))/(2+2(3—2VE))
n=1

= (~13/360) - (v7+1)[ (156=104v3)/(8-4V7) ]
= (=13/360)[52(/7=1)/(4V2(V2-1))]

= (-1°/360)[52/4v2) ]

0

T 1/(n3sin(wn¢?))

N=1

~131%/(360v7)

It should be noted that this problem was devised by the great English

analyst G. H. Hardy.

In some cases, one might find it extremely advantageous to sum an entire

dollection of related series at once. A case in point is the series I 1/n2k.
k=1, 2, 3...., which has valuable applications in both number theor;=;nd
physics. For example, in physics ; 1/n4 must be evaluated in the course of
deriving the Stefan-Boltzman Law fgz; Plank's Law (see [5], P. 61). The
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following corollary will establish the evaluation of the series I 1/n2|< in
n=1
jeneral and for several specific values of k.

Lorollary 1

£ 1/n2k (—1)k_122k_1ﬂ2k82k/(2k)!

]

n
In particular, 2 1/n2 = W2/6, DX 1/n4 = W4/90, z 1/n6 = 16/945,
n=1 n=1

n=1
The proof of this corollary begins by letting f(z) = 1/z2K. Notice that

Nl

theorem 2 does not apply directly here since f(z) has a pole of order 2k at
7 = 0 and t(z) = m/tan(mz) has a simple pole, also at z = 0. Hence, f(z)t(z)

has a pole of order 2k+1 at z = 0. However, since,

1im _2k
m—> w.% z “"t(z)dz = 0(from theorem 2),
m
it follows that,
Tim : -2k
Mo 21T k21 (residues of z “t(z) at zy) =0 (from theorem 1).
Therefore,
s 1/n2k + (residue of f(z)t(z) at z=0) = 0
n:—OO

where the prime indicates the n = 0 term is excluded. Thus,

[ 0]

! E%E. =2 I 1/n2k = —(residue of f(z)t(z) at z = 0)
n=-=o n=]

The residue of f(z)t(z) at z = 0 is,
M (/@201 2470275 1224 4(2) /2]
= M asn) d?%d% [
750 ! z cot(mz)]
1im =

= o0 (/@)1 e/ (7 (-1)%8,,, (212)%%/(2K) 1)
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(1/(2K) DL(2K) 1+ (-1)8B,, (2m)7%/ (2K) 1]

(—1)k82k'22kﬂ2k/(2k)!

Therefore,

5 1/ = ((1/2) 114,222 2i1] = (-1)%7TB, 221K i),
n=1

lence, the application of this formula gives:

3 1/n? - (—1)0822w2/2 = 12/6

n=1

s 1/t - (~1)B423ﬂ4/(4!) = 8r%/(30 (41)) = /90
n=1

T 1/nb - (8625ﬂ6/(6!) - 321%/(a2(61)) = 7®/9a5

p
—_

As illustrated in several of the applications above, the Bernoulli numbers
have many useful properties. Another trait of the Bernoulli numbers which may

not be readily evident is established in the following corollary.

Corollary 2
|1/2k

—> ® as k —> ©®

|BZkI and |82k

In order to demonstrate the validity of this corollary, let

8

5(2k) = I 1/nK

n=1
then,

) < s(2k)-1 = T 1/n?K = (1/2% = 2/m)%K < (1722%) = (2/n)? = (8(2)-1)/2%K
n=2 n=2 n=1

Now, an application of the '"sandwich theorem" (see [6], p. 34, exercise 14)

jives,

Tim Tim 2k-2 _
0 < ke 8(2k)-1 < o35 (8(2k)-1)/2 = 0.
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Therefore,

Tim
o §(2k)-1 =0, or

1

yim 5(2k)

From corollary ones §(2k) = (—1)k_122k_1ﬂ2k82k/((2k)!). It follows, then, that

22k Tnfkg, ((2k)1) | = 1, or

11 1/2k,1-1/2k.
k12182k/(2k)!| 2 m=1, or
Tim 1/2k _

) By, /(2K) 1] = 1/2m

Since, (2k)! —> = as k = « it must be true that }BZkl —> o

since | BZk/(Zk)!|1/2k has a nonzero limit as k —> =, As a consequence, it

2k|1/2k

nust also be true that |B +o as k>« and hence the corollary is established.

Corollary 1 provided the means for summing an entire collection of related

series, 1/n2k, k=1, 2, 3,...., but what about I (—1)n+1/n2k, k=2, 2,
n=1 n=1
Bewnaa? Lemma 5, below, will demonstrate that this collection of related series

nay be summed without much additional work.

lL.emma 5
(-1 /nk - (1-2"7% 1 /0 for integers k > 2
1 n=1

1 8

n

Notice that the Teft side of this equation expands to (1—1/2k + 1/3k -

/4k 4 1/5k—....) while the right side expands to

- 2" 70 w1728 w173k w7k e

1+ 1725 4 1735 £ 178K 4 175K wore oK — 74k _o/6k _ pygk ee

1= 1/2% 4 1735 2 74k 418K 216K e
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vhere rearrangement is allowed since the series I (—1)n+]/nk converges
n=1
absolutely. Thus, the lemma is proven.

Application 8

As an example of the use of lTemma 5, consider the following series:

1/n8 = (1/2)* (72/6) = n2/12
1

(_1)n+1/n2 - (-‘_21“2)
1 n

I~ g
[ e

n

1/nt = (7/8) (n*/90) = 77*/720
1

(_1)n+1/n4 _ (1_21—4)
1 n

N o1 8
o B

n

These results follow from lemma 5 and corollary 1.

The following example is an application of Euler numbers (See [7]. p. 148).

t will generalize the results of application 4.

Application 9

o0

In this application we want to consider the summation of £ (=1)"/(2n+1)
n=1

2k+1

2k +1
)

Taking f(z) = 1/(2z + 1 , it is evident that f(z) satisfies theorem

2. Thus,

(=D 22 1 @)@ 2 ZD (residues of f(2)s(z)
n=- n=

at poles of f(z)). Observe that f(z) has a pole of order (2k+1) at z = -1/.

The residue of f(z)s(z) at this point is

zli?/g (1/(2k)1) a2k /dz2k [z + 1/2)2k+]ﬂcsc(nzy(22+1)2k+1]

= leT/Z (1/(2k)!)(1/22k+1) d2k/d22k(WCSC(ﬂZ)).
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Now, notice that sin(wz) = -cos[n(z+1/2)] so that csc (wz) = —sec[n(z+1/2)].

Thus, the limit above becomes,

I /@01 (17277).d?4/42% (=secln(2+1/2)])

Then, using the following expansion for sec(z)

o0

sec(z) = I (-1)”E2nz2”/<2n)z (see [7], p. 148)

one obtains

i @/ (17224 a2 [nzo (1™, G (241/2))2/ (20 1)

A @ /L@ 2 P 4P 1 (241/2)% 2

k+1

+ CDMTE, (r(241/2))7%/(2k) 140

- 241T/2( 7 /12290 2011 6276225 (201 (1), 2K/ 1)

E w2k+]/[22k+1-(2k)!]

2k

Hence,

oo

5 (=1)"/(2n+1)

n=0

- (10, 12T 12242 210 1]

2k+1 _ (- ])k+1 2k+1/[ 2k+1(2k)!]

Then, knowing that E -1, E, =5, E. = 61 (See [7], p. 148) one may

2~ 4 6
@xamine several specific cases of application 9. As examples consider

s (<1 (2ne1)?
n=0
5 (=1)"/(2ns1)5
n=0

s (=1)"/(2n+1)’

ﬂ3(—1)(—1)/(2 24) = w3/32 (as in application 4)

=12 (=5)/12%)(a1)] = 51°/1536

=1 (=61)/128(61)] = 6177 /184320.

]
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A comparison of the amount of work necessary to solve application 4 versus the

amount performedin the first example above, would clearly demonstrate the

isefulness of this generalization.

The following corollary will illustrate a trait of Euler numbers which

resembles the property of the Bernoulli numbers established in corollary 2.

forollary 3 1/2k
| E2k| and |E2k} —> ©as k = « ,

The proof of this corollary begins by letting Sk = I (—1)”/(2n+1)2k+1.

n=0
Then, if one applies Leibniz's theorem on alternating series,the error in the

first term of the expansion, I (—1)”/(2n+1)2k+1 =1 - 1/32k+1+"'
n=0

1 i 2k+1 Lim
by 1173510 Now, (1M 173241 2 0 50 that | TS, = 1.

» 1S given

Recall from

application 9 that

5= 2 (DY@nen)ZHT o (nRERE 122K (see [7], p. 148)
n=0

Then, as in corollary 2,

A | = kosslEy /(201 |- 2R 7222 g g

1im |E2k/(2k)| I-I/Zk',n./z = 1 , or

k-co
ol [, /2k)1 |12k o

Thus, since (2)! = @ as k > = and '™ S, # 0,4t follows that [E,, | and

F2k51/2k —> %, which establishes the corollary.

The example which follows demonstrates the application of the method to a

double series.
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Application 10

[o.¢] [ee]

Consider the double serjes I z 1/[(m2+a2)(n2+b2)], asb > 0. The
n=—00 m=—00

first step in the solution of this problem is to rewrite part of the double

serjes in the form:

[1/(n2462) ][ £ 1/(m%+a®)] for fixed n.

n:_

[hen, recall that in application 1 it was shown that

z 1/(m2+a2) = (m/a) coth(ma)

= =00

? 1/[(n2+b2)(m2+a2)] (m/a)coth(mra): (r/b)coth(mb)

(ﬁ2/(ab))'coth0Ta)'cot(ﬂb)

This suggests a generalized method for a multiple series of this type. In
fact observe that,

SN - S . Kk, va
) v 1/[(n +a]) (m +ak)]=(7r /(a] ak))-coth(wa]) coth(map (a3, >0)
n-1=—oo nk=--oo
represents the general sum of a k-fold series.

The theorem below will expand the range of types of series which can be

solved by the method of residues.

Theorem 3

If f(z) satisfies the conditions of theorem 2, and 0 < S < 2T,

o]

z f(n)eins = - I (at residues of f(z)2ﬂ1e126/(e2ﬂ12 -1)

n=-c

at the poles of f(z)).

In order to prove this theorem consider t(z)-i7 instead of the function

:(z). Then,
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]

£(z) - im = in[(1+e 22y /(12e"2™2y] _ jq

1ﬂ2e—2ﬂiz/(1—e_2ﬂiz)

il

Il

2mi/(e2T12.7)

which has simple poles with residue equal to 1 at the integers. As in lemma 1,

2Tz 2Tm

u(z) = 2mi/(e -1) satisfies I]J(z) l < 2Te” on Cm4’ while |U(Z) | < 21T/(1+e_2'“-'y)

pn € 1 and C o, Finally [u(z) | < 2m on - [If in addition, 0 < 6 < 27 then
iz§

[u(z)e1zcglf_2ﬂeTT on Cm since |u(z) | <2nwhile | e | is trivially < e" there.

The following applications demonstrate how theorem 3 may be applied.

Application 11

For we@/Z, -m< 8 < m show that

; (-1 n sin(né)/(wz—nz) = (n/2)-(sin(éw)/sin(mw))
n=1

=2 ; \
First consider I ne1n(6+ﬂ7(w2—n2) and let f(z) = z/(w2—22). Note that

n=-o

for —m<S§ <my, 0 < §+m < 27, so the conditions of theorem 3 are met. The

~esidues of 1"(2)2111‘eiZ(CS'HT)/(eZTH.Z

1(_1)nein6/(w2_n2)' —n(—1fe_1n6/(w2—n2).

-1) at z=0, +n, (n > 0) are O,

low, since

‘; nein(6+7r)/w2_n2)= S (1) ne "/ (wlon?),

N=-o0 n=-«

bne obtains

oo

X (—1)ne1n6/(w2—n2) = -¥ (residues of f(z)2w1e12(6+ﬂ)/(e2ﬂ12—1) at poles

n=-oco

of f(z)),
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I'he poles of f(z) = z/(w2—22) are simple and occur at z =w and z = ~-w. At z = w

-he residue is

1= (mwz(2ri)e O /[ (2w (za) (21121
e1(5+ﬂ)w/(e2ﬁ1w 1)

=i
pbimilarly, the residue at z = -w is
_ﬂie‘1W(5+“)/(e—2ﬂ1w_]).
lence,
a2y = mi(el (FM (2T I (BHW 2Ty
N=—co

low, observe that

z n(~1)ne1n6/(w2—n2) = I n(—1)ncos(n5)/(w2—n2)
1= =00 n==-oco
i T =1 "sin(nd)(wP-n?)
n=-o

The first sum on the right is zero since it is equal to,

D = cos(8)/(wP=1) + cos(8)/(wP=1) + 2 cos(28)/(wP=4) = 2 cos(26)/(wPat)+*"
vhere rearrangement is allowed because the original series is absolutely

convergent. The second sum on the right is

(0-sin(8)/(w2=1) = sin(8)/(w>=1) + 2sin(28)/(w’=4) + 2sin(28)/(wl=8)="""),

[o0]

which equals 2i Z] n(—1)nsin(n5)/(w2—n2). Thus,
n:
2i = n(_])nsin(né)/(WZ_nZ) b 1ﬂ([e1(6+ﬂ)W/e2ﬂ1W_]] + [e-1(6+ﬂ)W/e—2W1W_1])
n=1
but

e1(6+w)w/(e2n1w_1) ei@weiﬂw/[Zjeiﬂw(eiﬂw_e—iﬁw)/zi]

eisw/Zi sin(mw)

and

q




e—1(6+ﬂ)w/(e—2ﬂiw_1) _ _e—iéw/zi sin(m)
50 that

oo

2i ¢ n(—1)nsin(n6)/(w2—n2)
n=1

ri(el W%y 2isin (W)

irsin(§w)/sin(mw).

Therefore,

; n(—1)nsin(n6)/(w2—n2) = (m/2)-(sin(Sw)/sin(mw)).
n=1

Application 12

This application will demonstrate that by defining the Bernoulli
holynomials Bk (§) by,
o0

)}
k=0

ze%/(e*-1) B, (5)2/ (k1)

pne js able to prove that

oo

a.) I cos(2mn )/n2k = (—1)k+1(2ﬂ)2kB2k(6)/[2(2k)!]
n=1

b.) T sin(2me)/n2K*T = ()T (@2, (6)/[2(2k+1) 1]
n=1

aind is able to evaluate BZk+1(]/4) in terms of the Euler numbers.

First, consider part (a). Here f(z) = 1/22k, so one must consider the

1'221T6/[22k(e21r1'z_])].

residues of 2mie For z = + n, n # 0 these residues arise

from simple poles and are

(Z_n)zﬂie2w126/[22k(e2ﬂiz_1)]

eZTTnGi/nZk

(cos(2mwng) + i sin(2ﬂn6))/n2k

33
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and
llﬂ (z+n)2w1‘e2m’Z /[ZZk(e2W12—1)]
.. 2k
= (cos(2mn8) - i sin(2mns))/n
lence,
2 X cos(ZTrncS)/n2k = —(residue of f(z)2ﬁ1e122ﬂ6/(e2ﬂﬁz—1) at z = 0).

n=1

fes]

This is a direct consequence of theorem 3, since we are summing I '

=00

ind
e 2Tin /n2k

where the dash (') indicates the omission of the n = 0 term, and 0 < ¢ < 1,

Now, since z = 0 is a (2k + 1) order pole, the residue is.

1im 1/(2k)! d2k/d22k [(z?k+12ﬂieiﬂ226)/(ZZk(e2wiz -]

z-0
= Mgk P22 (2rize?™128) (2117 11y
- U e (B, (8)(2riz)*)/(k1))= (-1)*(2m) 28, (8)/(2K)!
k=0
Thus,
2 cos(zms)/n?K = (-1)**T(2m?*s,, (*)/12(21)1]
=1

The computations for part (b) are similar to those for part (a). In this

2mind,; 2k+1 2k+1
e /n .

rase consider X so that f(z) = 1/z

n=-co

Again, the residues of
F(z)ZﬂieizZﬂﬁ/(e2ﬂiz—1) arise from simple poles and are

1im

iz2mé 2miz 2k+1
7 /T(e™°-1)z"""]

(z-n)(2mi)e

(cos(2m8) + i sin(Z?Tnﬂs))/nzn+1

]

and

218

-lziﬂ (Z+n)(27T‘i)e.iZ /[22k+](e2’n—12_])]

(-cos(2m8) + i sin(2wn6))/n2k+1.
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Thus,

2i I s1'n(2rrnc3)/n2k+1 = —(residue of f(z)2mie

n=1

122m6 2Tz gy v, 2 ().

At z = 0, f(z) has a pole of order (2k + 2), Therefore, the residue there is given by

lig(]/(2k+1)!)(d2k+]/d22k+])[(22k+2/f(Z)ZWTEZWiZ6)/(EZﬂiZ-])]

(1/ 2k 1) 1M (g2kH g 2Ky (B (8)(2miz)"/(n1))

1(—1)k32k+1(§)(21T)2k+1/(2k+1)!

Thus,

[o ¢]

b sin(27rnd)/n2k+1 = (—1)k+1B

0 oar ()M [2(2k41)1]
n=

Finally, for part (c) take § = 1/4. Then, from part (b) above and

application 9 one obtains the following result:

o0

v sin(nn/2)/n
n=1

2k+1 2k+1 2k+1 2k+1...

=1-1/3 + 1/5 - 1/7

= AR ke, /1012298 < ()9 e, 178y (2107 /2(2ke2) 1 ]

2 1
or, BZk+1(1/4) = —(2k+1)E2k/(4)“k+'. This is an interesting relation between
the Euler numbers of order 2k and the Bernoulli polynomials of order 2k+1

évaluated at & = 1/4.

Application 13

Theorem 3 will also allow the summation of the series

5 e1n6/(]+n+n 4

n=-co

: 2, k=1,2,3.... 0<6<2.

Here f(z) = ](/(1+Z+22+"'+22k) and the residues of f(z)(2ri)e 2%/(e?™1%-

1Y) at z=n (n > 0) are einé/(1+n+n2+"'+n2k)

are eine/(1+n+n2-n3+n4--°-+n2k).

, while those at z = -n (n > 0)

Hence,
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2, 3, .ns 2k)

T el J(14n4+n“4n"+"""n = — (residues of f(z)(2ﬂ1)eizd/(e2ﬂiz—1) at the

n=-oo
poles of f(z).

2 +22k+22k+1’

Zk. Then zS(z) = z+z"+*"°

Now, let S(z) = 1+z+22+"'+z o)

2k+1

2S(z)-S(z) = z -1 and s(z) = (22k+1—1)/(z—1). Hence, the poles of f(z)

bccur at the 2k+1 roots of unity, excluding z = 1. Then, f(z) has simple poles

_2imm/(2k+1)

at Z m=1, 2,..., 2k. The residues there are,

m

]II'IT Zm(z_-l )(Z—Zm)(z 1)e126/[(22k+]_1 )(ezﬂiz_-l)]

Z—>

- (zm—1)(2ﬂ1)(eizm6)/[(2k+1)(szk)(eZszm—1)]

Hence,

& 2k |
2 e ™/ (lenandean®) < ami T (2 -1)(e /12, 2N (ake) (e
n=—- m=1

2W12m_])

{owever, observe that,

2mi/ (e Zn-1) = = /1 Zm(e " Pn-e " Zm) /21 ]

3T
- Zm/sin(ﬂzm)

Therefore,

o 2k ,

L e /(1+n+n2+"'+n2k) = -m/(2k+1)* % (zm—1)e1zm(6~ﬂ)/[zm2ksin(ﬂz) for
N=—c0 m=1

=142y 3guann

ind

THE LIMITATIONS OF THE RESIDUE METHOD

Up to this point only the successes of the residue method have been
considered, but this method also has many shortcomings. Examples of these
failures include the sums,

T 1/n2, )3 1/n5..... b

1/n2k+1,

which residue theory cannot give in closed form.
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2k+1

The reason for such failures is due to the fact that 1/z is an odd

Function. As a consequence,

)% 'I/n2k+1 = 0, instead of 2 = 1/n2k+]

—eo n=1

1s it would for even functions.

Although the residue theorem cannot provide a means of summing these
series, it does rovide a method of representing them as integrals. This

brocedure, known as Plana Summation, will be discussed later.

THE EXISTENCE OF OTHER FUNCTIONS LIKE s(z) AND t(z)
In the solutions presented in the applications of this paper, the
Functions s(z) and t(z) were utilized. One might ask if other functions might
pe employed in place of these two. In order to answer this question, consider

the following theorem of Weierstrass.

Given any sequence of complex numbers 29y Zoeeas whose only limit point is
infinity, there is an integral function (an analytic function with no singular
points other than infinity) with zeros at the Zi and only at these points.

'see [1], p. 194).

The proof of the theorem is constructive and makes it clear that such
functions are not uniquely determined by their zeros. Hence t(z) and s(z) will
not be the only fuctions with simple poles at the integers. This appears to
eave open a large class of possible "summatory'" functions Tike t(z) and s(z).
\ study of these functions might well be of interest for the summation of
series problems. However, it seems that the residues of such functions would

brobably modify the sums being considered.
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THE INTEGRAL REPRESENTATION OF SERIES WHERE THE RESIDUE METHOD FAILS
It has been shown that the method of residues fails to sum series like

b} 1/n3. However, the residue theorem does allow one to obtain useful integral

=1 00
representations for many series, including I 1/n3.
n=1

Theorem 4 (Plana Summation Formula)
Let f(z) be analytic in Re(z) > 0 and let either the series I f(n) or the

o n=0
Integral .g f(x)dx be convergent. If, in addition

lim f(x+iy) e Y =0

N

uniformly in x in every finite interval and
b. {? |f(xiiy)]é2ﬂydy

¢xists for every x > 0 and tends to zero as x —> , then,
c. ¥ f(n)=(1/2)Ff(0) + f? f(x)dx + i fi [f(jy)-f(_iy)]dy/(eZHy_1)
n=0

(For a proof see [4], pp. 271-174,)
As an exercise one can apply the formula to f(z) = (z+'|)_2 to show that,

£ 1/n? = 3/2 + 4f;°ydy/[(1+y2)2(e2“y-1)] .

n=1
In addition, one may also obtain formulae for all the zeta functions at
positive integer points. For example,
o3 3 2,3, 2n
I1/n =1+ S (6y=2y")dy/[(1+y") (e Y-1)],
n=1
$uch formulae may be used in a number of ways. A case in point is the
application of truncation and Simpson's rule to estimate the given series by

gestimating its integral representation. It is also sometimes possible to
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transform the real Plana integral into a complex contour integral in order to
bbtain a closed reresentation for the original series. For example, by taking
-he contour Cm' (which is our Cm contour with an - radius arc about z = 0, as

suggested in figure below [Figure 1]), one may evaluateZ ~5 by calculating
n=1

e (n2)zdz/[(142%)%(e2™-1)]

as m —>o and € — 0.

i(m+1/2)

~(m+1/2) G mny2

z=0

-i(m+1/2)

Figure 1.
The calculation is much too lengthy to include here but the expected result

12 ydy/[(14y9)2(e2™-1)] = %/24 - 3/8

(o]

s obtained. Unfortunately, this method also fails for I ﬁ%ﬁiT_’ k=1, 2,

By...s roughly for the same reason that the method of r;:fzues failed original-
y+» The inability to sum series like these has led to the investigation of
more general problems associated with the zeta function. In 1978, R. Apery was
able to establish that zeta of 3 is irrational (see [9]). His proof has been
rephrased in terms of orthogonal polynomials (See [2]). However, neither proof
allows for the extension to zeta of (2k+1), k > 2. It may be possible to

s$olve these questions by using resildue methods. For example, with suitable

restrictions on rational functions f(z), can one decide, from the geometry of
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the residue approach, the irrationality or transcendence class of those series

[ele]

v f(n) for which the residue method succeeds? Perhaps more computations,
n=1

similar to those presented in this thesis, will allow a conjecture to be

formulated.
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