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INTRODUCTION

This paper will examine the application of the residue theorem to series 

solutions. It will begin with a statement of the residue theorem and then 

proceed to develop the tools and techniques necessary to allow its application. 

Special functions with simple poles occurring only at the integers will 

constitute the tools which will enable certain series to be summed by this 

method. The primary techniques, which utilize the tools mentioned above, will 

be developed and presented in the form of theorems in this paper. After the 

problem-solving foundation has been laid, the reader will have the opportunity 

to observe how the method works in a collection of various application 

problems. Several of these applications will have a twofold purpose. The 

first and most important will be to illustrate the usefulness and importance 

of the method. A secondary benefit of these examples will be the presentation 

of interesting problem-solving 'tricks', which include the use of expansions of 

certain trigonometric functions in terms of Bernoulli numbers or Euler numbers. 

In fact, several of these applications will illuminate interesting properties 

■nherent in these special numbers.

After the reader has had the opportunity to witness the functioning of the 

method, the focus of the paper will switch to the problem of summing an entire 

collection of related series at once. It will be in the course of this task 

that several of the interesting properties of the Bernoulli numbers and Euler 

rumbers (mentioned above) become apparent. Also, one of the applications 

towards the end of the paper will introduce the Bernoulli polynomials as a 

problem-solving device. This same application will also lead to a direct 

relationship between the Euler numbers of order 2k and the Bernoulli polynomials 

^2k+l^‘5^ or<^er (2k+l) evaluated at >5 = 1/4. Next, the paper will continue
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with a discussion of the possibility of other functions or tools besides the 

ones used in this paper. It will conclude by mentioning the shortcomings of 

;his method and by examining how this technique can still be useful in 

;hose situations where the method fails to directly sum a particular series.



THE RESIDUE METHOD FOR THE SUMMATION OF SERIES

A necessary foundation and starting point for this paper is a statement

f the Residue Theorem.o

Theorem 1_ (Residue Theorem).

Let f(z) be analytic except for isolated singular points Zl,..., Zm in a 
simply connected domain, D, and let C be a simple closed contour in D 
bounding Zl,..., Zm. Then

m
Tcf(z)dz = 2-rri Z (residues of f(z) at Z.) (see [3], PP. 171-172)

k=l k

Before one proceeds to apply this theorem, it is necessary to establish 

the following lemmas.

Lemma 1_

Let s(z) = -rr/sin ttz, t(z) = Tr/taniTZ. Then s(z) and t(z) are analytic 

except for poles of order one at the integers and have residues (-1)n and 1 

respectively.

Notice that s(z) = ir/sinrrz = 2iri/(ei1Tz-e 1KZ), since sin (ttz) = (ei7Tz-e iUz)/2 

Then 2n'i/(e^7Tz-e 1TfZ) = 2Trie^Trz/(e27T1z-l) so that the poles of s(z) occur when 

(e -1) = 0.

. 2iriz 2iri(z-n) 7 ,kz \k/Z, v,
how, e =ev/=t(2Tri) (z-n)/(k)!

k=0

Thus, e2nlZ-l = Z (2rni)k(z-n)k/k!
k=l

z

hich has a

= n. The

zero of order one at z = n. Hence, s(z) has a first order pole at 

residues of s(z) at z = n can be found in the following manner:

residues of s(z) at (z = n) = n tt (z-n)/sin(frz)

1 im
z -> n

[2miei1TZ (z-n)]/(e2iriz 1).

This expression is the indeterminate form 0/0 and,consequently,L'Hospital's 

rule may be applied to give
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Tim _ iuz/ 2niz , Tim , i^z , , x . iiTZx/ 2irizz^n 27rie (z-n)/(e -1) = z^n (e + (z-n) iue )/e

n-ffi , irkri , nn = e = (e ) = (-1)

-lence, the residues of s(z) at z = n are equal to (-1)n.

The proof of the second part of lemma 1 is similar to the first.

Examining

t(z) = ir/tan(irz) = (ircos(irz)/sin(irz) 

ane can see (from above) that t(z) has a pole of order 1 at z = n. The 

"esidues of t(z) are thus

lim ir(z-n)/tan(Trz) = 1im (ucos-n-z(z-n))/sin(7Tz) 
z+n z->n

= ^1rn ir(z-n)/tan(irz) 
z->n

since sin(frz) = (e^z - e ^Kz)/2i, and cos(ttz) = (ei7TZ + ei7TZ)/2.

Then

z^n Mz~n)(e + 1 )/(e - 1)

is the indeterminant form 0/0 which after application of L'Hospital's rule

becomes

z™ [^i(z-n) + 1/2 + e"27Tlz/2] = 1/2 + e-27rni/2 = 1 

and the lemma is established.

.emrna 2

Let Cm be the simple closed contour J z | = m + 1/2 for integers m = 0, 1,

- 9 ■ ■ a
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(-(m+1/2), i(m+1/2))
"m2

"m3

(-(m+1/2),-i(m+1/2))

---- <------
•

c „

(m+1/2,i(m+1/2))

"ml

(m+1/2,-i(m+1/2))

Then on and C^, | s(z) | < 2ire "while |t(z) | <2tt, and on and C^, 

;(z)| <ir/cosh(TTy), whi le jt(z)|<7rtanh(n-y). In particular |s(z)| and |t(z)|

are bounded by 2tt on C . r m
The proof of this lemma begins by examining s(z) = 2'rri/(e1Trz-e 17TZ)on

Cm4 with z = -i(m + 1/2). One then finds that

s(z) - 2iYi/(e’r(m+1/2) - e-+“-1/2) , 2lI1eK(m+l/2)/(^(2m+l)_1).

it can be shown that e’r(2m+1)-l > e”(2n,+1/2) si nee,

o’72 - e-^2^72’ > 1

a/2 . , -ir(2m+l/2) e > 1 + e x 7
71/2 n -it/2e > 1 + e

(max. at m = 0)

1.48104773 > 1.2078796 
irrnfence, |s(z),< 12rte’T("'+l/2)/^(2m+1/2)<2se

-z

On Cm2’
;(z) = 2Tri/(e-7T(rn+1/2)-eTr(m+1/2) = 27deu(m+1/2)/(l - e42m+1)i

Similarly, from above it is true that 

ir(2m+l) | -rr(2m+l /2) |

hus, | s(z)| < 27Te TTm,as expected. Now, since

t(z) = 7r/tan(TTz) = iri(e1 z + e

)/(1 - e 

-TT(2m+l)

-iTTZx - e ):)/(e

on
-Tr(2m+1)

„ . /., —2tt i z, , /, — 2tt i z x r= TTi(i+e )/(1 - e ), on

Cm4 t(z) = ifr(1 + e ')/(! )•
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/n order to satisfy the lemma, one needs

(1 + e-’(2n,+l))/(1 -e"'l(2m+1) <2,

which is true since,

1 + g-^m+l) £ 2_2e-Tr(2m+1) 

(max at m = 0) 3e 7T(m+1) < ]

3e-7T < 1 

.1296417 < 1.

^ence, | t(z)| £ 2tt on C^. A similar argument yi elds the same bound for

t(z)I over Cm2.

Now on Cm-p z equals m + 1/2 + iy, where

-(m+1/2) < y < (m + 1/2) and s(z) = 2rTi/(e1Trz - e 1TTZ). The den­

ominator of s(z) is e11T(m+1/2 + _ e-TTr(m+l/2+iy), whjch |3ecomes

i™eiW2e-Ky _ e-i™e-iV2eiiy_ Howeve|% en/2 , e-iV2 „ so the

iTTm Try +nrmdenominator is i(e^lrme + el,""ell'/). Notice that if m is even,e—= 1,and 

f m is odd, e-11Tm = -1. Thus,

| s(z) | < | 2iri/[i(eTTy + e rr/cosh(iTy).

A similar argument establishes the same bound for s(z) on Cm3‘

On Cml’
i.(z) = Tri(eiTT(m+1/2+iy) + g-Mm+l/2+iy) )/(eirr(m+1/2+iy) _ e~-itt(m+1/2+iy)

.r./ irrm —rry ium TTyx/r./ iTrm -Try -rrm Try,,!= Trui(e e -e e '7)/{r(e e -e e J)}j

herefore,

t(z) ) < tt (eTTy - e TTy)/(eTTy + e Ky) = Trtanh(rry)

4 similar argument establishes the same bound on and lemma 2 is 

fettled.

At this point one does not have all the tools necessary to begin 

pplying the Residue Theorem to the summation of series. However, the

following theorem will make ths application possible.
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Theorem 2

Let f(z) be a rational function with zero of order greater than or 

squal to two at infinity and with no integer poles. Then,

00

Z f(n) = -Z [residues of f(z)t(z) at poles of f(z)] 
n=-°°

Z (-1)nf(n) = - z[residues of f(z)s(z) at poles of f(z)]
n=-oo

The proof of theorem 2 begins with an application of Cauchy's Theorem 

(theorem 1)•

/cm f(z)t(z)dz = 2iri Z(residues of f(z)t(z) in Cm).

_et m be so large that it includes all poles of f(z).

Then,
m

,'p f(z)t(z)dz = 2iTi Z (residues of f(z)t(z) at poles of f(z)) + 2iri Z f(n) 
1,1 n=-m

since the residues at z = +k, k = 0, 1, 2,... are

zip (z+k)f(z)t(z) = f(±k) by lemma 1.

\low,

|/Cm f(z)t(z)dz | < /cm lf(z)I K(z)||dz (see [3], PP. 102-104)

< 2Vr | f (z) | |dz| by 1 emrna 2 (bound on t(z)).
“ bm

Then the fact that f(z) has a zero of order greater than or equal to two at 

2 2infinity implies that for large m, | f(z) | < k/|z| < k/(m + 1/2)

(k, a positive constant). It follows then that

2'n7r lf(z)l )dz| < [2-rrk/(m+l/2)2] "4(2m+1)

to zero as m approaches infinity. Consequently,

fr f(z)t(z)dz —> 0 as m -> oo, and so 
Lnv

f(n) = - Z(residues of f(z)t(z) at the poles of f(z)).

vhich goes

00

z

n=-<
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:t can be seen that the series on the left (above) does,in fact, converge by 
1

noting that for large n, e| f(n)| < Z-pj-2, which converges.

A similar argument applies to f(z)s(z)dz since |s(z)| is bounded on

C and the residues of s(z) at n are (-l)n. Thus, 
m

00

£ (-1)nf(n) = - £(residues of f(z)s(z) at the poles of f(z)),
n=-00

which establishes Theorem 2.

In order to prove the importance of this theorem, consider the 

'ol lowing applications.

Application 1
oo

2 2Sum the series £ l/(n +a ), a > o. It is evident that 
n=-°°

2 2r(z) = l/(z +a ) has a second order zero at oo; hence, the requirements of 

theorem 2 are met. Thus,

00 ? 2£ l/(n +a ) = -£ (residues of f(z)t(z) at poles of f(z)). 
n = -oo

Since f(z) = 1/[z—ai)(z+ai)], f(z) has simple poles at z = + ai. The 

residues at z = ai is

zLTi t(z)(z"a'i)/(z2+a2) = zJa'i t(2)(z~ai)/[(z-ai)(z+ai)]

= _ tt/[(z+ai)tan(iTz)] = ir/(2ai tan(W)
Z~>a I '

where

. / / iirai -iiraix/r./ iirai , -iiraixitan(irai) = (e - e )/[i(e + e )J

:o that

n/(2ai tan(nzai)) . + e-^t/tZaKe1”1 - e’1™1)]

- n(e~’a + e’a)/(2a(e‘"a - e”))

= - TTCoth(Tra)/(2a)

Similarly, the residue at z = -ai is -ircoth(TTa)/(2a).
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hen,
VAJ
Z l/(n2 + a2) = frcoth('fra)/a

n=-oo

Now,
OO

Z l/(n2+a2) = Z 1/(n2+a2) + Z 1 / (n2+a2) + -2 = 2 Z l/(n2+a2) + 1 
n=l n=l a n=1n=-c°

hus,

Z 1/(n2+a2) = (iTcoth(7ra)/a - l/a2)/2 - 

n=1

Application 2

Sum the series Z l/(n4+1). 
n=1

00 00
irst note that Z 1/(n +1) =1+2 Z 1/(n +1), so that 

n=-°° n=l
00 00 
Z 1/(n4+1) = [ Z l/(n +1) - 1 ]/2 

n=1 n=-°°

Now, setting f(z) = l/(z^+l), it is clear that f(z) satisfies theorem 2 

ndicating that

OO

Z 1/(n +1) = - Z(residues of t(z)f(z) at poles of f(z))
n=-°o

, n ifT/4 n 3iri/4 _ 5^1/44/here p^ = e , P^ = e , Pg =

= - Z(residues of t(z)f(z) at P^, P^, Pg, P^)

7Ki/4 
4, P /i = e/""'T by De Moivire's theorem

see [3], p. 15). Notice that P^ = P^ and Pg = Pg. These residues all rise 

rom simple poles; so the residue at P^, for example, is

z1;pm(z-P1)[’T/tan(irz)].[l/{(z-P1)(z-P1)(z-P2)(z-P2))]

= Trcot(TTp1)/[(p1-p1)(p1-P2)(Pi_P2]> (2.1.)
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Similarly, at p the residue is

(z-p’1)[ir/tan(TTz)]'[l/{(z-p1)(z-p1)(z-P2)(z-P2)}] (2.2.)

- ttcot(irp-|)/[ (P-|—P-j) (P-|—P2)(P-|—P2) ] •

The same sort of computations hold for P2 and P2« It fol1ows, then, that the 

sum of the residues at P^, pJ, Pg, P^ equals twice the real part of the sum of 

she residues at P-j and P2 since the residue at P^ equals the conjugate of the 

'esidue at P^ and the residue at P2 equals the conjugate of the residue at p2> 

Tor P.j = e1 = /2(1+i)/2, P2 = = /2(-1+i )/2, the denominator of (2.1),

'P-|-'P1)(P-|- P2)(P-]^P2) becomes

/Z(1+i-l+i )/?(l+i+1-i )/2(l+i+l+i )/8 = 2/2 (i)(1+i)

A1 so,

rrcotirp, = TTi[e''TTpl + e ilTpl ]/[eiTrpl - e P^]

., iirp, , —iTrp-, x
tt i (e 1 + e 1 )

(eiTTpl _ e~iTTpl ) -W! _ eiTTPl
e

ei1T(P1-P1)) _ e w(p]+Pl) + e-^(P]+Pi) _ e-i^(Pi-P-|)

ei7T(pl-pl) - e ^Pj+P-]) _ e-iK(Pi+P-|) + g-i^PpP])

-tt/2 tt/2 - (cos(tt/2) +isin(TT/2)) + (cos^/jF) - i sin (W2))

- (cos(tt/2) + i sin(iT/2)) - (cos(tt/2) - i sin(^/2)

e - e
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Hence, the sum of the residues at and P? is

2 Re{ [iri (e - 2i sin(iT/2))/(e + e""^ - 2cos(ir/7))]•[ 1/(2i(1+i)/?)]}

== Re{[7r(e - 2i sin(iT/2))/(e - 2cos(it/2))]-[(l-i)/(2/2)]}

:= ir/2[(e 7T'Z^ - e77^- 2sin,n'/2)/(e + e77^ - 2cos(it/2))]/4

- E(k/2)/4]-[{- (e77^ - e"u/?)/2 - si n(ir/2)}/{(eu/Z + e_77,/7)/2-cos^/2)}]

= = [tt/2/4] • [ (-si nh('n'/2) - sin(Tr/2))/(cosh(iT/2) - cos(tt/2))].

Tor the sum of the residues at andp^ one finds that the residue at p? is

zJm (z-p2)[Tr/tan(Trz)]-l/((z-p1)(z^p1)(z-p2)((z-'^2))] (2.3)

= it cot(irp2)/ [ (p2~p-J)(p2~p-J)(p2~p2)].

"he sum of the residues at P2 and P2 is twice the real part of the above 

expression, as was demonstrated for the case of P^ and p... The denominator of 

(2.3), (P2-P1)(P2-P1)(P2-P2) is (/2(-2)/2(-2+2i)/2(2)/8 = 2i(1-i)/2. Now,

Tcotmp2 = ,i[(eiKp2+e-™P2V(einp2-e'itp2)] [(e‘i77p2- i77p2 )/(e-^P2-eiKp2) ]

= 7T i [ (ei7r (p2 ^2 )_eiTr (p2^2 )+e’i7r( P2+P2)_e-'i p2"p2)/{(e1' p2~p2)

. _e17TEp2+p2^-e-l7T^P2-p2^ + e"’7lT^p2_p2^

„.rz -tt/2 -TTi/2\ iir/2 ^>/2x// -tt/2 -irivT -rri/2, nV2\-,
= TTiL(e -e + e -e )/(e -e -e +e )J

= Tri[(e + ^i sin(-fr/2‘))/(e TT|/^+eT’’//^-2 costt/?)]

Thus, the sum of the residues p2, Is’

2 Re {[iTi(e 'TTy/^_eTTv^ + 2i si n(iT/2")/(e 7T'/^+eTTvZ^-2 cos(tt/?) ) ] • [ 1 /(2i (1-i )/7) ]}
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= Re{ir(e TTv/^-eTTv/^+2i sinCir/T) )/(e Tr,/^+eTTv^-2cos (ttv^O )] • [(1 +i)/(2/Z) ]

= [tt/(2/2) ] • [ (e TT'/^-e7T’/^-2 sin(-rr/2^))/(e TT'/^+e7T>/^-2 cos(tt^2))]

= [tti/2/4] ’ [ (-sinh('rrv^")-sin('fT>/^"))/(cosh(irt5")-cos('f'/T)) ].

It follows, then, that

OO /I
E l/(n^+T)= -^(residues of f(z)t(z) at poles of f(z)) 

n=-°°

= -[tt^/2] • i-sinh(fTv/2) - sin(^'//2))/(cosh(fT'/T) - cos('n‘'/2))].

Therefore,

OO
2 l/(n^+l) = [{ (tt/2/2) •(sinh(Tr/2)+sin('n'/2))/(cosh(iT/2)-cos(TT/2))} -1 ]/2

1=1

Application 3
OO

2 —2As a third application of this method, consider the sum, E 1/(n +n ).
00 n=12 4 '\lotice that this can be rewritten as n /(n +1), and in this form resembles 

n=l
the sum in application 2 with the addition of the n6 term in the numerator.

2 4Now, f(z) = z /(z + 2) satisfies Theorem 2,indicating that:

OO
E n^/(n\l)= - £ (residues of f(z)t(z) at the poles of f(z)) 

n=-°°

lonveniently, the residues of f(z)t(z) at the poles of f(z) can be deduced from 

application 2. Recall that the poles of f(z) occur in conjugate pairs , p^, 

^jp^. Hence, the sum of the residues of f(z)t(z) at these poles is

2Re{ p^’Cresidues of t(z)/(z^+l)) at p.j} + 2Re( p^’Cresidues of t(z)/z^+1)) at p£} 

It was shown in application 2 that
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residues of t(z)/(z4+1) at P, = . {-si nh(Try?)-j sin(W2» _ (1.

8 cosh(Tr/2)-cos(TT/2)

residue of t(z)/(z4+1) at p2 - . (-s™K"'2) * i sinO/g))

8 cosh (tt/2) - cos/t/T)

Again, using the results of application 2 one can show that

i),

(1+i)

p? = (1/2)(1+i)2 = (l/2)(1+2i-1) = i

p2 = (1/2)(i-l)2 = (1/2)(-l-2i+l) = -i

herefore, the sum of the residue becomes

tt/2 (-sinh(ir/2) - i s i n ( tt/2~) ) (1+i)
2Re ----- [ ------------------------------------------------------ J +

8 cosh(TT/2") - cos(tt/2")

tt/2" (- sinh/2rr) + i sin(TT»2"))(l-i)
2 Re -----[--------------------------------------------------------- ]

8 C0sh(TTv2") - cos(tt/2")

tt/2" -sinh(TT/2") + sin(TTf2) tt/2 -sinh(’fT’/2) H 
-----  • -------------------------------------- + -----  ■

4 cosh(iT/2") - cos(ttv2") 4 cosh( tt»2)

sin(^2)

COs(TT/2)

Hence,

However,

tt/2 -sinh(iTv2") + sin(TTv2")

2 C0sh(TTv2") - cos(tt/2")

tt/2 sinh(TTf2) - sin(TT/2)
Z n^/En^+l) = ----- ------------------------------------

n=-°° 2 cosh(TT/2") - cos(tt/2")

2/z 4,

TAJ TAJ w
Z n /(n +1) = 2 Z n2/(nS-1) = 2 Z n2/(n^+l).

n=-o n=0 n=l

corette library
CARROLL COLLEGE
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hus,

°° - „ tt/2 sinh(n-/7) - sin(Tr/2)
E n2/(n4+ 1) = ----- ------------ -- ---------------------

n 1 4 cosh(TT/2) - cos(tt/?)

Application 4

Now, consider the sum 1 - (1/33) + (1/5"3) - (1/73) + ... .

00 n 3"his sum may be expressed as ^Z^ (“0 /(2n+l) . In this form one can observe 
3

i.hat f(z) = l/(2z + 1) has a zero of order three at infinity; hence theorem 2

s satisfied. So, for this application we have
0° _
E (-1)n/(2n+l) = -Z (residues of f(z)s(z) at poles of f(z)).
|=-00

Now, f(z) has a pole of order three at z = -1/2. The residue of f(z)s(z) at 

? = -1/2 is then

z^/2(1/2!) d2/dz2
(z+1/2) •

(2z+l • sin(n z)
(See [3] p.176)

zl^/2 (tt/IS) d2/dz2(csc(irz)) = d/dz(-n-csc(iTz)cot(,TTz))

-zPT/o (-Tr2/16)(-'rrcsc2('iTz)-Tr(cot2(7Tz) )(csc(ttz) )) 
I / L.

z-*
Ii'j1/2(TT3/16)(CSC3(TTZ) + (cot(TTX))(cSc(TCZ)))

= -IT /I 6 

Consequently,
00 O OO O O
Z (-1 )n/(2n+l y = 2 Z (-1 )n/(2n+l)J = -(-ttJ/16) = tt 3/16

n=-°o n=0
Therefore,

En (-1 )n/(2n+l )3 = tt3/32. 
n=0
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Application 5
OO

In this application consider the sum r||_0O 1 /(n-w) , wcC/Z, (w is in I, but
3

is not an integer). Setting f(z) = 1/(z-w) , notice that f(z) is analytic 

except for a 3rd order pole at z = w. Therefore, theorem 2 may be applied to 

give
oo o
Z l/(n-w)'3 = - Z (residues of f(z)t(z) at the poles of f(z)). 

n=-°°
"he residue of f(z)t(z) at z=w is given by

e

1^(-|/(2!)) 62/6z2 [t(z)(z-w)3/(z-w)3]

= ^(l/2) d2/dz2 [ir/tan(irz)]

3 zljJO1/2) d/dz(-'rrcsc2(7TZ)) = zl™ (tt2/2)(2ttcsc2(ttz)-cot(iTz)) .

3 2= TT CSC (irw) "COt('FTW)

"hus,
co

£ l/(n-w)3 = -IT3 CSC2(tTw)’ COt(jT w).
n=-°o

These examples give one a hint of the power and practicality of this 

method. The following lemma will serve as a tool enabling one to uncover 

additional situations where the residue theorem may prove useful .

_emma 3 (see [6], p. 434, exercise 38)

Since z/(ez-l) is analytic in the disk |z | < 2tt, it has a Maclaurin series
OO

there. By convention this series is denoted, Z (B Z )/(n!), where the B
Oil I1

are "Bernoulli numbers". Thus,
OO oo

1 = [z/(ez—1)]■[(ez-l)/z] = Z (Bnzn)/(n!) ‘ Z zn/(n+l)!
n=0 -s n=0

Since both series on the right converge for |z | < 2ir and the second converges 

jniformly for |z | < tt/2, one may take the Cauchy product of the series 

and equate coefficients by Mertens1 theorem (see [6], p. 406). Thus,
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0° n

1 “ nEocn2" “here cn - ,jobkan-k and bk ’ Bk/(kl)' an-k “ V(n-k+1)l 

'his yields

n
B = 1, Cn = 0 = * Bk/[(k!)(n-k+l)!] for n > 1.

K U

"herefore,

n-1 n-1
E B,/[(k!)(n—k+1)!] + Bn/n! = 0, or -E B./[(k!)(n-k+1)!] = B/n! 

k=0 k k=0 k n
which furnishes the recursive formula 

n-1
Bn =-E B, (n1)/[(k!)(n-k+1)!] for the n-th Bernoulli number. This may also be 

k=° k co n+1
written in the form E B, ) = 0 

k=0 k K
since,

E B. (n+1)!/[(k!)(n-k+l)I] = E B,(nt1) = 0 
k=0 k=0 K K

where

n 4“ 1( n k ) = (n+1)!/k!(n+1-k)!. Using the first form of the recursion produces:

3q = 1, B] = -1/2, B2 = 1/6, B3 = 0, B4 = -1/30, Bg = 0, Bg = 1/42, B? = 0,

3g = -1/30, Bg = 0, B-jg = 5/66.

?n fact, since z/(ez-1) + z/2 is an even function, B^^ = 0 for k = 1,2,3,....

Application 6

Now with the aide of lemma 3, one possesses the means to sum the series 

(-1 )n+V(n^sinh(mr)). First notice that sinh(irz) = (e712 - e 7Tz)/2 = (e^772- 

’)/(2eTTZ) so that l/sinh(iTz) has simple poles at z = 0, + ni (n = 1, 2,...). 

Also, note that
00 - oo
Z' (-1)n+ /(n sinh(Trn)) = 2 Z (-1 )n+^/(n sinh(nTr)) 

n=-°° n=l

where the prime (') denotes the omission of the n=0 term. Therefore,

'/(z sinh(zTr)) has a fourth order pole at z=0 and first-order poles at z = + ni, 

r/0. Residues of f(z)s(z) at z=n (n/0) are

II M
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^u(z-n)/(z3sinh^z)sinOz)) = (-1 )n/(n3sinh(Trn))

3y lemma 1. Residues of f(z)s(z) at z = ni (n > 1) are

[(z-ni)/i3]-[2eTO/(e2l'z-l)]-[2m/(e1lrz -e‘11IZ)]

- z-Ini [2e’,Z/z3]-[(z-ni)/(e2lrz-l)]-[2’ii/(e1’rz - e'1”2)]

= [Z(-l)n/(-2irin3)] [2Ti/(e“1rn-e’rn)]

= (-l)n/(n3sinh(nir))

Similarly, the residues for z = -ni (n >1) are

ziini [(z+ni)/(e27rZ-l)]-[2e7TZ/z3]-[2Ki/(eiKZ- e"ilTZ)]

= [1/(27Te2Trni)].[2(-l)n/(in3)].[2iri/(e1Tn - e-™)]

= (-1 )n/(n3sinh(Trn))

Thus,
0° o

4 2 (-1) /(n sinh(irn)) = -(residue of f(z)s(z) at z = 0), or
n=l

oo n-l-1 ?4 2 (-l)n /(n sinh(Trn)) = residue of f(z)s(z) at z = 0,
n=3

taking into account the residues at z = + ni, n = 1, 2....

Now, the residue of f(z)s(z) at z = 0 is given by

0/(4!)) • d4/dz4 [z5s(z)/(z3sinh(irz))]

= zlo 0/^ 4'^ " (ttz csc(ttz) ttz csh(Trz))

!\t this point, it will be necessary to use the following relations:

ttz csch(iTz) = -2 [(2n-2)B? 7T2nzcn]/(2n)!

n=0

ttz csc(ttz) = 2 [(-1 )n+^ (22n-2)B? iT2nz2nj/^2n)!

n=0
(see [6], p. 435, exercise 39)
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One can use lemma 3 to show that these expressions are actually valid. Recall 

that in lemma 3, it was shown that

OO
z/(e2-1) + z/2 = 2 Q z2n I (2n)! for | z| < 2 tt .

n=0

low, notice that the left hand side of this expression can be rewritten as

(z/2)[(ez+1)/(ez-1)] = (z/2)-coth(z/2).

Then, observe that csch(z) = coth(z/2) - coth(z) since

;oth(z/2) - coth(z) = (eZ^2 + e z^)/(ez^ - e Z^2) - (ez + e Z)/(eZ - e z)

= 2/(ez - e z)

= csch(z).

Thus, for | w | < 2tt, csch(w) = coth(w/2) - coth(w) or w csch(w) = w coth(w/2) - 

w coth(w). Setting w = ttz gives

OO

ttz csch(jrz) = Z (2B2n(iTz) n/(2n)! - B^ (2irz) n/(2n)!) 
n=0

OO
= - Z (22n-2)B2r^ 2nz2n/(2n)! 

n=0 n

In order to obtain the second expression one may exploit the fact that

;sch(iTTz) = -i csc(ttz). This yields

2
-(i) TTZ csc(ttz) = iTTZ csch(ifTz)

= - z [(22n-2)B?nTT2n(i )2nz2n]/(2n)! 

n=0

= - Z [(-l)n(22n-2)B? TT2nz2n]/(2n)! 
n=0 Zn

= £ [ (-1 )n+1 (22n-2)B2nTT2nz2n]/(2n)!

n=0
In a sufficiently small open disk about z = 0. This allows one to return to the
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problem of application 6 and enables us to rewrite

zig d4/dz4(rrz csch(mz) -ttz csc(ttz)) as

OO
Un 0/04!)) d4/dz4[(- E [(22n-2)B?J2nz2n]/(2n)!)x 
z u n=0

00
( Z [(-1)n+1(22n-2)B ZnZ2n]/(2n)!])] 

n=0

= Uo d4/dz4[-(-l+2TT2z2/(2-6 - 1 4tt4z4/(30' 4! )+* ' ’)

(1+2tt2z2/(2-6) + (-1 )1 4tt4z4/(-30-4!)+'”) ]

= Uo (l/<Tr’4!)) d4/dz4[(l-^2z2/6 + 7tt4z4/360+'")

(1 +k2z2/6 + 7tt4z4/360+" ‘) ]

= Uo O/^141)) d4dz4 tO + 14tt4z4/360 - tt4z4/36+'")]

= (I/tt.4! ))[24-14-k4/360 - 24-k4/36]

= (1 A)[(4^4)/360] = k3/90

ience,

E (-1)n+1/(n3sinh(Trn)) = (1/4) E (-1 )n+1/(n3sinh(irn)) = (I/4)(tt3/90) = k3/360 

n = 1 n=-°°

In application 6 it was shown that expansions of ttz csch(TTz) and ttz csc(ttz) 

in terms of the Bernoulli numbers were vital to the solution of that problem.

The following lemma restates the latter of the two expressions above and 

defines another expansion of this type. The applications which follow lemma 4 

tfi11 establish its significance.

.emma 4

For |z| < 1,

00
zt(z) = ttz cot(TTz) = E (-1)^B?, (2ttz)2U(2k) ! and 

k=0
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zs(z) =irz csc(ttz) = E (—1) (222)Bp, (irz)2^/(2k)!

k=0

Since coth(iz) = -i cot(z), the first result follows directly from the
oo Q Q

expansion z coth(z) = 2 B9 2^nz^n/(2n)! which was developed in lemma 3.
n=0

herefore, it follows that

-(i)2TTZ cot(Trz) = Z B9 22%2n(i)2nz2n/(2n)! = Z (-1)% (2Kz)2n/(2n)! 
n=0 " n=0

"he second part of the lemma has already been derived in the course of solving 

application 6.

Application 7

00 3In this application consider the sum, 2 1/(n si n(n'rr*^) which has a
9 n=1

solution, —1 STr^/SOOv^).

In order to prove that the above series does converge one must notice that 

since /2 is irrational, the nearest integer to n/2" satisfies the following

nequality:

| n/Z - m| = |2n2—m2 | /(n,/Z+m) > l/(n/Z+m) > c/n

:or a positive constant C. For example, since m < 2n, (n/Z+m) < n(/Z+2), so 

'/(n/Z+m) > l/n(/Z+2). Now observe that

|sin(Trni/2~—mir) | = |sin(Trnv^")’Cos(m7T) - sin(mTT)cos(un/Z") |, or 

[sin (it n/Z-mTr | = |sin(iTn/Z) |.

hen, using the Maclaurin series expansion for sin(x) (sin(x) = x-x /(3!) + 

;;5/(5!) - x^/(7!)+'”) one obtains:

|sin(7rni/2^mTr) | = | s i n (mn ZT) | = |ir(n/2-m) - ir(n/Z'-m)^/(3! )+'‘ * |- 

Thus, |sin (irn/Z’-mir) | = | s i n (mn/Z") |= c11 iT(nvT-m) [ > c"/n for
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some positive constantc" from the first inequality above. Thus,

|;sc(ntt/2) | < An (A = 1/c") so that,

11 /n3si n(niT/T)) < An/n3 = A/n3

which implies absolute convergence of the series.

Now, let 6 = v7-l and consider f(z) = 1/(z3si n(7T0z)) (see [8], P. 135,

3
excercise 16). Then the residues of f(z)s(z) = tt/[z sin(n-0z) ■ sin(rr z) ] for z/0

are

n > 0) zip (z-n)Tr/[z^sin('iT0z)-sin(iTz)] = (—1)n/[n^sin(tt©n)] (from Lemma 1)

= (-1 )n/[n3sin('im/2-'iTn)]

= (-1 )n/[n3(sin(TTn/2)* cos^n) - sin(iTn)• cos (irn/F))]

= (-1 )n/[n3-sin^n/jT) • (-1 )n]

= 1 /[ n3si n(Trn»/2) ]

j-n > 0) (z+n)-n'/[z^sin('n'9z)’sin(TTz)] = (-1 )/[-n3sin(Tr0n) (from Lemma 1)

= (-1 )n/[n3sin(TTn/2-iTn)] (from above).

= 1/[n3sin(iTn’//2)]

At the zeros of sin(iT0z), z = + n/0 = + n( /7-1), the residues arise, again, 

rom simple poles and are

n > 0) z”/0 (z-n/9W[z3sin(7T0z)-sin(^z)]

= z^/0 (z-n/0)/sin(TT0z] •[ TT/z3sin(irz)]

= [1/(7T0 cos(n0))]-[tt/[ (n/0)3- sin(TTn/0)]J
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= (-1 )n02/[sin(nTr/2") cos(nTr) + cos( nTr/2")sin(n'n') ]

= (-1)n02/[(-1)nsin(n^/2)]

= 02/si n(nir/F)

2
Similarly, for -n (n > 0), the residues are 0 /sin(nTr/2'). In order to apply theorem 

2 one must be sure that f(z) is bounded on C . However, it is possible to demon­

strate that | csc(ttzv/2) | behaves like a constant times m on by following an 

argument similar to the one used above to establish |csc^n^) | < An. This 

permits the aplication of theorem 2 which gives

OO
(2+202) £ 1/[ n3si n(TTn/2~) ] = -(residue of f(z)s(z) at z=0 ).

n=l
2

Observe that f(z)s(z) = tt/[z sin(zir/2’) •sin(iTz)] has a fifth order pole at z = 0.

The residue at this point then is

0/(4!)) d4/dz4 [z^7r/[z^sin(Tr0z)'sin(Trz)]

= IjT (1/(4!)) d4/dz4 [(1/tt9)(tt0 csc(tt0z)-ttz csc(ttz))]

Then using the results of lemmas 3 and 4 this limit becomes,

1 (1 /(tt0" 4!)) d4/dz4
z~O

(2
k=0

(_1)k+1(22k-2)B2k(TT0z)2k «, (.

(2k)! ) (2 
k=0

\k+1 /02k D , x2k -1) (2 - 2)B2k(Trz)

(2k)!

1 im (]/tt04i )) d4/dz4[ (1 + tt02z2/6 + 7tt404z4/36O+‘'' )(1 + tt2z2/6 + 7tt^z^/360)+• • • ] 
z->0

^(1/(tt04!)) d4/dz4['”+ 7tt4z4/360 + /e2z4/36 + 7u404z4/36O+'’' ]

(1/(tt9‘4! )) ,[12tt4(7/360 + 02/36 + 704/36O)] 

tt3/( 360 0)[7 + 10 02 + 7 04].
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"hus,
OO

(2+292) £ 1/(n3sin(un/2) = -(tt3/(36O 0))[7 + 10 02 + 704]
n=1

Therefore,

Z 1/(n3si n(Trn/?) )=(-tt3/(360 9))[7 + 10 02 + 7 04)/(2 + 2 02)] 

n=1

Now, ? ?
0^ = (/2-1 r = 3-2/2

04 = (3-2/2)2 = 17-12/2

1/0 = /2+1

Hence, one obtains as a result,

Z 1/(n3sin(Trn/2)) = (-ir3/360) • (/2+1)[ (7+10(3-2/2)+7(1 7-12/2) )/(2+2(3-2/2)) 

n=1

= (-ir3/360) - (v^+1) [ (1 56-104/2’)/(8-4/2) ]

= (-K3/360)[52(fZ-1)/(4/2(/2-1))]

= (-tt3/360)[ 52/4/2)]

00 o o
Z 1 /(nsin(mn/?)) = -1 3k/(360vT) 

ri=l

It should be noted that this problem was devised by the great English 

analyst G. H. Hardy.

In some cases, one might find it extremely advantageous to sum an entire

2kcollection of related series at once. A case in point is the series Z 1/n 
n=1

T = 1, 2, 3...., which has valuable applications in both number theory and
OO

physics. For example, in physics Z 1/n must be evaluated in the course of 
n=1

deriving the Stefan-Boltzman Law from Plank's Law (see [5], P. 61). The
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2 kfollowing corollary will establish the evaluation of the series Z 1/n K in 
n=l

general and for several specific values of k.

Corollary 1

Z l/n2k = (-1)k ]22k VkB2k/(2k)!

n=1

In particular, Z i/n = it /6, Z 1 /n = tt /90, Z 1 /n = TT6/945. 
n=1 n=1 n=l

The proof of this corollary begins by letting f(z) = l/z^k. Notice that 

theorem 2 does not apply directly here since f(z) has a pole of order 2k at 

2 = 0 and t(z) = Tr/tan(iTz) has a simple pole, also at z = 0. Hence, f(z)t(z) 

las a pole of order 2k+1 at z = 0. However, since,

1 im -2k,m—> °°/q z t(z)dz = 0(from theorem 2) 
m

it follows that,

1^12 2™' (residues of z 2kt(z) at z^) = 0 (from theorem 1). 

k=1

Therefore,

Z* 1 1/n^k + (residue of f(z)t(z) at z=0) = 0 

n=-°°

vhere the prime indicates the n = 0 term is excluded. Thus,

OO oo
Z1 -X- =2 Z l/n2k = -(residue of f(z)t(z) at z = 0) 

n=-~ n=l

The residue of f(z)t(z) at z = 0 is,

z™(1/(2k)!) d2k/dz2k [z2k+1t(z)/z2k]

O/(2k)!) d^k/dz^k [ttz cot(irz)]

?p(1/(2k)! d2k/dz2k ( Z (-1)kB (27Tz)2k/(2k)!)

k=0
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= (1/(2k)!)[(2k)!-(-1)kB2k(2K)2k/(2k)!]

= (-1)kB2k'22kTr2k/(2k)!

"herefore,

E 1/n2k = (-1/2) [ (-1 )kB2k22k7r2k/(2k)! ] = (-1)k_1 B2R22k_1 tt2k/(2k)! 

n=1

Hence, the application of this formula gives:

E 1/n2 = (-1 )°B„2tt2/2 = k2/6 
n=1 6

OO
E 1/n4 = (-1 )B4237r4/(4!) = 8tt4/(30 (4!)) = tt4/90 

n=1
oo r r
E 1/n6 = (B625it6/(6!) = 32tt6/(42(6 !)) = tt6/945 

n=1

As illustrated in several of the applications above, the Bernoulli numbers 

have many useful properties. Another trait of the Bernoulli numbers which may 

not be readily evident is established in the following corollary.

Corollary 2

| B2k| and I ^k 00 as k —> 00

In order to demonstrate the validity of this corollary, let

OO

5(2k) = E 1/n2k 

n=1

;hen,
OO OO 00

0 < <5(2k)-l = E l/n2k = (l/2k) E (2/n)2k < (l/22k) E (2/n)2 = (<S(2)-1 )/22k 

n=2 n=2 n=1

How, an application of the "sandwich theorem" (see [6], p. 34, exercise 14) 

<Jj i ves,

° < k^ 5(2k)-l < k™ (<5(2k)-1)/22k~2 = 0.
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Therefore,

Jim S(2k)-1 = 0, or 
k-*»

rom corollary one, <5(2k)

K 6<2k) = 1

= (-l)k ^2^k (2k)!). It follows, then, that

^|22k_1/kB2k/((2k)!)| = 1, or 

kjllB2k/(2k)! |1/2k21_1/2k-TT = 1, or 

kDB2k/(2k)! I1/2k = 1/2it

°° it must be true that I Bo. I —> °°1 2k 1

has a nonzero limit as k —> As a consequence, it

2k 1/2k| -*«» as k->°° and hence the corollary is established.

lince, (2k)! -> °° as k —> 

since | B2|</(2k)! p^2k 

must also be true that |B

Corollary 1 provided the means for summing an entire collection of related
CO co

series, Z l/n , k = 1, 2, 3,...., but what about Z (-l)n+Vn2k, k = 2, 2, 
n=l n=1

3....? Lemma 5, below, will demonstrate that this collection of related series 

nay be summed without much additional work.

.emrna 5
CO 00

2 (—1)n+1/nk = (1-2^ k) Z 1/nk for integers k > 2

n=1 n=1

Notice that the left side of this equation expands to (1—l/2k + l/3k - 

l/4k + 1/5k-....) while the right side expands to

(1- 21 ” k)(l + l/2k + l/3k + l/4k +’■■)

= 1 + l/2k + l/3k + l/4k + 1/5k +■" —2/2k - 2/4k - 2/6k - 2/8k

= 1 - 1/2k + 1/3k - 1/4k + 1/5k - 1/6k +■•'
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vhere rearrangement is allowed since the series Z 

n=l
absolutely. Thus, the lemma is proven.

(-l)n+1/nk converges

Application 8

As an example of the use of lemma 5, consider the following series:

Z (-1 )n+1/n2 = (1-21 2) Z 1/n2 = (1/2)‘(tt2/6) = tt2/12 

n=l n=l

Z (-1 )n+1/n4 = (1-21 4) Z 1/n4 = (7/8)’ (tt4/90) = 7tt4/720 

n=l n=l

These results follow from lemma 5 and corollary 1.

The following example is an application of Euler numbers 

t will generalize the results of application 4.

(See [7], p. 148).

Application 9
00

In this application we want to consider the summation of Z (-1)n/(2n+l)2k+^ 
n=l

2k + 1Taking f(z) = 1/(2z +1) , it is evident that f(z) satisfies theorem

2. Thus,

00 co
Z (-1)n/(2n+1)2k+^ = 2 Z (-1)n/(2n+1)2k+^ = -Z (residues of f(z)s(z) 

n=-°° n=0

at poles of f(z)). Observe that f(z) has a pole of order (2k+l) at z = -1/. 

he residue of f(z)s(z) at this point is

zIll/2 0/(2k)!) d2k/dz2k [(z + l/2)2k+1ucsc(7rz)/(2z+l)2k+l]

Jif/g 0/(2k)! )(1/22k+1) d2k/dz2k(7tcsc(ttz)) .
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Now, notice that sin(iTz) = -cos [tt( z+1/2)] so that esc (ttz) = -sec[ir(z+1/2) ]. 

"hus, the limit above becomes,

z^/2(u/(2k)!)-(l/22k+1)-d2k/dz2k (-secMz+1/2)])

hen, using the following expansion for sec(z)

sec(z) = Z (-1)% z2n/(2n)! 
n=0 n

(see [7], p. 148)

one obtains

zii1i’/2^/(2k)!)(l/22k+1) d2kdz2k [z (-l)n+1E2n(Tr(z+l/2))2n/(2n)!] 

n-0
= ('rT/[(2k)!’22k+1] d2k/dz2k[—1 —tt (z+1/2)2/2—" ’"

+ (-l)k+1E2k(7r(z+l/2))2k/(2k)!+”'

= 0r/[22k+1.(2k)!] d2k/dz2k[(2k)!.(-l)k+1E2k K2k/(2k)!+' ‘' ]

= (-l)k+1 E2kK2k+1/[22k+1.(2k)!]

Hence,

A+K 2k+l/ron2k+lZ (-1 )n/(2n+1 )2k+1 = -(-l)k+lE2kuZI<+l/[2-2ZI<+l(2k)! ] 

n=0

= (-l)kE2kTT2k+1/[22k+2(2k) !]

Then, knowing that E2 = -1, E^ =5, Eg = -61 (See [7], p. 148) one may 

Examine several specific cases of application 9. As examples consider

Z (-1 )n/(2n+1 )3 = tt8 (—1) (—1) / (2 2^) = tt2/32 (as in application 4)

n=0

Z (-1 )n/(2n+l )5 = tt5(-1 )5(-5)/[ (26)(4!)] = 5tt5/1 536 

n=0

Z (-1 )n/(2n+l )7 = it7(—1)7(—61)/[28(6!)] = 61 ir7/184320. 

n=0
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comparison of the amount of work necessary to solve application 4 versus the 

amount performedin the first example above, would clearly demonstrate the 

jsefulness of this generalization.

The following corollary will illustrate a trait of Euler numbers which 

"esembles the property of the Bernoulli numbers established in corollary 2.

Corollary 3
E2k I and I E2k ,1 /2k -> °° as k —>

The proof of this corollary begins by letting S, = Z (-1)n/(2n+1)^^+\ 
k n=0

hen, if one applies Leibniz's theorem on alternating series,the error in the
OO I

:irst term of the expansion, Z (-1 )n/(2n+1 )2k+1 _ -j _ ]/3^k+1+« ■ ■, is g-jven 

n=0

by |. Mow, M/3^^^ | = 0 so that j^-Too Sk = 1. Recall from

application 9 that

.k 2k+l ,2k+2-= Z (-1 )n/(2n+l )2k+1 = (-1)Vk+lE2k/[(2k)h 2*k+^] 

n=0
(See [7], p. 148)

hen, as in corollary 2,

J™ 1 SJ " k->“|E9l,/(2k)!|-K2k+1/22k+2 - 1, so
-2 k'

|E2k/(2k)!|1/2L/2 - 1 ,

ki [E2./(2k)! |1/2k= 2/tt .

or

e lE

■2k

hus, since (2k)! -> °° as k -> °° and Sk ± 0, it follows that |E2k| and

2k1
1 /2k —> °°, which establishes the corollary.

The example which follows demonstrates the application of the method to a 

double series.



30

,W1 ication 10
OO 00

Consider the double series £ £ l/[(m^+a^)(n^+b^)], a*b > 0. The
n=-°o m=-°°

first step in the solution of this problem is to rewrite part of the double

series in the form:

OO
El/(n^+b^)]•[ £ 1/(m^+a^)] for fixed n.

n=-°°

Then, recall that in application 1 it was shown that

OO

£ 1/(m^+a^) = (Tr/a) coth(rra)
m=-°°

Thus,
00 °° o p p p
£ £ 1/[(n +b j(m « )] = (^T/a)coth(TTa)• (ir/b)coth(iTb)

n=-oo n=-oo
= (tt / (ab))’coth(Tr a)-cot(TT b)

This suggests a generalized method for a multiple series of this type. In 

Fact observe that,

°° °° ? p p p k
£ £ l/[(n +a '(m +a )] = (it /(a‘” )• coth(TTa-|)'”coth^ag) (a-j, • • •aj<>0)

nl =~°° "k=-“

-epresents the general sum of a k-fold series.

The theorem below will expand the range of types of series which can be

solved by the method of residues.

heorem 3

If f(z) satisfies the conditions of theorem 2,

00 ■ rV ct \ TOO £ f(n)e £ (at residues of f(z)2TTie 

at the poles of f(z)).

and 0 < 6 <

i z 6 /, 2 iri z /(e

2tt,

1)

In order to prove this theorem consider t(z)-iir instead of the function 

;(z). Then,
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t(z) - in = iTr[(l+e 2Triz)/(l-e 27riz)] - itt 

= i^e^/d-e-21"2)

- 2TTi/(e2lTiz-l)

which has simple poles with residue equal to 1 at the integers. As in lemma 1, 

p(z) = 2^/(6^iz-l) satisfies |b(z) | < 2TTe on C^, while |y(z) | < 27T/(l+e 

on C .j and C g. Finally |p(z) | < 2tt on C~. If in addition, 0 < 6 < 2tt then 

uCz Je1 Z<^£ 2'rre1T on Cm since |p(z) | _<2tt while ) e"'z^| is trivially < eu there.

The following applications demonstrate how theorem 3 may be applied.

Application 11

For w£<I/Z, -7T< 6 < tt, show that

oo o o
Z (-1)n n sin(n<5)/(w -n ) = (tt/2)-(sin(<5w)/sin(iTw)) 

n=1

First consider Z ne1 n^+Tr z/(w^-n^) and let f(z) = z/(w^-z^). Note that 

n=-°o
For - tt< 6 < tt, 0 _< <5 + tt 2tt, so the conditions of theorem 3 are met. The

"esidues of f(z)2iriel z^+7T^/(e^7T^z-l) at z=0, +n, (n > 0) are 0,

/ nn ind// 2 2x , ifi -in<5// 2 2x i(-l) e /(w -n ), -n(-1Je /(w -n ).

Mow, since

” in(S+Tr)z 2 2x ~ , lAn inS/z 2 2x
Z ne v /w -n ) = Z (-1) ne /(w -n ), 

n=-°° n=-°°

one obtains

Z (-1 )ne^n^/(w^-n^) = -Z (residues of f(z)2Trie1z^+TT^/(e^TT1z- 1) at poles 

n=-°°
of f(z)),
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2 2he poles of f(z) = z/(w -z ) are simple and occur at z = w and z = -w. At z = w 

she residue is

lim _ (z-w)z(2iTi)eiz^+TT^/[(z-w)(z+w)(e^TTlz-l)] 
z->w

. i(<S+7T)W/. 2TTiW . X 
= —ttie ' /(e -1)

Similarly, the residue at z = -w is

-iw(<5+iT) -2ttiw-Trie v 7(e -1).

Hence,

Z n(-l )nein6/(w2-n2) - Tri [(e1 (5+’r)"/(e2^“-l) +
l=-oo

Jow, observe that

OO . 00
2 n(-l)nein /(w2-n2) = 2 n(-1)ncos(nd)/(w2-n2)

i=- n=-°°

+ i E n(-1 )nsin(nd)/(w2-n2) 
n=-°°

he first sum on the right is zero since it is equal to,

0 - cos(6)/(w2-1) + cos(d)/(w2-l) + 2 cos(2<$)/(w2-4) - 2 cos(2d)/(w2-4)+''* 

where rearrangement is allowed because the original series is absolutely 

convergent. The second sum on the right is

(0-sin(6)/(w2-l) - sin(5)/(w2-1) + 2sin(2S)/(w2-4) + 2sin(2<5)/(w2-4)-’*’),

OO

which equals 2i 2 n(-1 )nsin(n<S)/(w2-n2). Thus,
n=l

00

2i 2 n(-l )nsin(n<5 )/(w2-n2) = iTr( [e1 (6+IT)w/e2^iw-l ] + [e-i (6+TT)w/e_2lT'iw-l ]) 

n=l
but

ei(6+1r)w/(e^iw_n = e«»ert"/[21eW»(e«“_e-1«)/2i]

= e^w/2i sin(irw)

and
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e-i(6+1r)w/(e-21riw_1) = _e-i«w/21 sin(w)

so that

2i Z n(-1 )nsin(n<5)/(w -n ) = TriCe1 -e )/2i sin(irw) 
n=l

= iTTsin(6w)/sin('fTw).

herefore,

Z n(-1 )nsin(n6)/(w2-n2) = (tt/2) • (sin(6w)/sin(irw)). 

n=l

Application 12

This application will demonstrate that by defining the Bernoulli

)olynomials (6) by,

ze6z/(ez-1) = z B, (s)zk/(k!) 
k=0 K

one is able to prove that

a.) Z cos(2-irn )/n2k = (-1 )k+1 (27T)2kB2[<(6)/[2(2k)! ] 

n=l

b.) Z sin(2irn6)/n2k+1 = (-1 )k+1 (2^)2k+1 B9, , (6)/[2(2k+l)! ] 
n=l Zk+I

and is able to evaluate ®2k+l^^^ in ^erms ^uler numbers.

2 kFirst, consider part (a). Here f(z) = l/z6 , so one must consider the 

"esidues of 2irieiZ2u^/[z2k(e2lkiz-I)]. For z = + n, n 0 these residues arise 

from simple poles and are

/ . 2TTiz6/r 2kz 2iriz , X1(z-n)2ine /[z (e -1)J

27Tn6i / 2k e /n

2k= (cos(2irn6) + i sin(2Trn<5))/n
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and
1 im / , xo . 2iriz /r 2k, 2'rriz qxq z^n (z+n)2me /[z (e -1)]

= (cos(2irnS) - i sin(2frn6) )/n 2k

ience,

2 Z cos(2Trn6)/n2k = -(residue of f(z)2rrie^z2TT<^/(e2Tr'z-l) at z = 0). 

n=1

This is a direct consequence of theorem 3, since we are summing Z 1 e2TTin<5/n2k
—OO

where the dash (') indicates the omission of the n = 0 term, and 0 < <5 < 1. 

tow, since z = 0 is a (2k + 1) order pole, the residue is,

l im 1 //Ol \ i ,2k / , 2k r, 2k+lo . toz2<5, ,, 2k, 2tti z , x x q z^0 1/(2k)! d /dz [(z 2me )/(z (e -1))]

iim1//o, x. ,2k, , 2kr/o„- 2iTiz6x// 2'rriz ,xq 
= z^0 l/(2k)! d /dz [(2mze )/(e -1)]

Thus,

case cons

1 im 
z-O

OO
l/(2k)! d2k/dz2k ( Z (Bk(6)(2rriz)k)/(k! ))= (-T) k( 2rr) 2kB 2k (6) / (2k)

k=0

OO
Z cos(27Tn<5)/n2k = (-1)k+1 (2ir)2kB 6'/[2(2k)! ]

k=l

The computations for part (b) are similar to those for part (a). In this
OO

ider n?_co e2iriin^/n2k+^ so that f(z) = l/z2k+\ Again, the residues of

:(z)2iTie1z27T^/(e2TT^z-1) arise from simple poles and are

lim , x, .x iz2TT(5/r . 2'rriz ,x 2k+l q z+n (z-n)(2m)e /[(e -1)z ]

= (cos(2Trn<5) + i sin(2TTn6))/n2n+l

and

lim f , iz2TT<5/r 2k+l, 2fTiz ,xq..... (z+n)(2rr-| )e /[z (e -1) J
z->n

= (-cos(2TTn<5) + i sin(2rrn6))/n2k+l
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Thus,

2i Z sin(2rrn<5)/n2k+^ = -(residue of f(z)2Trie1z2TT^/(e27Tlz-1) at z = 0). 

n=l

At z = 0, f(z) has a pole of order (2k + 2). Therefore, the residue there is given by

ll^(l/(2k+l)!)(d2k+1/dz2k+1)[(z2k+2/f(z)2^ie2^z6)/(e2Triz-l)]
z->0

= (l/(2k+1)!) z1lm0 (d2k+1/dz2k+1)( S (Bn(6)(2iTiz)n/(n!))

n=0

= i(-1)kB2k+1(6)(2TT)2k+1/(2k+1)!

"hus,
OO

Z sin(27Tn6)/n2k+1 = (-1 )k+1B9, . (6)(2^)2k+1 /[2(2k+1)! ] 
n=0 Zk+I

® Finally, for part (c) take 6 = 1/4. Then, from part (b) above and

application 9 one obtains the following result:

Z sin(mr/2)/n2k+1 = 1 - l/32k+1 + l/52k+1 - i/72k+1--- 

n=1

= 7V2k+1(-l)kE2k/[(2k)!22k+2] = (-l)k+1B2k+1(l/4)(2k)2k+1/[2(2k+2)!]

QI i 1
or, B2k+.j (1/4) = -(2k+l )E2k/(4) . This is an interesting relation between

■;he Euler numbers of order 2k and the Bernoulli polynomials of order 2k+l 

evaluated at 6 = 1/4.

Application 13

Theorem 3 wi11 also allow the summation of the series

OO

• Z e1n6/(l+n+n2+-'-+n2k), k = 1, 2, 3.... 0 < 6 < 2.
n=-oo

Here f(z) = 1 (/(l+z+z2+” *+z2k) and the residues of f(z)(2Tri )elz^/(e2?T^z- 

' ) at z = n (n > 0) are e1 n<^/( 1+n+n2+‘‘’+n2k), while those at z = -n (n > 0) 

are e^n<S/(l+n+n2-n2+n^------+n2k). Hence,
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Z e^n /(l+n+n2+n2+’'' n2k) = - (residues of f(z)(2iri )e1Z^/(e27T^z-l) at the 
n=-°°

poles of f(z).

\low, let S(z) = 1+z+z2+‘”+z2k. Then zS(z) = z+z^+‘ "+z^^+z^^+\ so

zS(z)-S(z) = z2k+1-1 anc) s(z) = (z2k+^-1 )/(z—1). Hence, the poles of f(z) 

jccur at the 2k+1 roots of unity, excluding z = 1. Then, f(z) has simple poles 

it z^e^m/^k+l), m _ i, 2,..., 2k. The residues there are,

z_> zm(z-1)(z-zm)(2 i)e /[(z -1)(e -1)]

= (zm-l)(2iri)(e1zm6^/[(2k+1)(zm2k)(e2lT1zm-l)]

Hence,

2k
Z e^n5/(l+n+n2+''*+n2k) = —2iTi Z (z -1)(eizm^/[z 2k(2k+1 )(e2Uizm-1)

„ m mn=-°° m-1

However, observe that,

—2tti/(e2lT 1 zm-l ) = - /[e^ fTzm(elTTzm-e^TTzm)/2i ]

= - e 17Tzm/si n(Kzm)

Therefore,

Z ein<V(1+n+n2+''-+n2k) = —Tr/(2k+l) ’ Z (zm-l)e^zm^ 1T^/[zm2ksin(iTz) for 
i=-co m=l
<=1,2, 3,....

THE LIMITATIONS OF THE RESIDUE METHOD

Up to this point only the successes of the residue method have been 

considered, but this method also has many shortcomings. Examples of these 

Failures include the sums,
OO OO 00 oi 1
Z 1/n2, Z 1/n5............ Z l/n2k+1,

n=l n=1 n=1

which residue theory cannot give in closed form.
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2 k i 1"he reason for such failures is due to the fact that 1/z is an odd 

:unction. As a consequence,

oo oo
Z 1/n^k+1 = 0, instead of 2 Z 1/n^^+^

-oo n=1

is it would for even functions.

Although the residue theorem cannot provide a means of summing these 

series, it does rovide a method of representing them as integrals. This 

procedure, known as Plana Summation, will be discussed later.

THE EXISTENCE OF OTHER FUNCTIONS LIKE s(z) AND t(z)

In the solutions presented in the applications of this paper, the 

functions s(z) and t(z) were utilized. One might ask if other functions might 

be employed in place of these two. In order to answer this question, consider 

she following theorem of Weierstrass.

Given any sequence of complex numbers z^, z^..., whose only limit point is 

infinity, there is an integral function (an analytic function with no singular 

points other than infinity) with zeros at the Z_. and only at these points.

'see [1], p. 194).

The proof of the theorem is constructive and makes it clear that such 

functions are not uniquely determined by their zeros. Hence t(z) and s(z) will 

not be the only fuctions with simple poles at the integers. This appears to 

leave open a large class of possible "summatory" functions like t(z) and s(z).

A study of these functions might well be of interest for the summation of 

series problems. However, it seems that the residues of such functions would 

probably modify the sums being considered.
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THE INTEGRAL REPRESENTATION OF SERIES WHERE THE RESIDUE METHOD FAILS

It has been shown that the method of residues fails to sum series like
o° 2
E 1/n . However, the residue theorem does allow one to obtain useful integral

11 = 1 oo
representations for many series, including E 1/n .

n=l

"heorem 4 (Plana Summation Formula)
00

Let f(z) be analytic in Re(z) > 0 and let either the series E f(n) or the
co n=0

ntegral / f(x)dx be convergent. If, in addition

1 im ,, , . \ - y na. f(x+iy) e J = 0 y-*» v - 77

uniformly in x in every finite interval and

b. |f(x±iy) Ie27rydy

exists for every x > 0 and tends to zero as x -> , then,

c. Z f(n) = (1/2)f(0) + f(x)dx + i [f(iy)-f(-iy)]dy/(e2lTy-1)
Ou u

(For a proof see [4], pp. 271-174.)

_?
As an exercise one can apply the formula to f(z) = (z+1) to show that,

00
E 1/n2 = 3/2 + 4 T°° ydy/[ (1+y2)2(e2?Ty-l) ] . 
n=1 0

In addition, one may also obtain formulae for all the zeta functions at 

positive integer points. For example,

E 1/n3 = 1 + / (6y-2y3)dy/[(1+y2)3(e2?Ty-1)].
1U

Such formulae may be used in a number of ways. A case in point is the 

epplication of truncation and Simpson's rule to estimate the given series by 

estimating its integral representation. It is also sometimes possible to
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transform the real Plana integral into a complex contour integral in order to

obtain a closed reresentation for the original series. For example, by taking

;he contour C , (which is our C contour with an - radius arc about z = 0, as m m OO -|
suggested in figure below [Figure 1]), one may evaluates —? by calculating

In

(&nz)zdz/[(l+z2)2(e2lTZ-1)]

as m ->°° and e —> 0.

i (m+1/2)

-(m+1/2) m+1/2

he calculation is much too lengthy to include here but the expected result

ydy/[(1+y2)2(e2TTy-1)] = tt2/24 - 3/8

°° 1
s obtained. Unfortunately, this method also fails for £ ^Tk+I ’ k = 1, 2, 

3,..., roughly for the same reason that the method of residues failed original­

ly. The inability to sum series like these has led to the investigation of 

more general problems associated with the zeta function. In 1978, R. Apery was 

able to establish that zeta of 3 is irrational (see [9]). His proof has been 

rephrased in terms of orthogonal polynomials (See [2]). However, neither proof 

allows for the extension to zeta of (2k+l), k > 2. It may be possible to 

solve these questions by using resildue methods. For example, with suitable 

restrictions on rational functions f(z), can one decide, from the geometry of
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the residue approach, the irrationality or transcendence class of those series
OO
Z f(n) for which the residue method succeeds? Perhaps more computations, 

n=l
similar to those presented in this thesis, will allow a conjecture to be

formulated.
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