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I. PERIODIC FUNCTIONS

A funetion f(x) is called periodic if there exists a

constant T >0 for which
L4+T)= FCH

for any X. The constant T is called the period of the func-
tion f(x). The most familiar periodic functions are sin xi
cos x, tan x, ete.. Periodic functions arise in many appli-
cations of mathematics to problems of physics and engineer-
ing. Expressing these periodic functions in terms of a Four-
dler series is a great tool in solving many of these problems.

If we plot a periodic function y = f(x) on any closed
interval asx=<a + T, we can obtain the entire graph of £ix)
by periodic repetition of the portion of the curve repre-
sented in the interval a<x=a + T. (see Fig. I)
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If T is a perlod of the function f£(x), then the numbers
2T, 3T, 4T,... are also periods. This follows immediately by
inspecting the graph of a periodic function and is expressed
mathematically as,

F) = fxem) = 7C(4-+2'T‘) s Llx+3m)=. ..

We can also note the following property of a periodic
function £(x) of period T;

If £f(x) is integrable on any interval of length T, then
it is integrable on any other interval of the same length,
and the value of the integral is the same, or

a+T b+T
j“'*“’f =ff(+)4+
, o (3

for all a and b. :
Each integral equals the area included between the curve
¥y = £(x), the x-axis and the ordinates drawn at the end points
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of the interval, where areas above the x-axis are positive
and areas below are negative. In this case, the areas rep-
resented by the two integrals are the same, because of the
periodicity of f(x). (see Fig.II)
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II. HARMONICS

The simplest periodic function, and the one of greatest
importance for the application is

= Asiw(wr+@)
=27,

where |Al,w, and ¢ are constants with period T =%°. This func-
tion is called a harmonic of amplitude A, angular frequency
w, and initial phasepg.

The following statement can easily be verified and is
seen from the graphs below;

The graph of the harmonic 4= Asiw (wr+ 46) is obtained from
the graph of the familiar sine curve by uniform compression
or e?lcpansion along the coordinate axes plus a shift along the
X=aX1S e

Consider the simplest case when A = 1, w=1, g = o3
this gives the familiar sine curve y = s:Ln X. Fige III (a).
For A=1, w s # = 4we obtain the cosine curve y = cos Xx,
whose graph is the same as the graph of y = sin x shifted to
the left by an amount %,

Fig. III b,c,d, show slightly more difficult functions
which illustrate the above statement concerning the graph of
the harmonic y = Asin (Wopt+g)e
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Using the trigonometric identity,

Asin (W'f-f-é) = ﬁ(cos wa :'}v¢, + Sew wop €05 9‘),
and setting a = Asind =Acos g, we see that we can rep-
resent every harmonic in the form,
& Cos wa + b s/w wsp.

For the remainder of the paper all harmonics w:Lil be
written in the above form. For example, the harmonic of Fig.
III (d) would be written as follows,

2 s (30'-1‘-“) U3 Cos 3 + Sew 3.
Consider the following harmonic, given period T = 21//@

:,;,‘ 7/-'/44-
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where k = 1,2,3,¢0¢ o Since T = T, the number T = 21/7%
is simultaneously a period of all e harmonics, since an
integrable multiple of a period is again a period. There-
fore every sum of the form

Sar) = A +; (a, cos Z:_’"'_é!‘*é‘ Som 77"/54)

where A is a constant, is a function of period T = 214 since
it is a sum of functions of perlod T = 21/4The addition of a
constant obviously does not destroy perio 1c1ty- in fact,
a constant can be regarded as a function for Whlch any number
is a period. The function s x) is called a trigonometric¢ poly-
nomial of order n and perio = 21 /¢4

The infinite trlgonometric series,

f+ 2 (apcos Rhe 44y i THx)

if it converges is obviously also a representation of a func-
tion of period T = 21/4.
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III., TERMINOLOGY

We will now consider a little more precise terminology
which will be very helpful. ¢losED

When it is said that f(x) is integrable on thqﬂfnter-
val (a,b) it is meant, that the integral

ffld-)dq«-
exists and our integrable function f(x) will always be either
continuous or have a finite number of points of discontinuitye.

It is shown and proved in the calculus that if a function
has a finite number of discontinuities the integral

b
L Llt)
exists if the integral

b
f [t dx
exists and the function is said to be absolutely integrable.
A familiar result of this is the fact that if the fun-
ctions £(x), £{x),ess £{x) are integrable on (a,b), then
their sum is also integrable and

I‘Zéﬁ""ﬂoﬁp S 2,,(4)-144,

A=y
Let us now consider an infinite series of functions

£(x) + £{x) + £X) +ees + LX) +een =§£w.
A3
Such a series is sald to be convergent for a given x if its
partial sums

Sl = f £

have a finite 1limit
S(,/.J s 'g"".“‘ Sm('/')o

P e d

Let us now consider westher formula (1) can be extended
to the case of a convergent serles of functions which are in-
tegrable on the interval (a,b) or is the formula

iixg;,ﬁ‘*yd+ = f;(f) dy = g[z"‘(*)dlf

valid. In other words, can the series be integrated term by
term? It turns out that this is not always the case, if for
no other reason than the fact that a series of integrable
or even continuous functions may not even have an integrable
sume, Let us now consider an important class of series of func-
tions to which these operations can be appliled.

The series (2) is said to be uniformly convergent on the
interval (a,b) if for any positive numbere¢ , there exists a
number § such that the inequality

[Stey -S| = €

(7)

(2)

)
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holds for all»2 § and for all x in the interval.

Thus, if we examine the graph of the sum of the series
s(x) and of the partial sum g(x), uniform convergence means
that for all sufficiently large {ndlcies n and for all x
the curve representing s(x) and the curve representing qlx)
are less than € apart, where € is any preassigned number,
so that the two curves are uniformly close for all x in the
interval. Fig. IV."

g et
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Not every series which converges on an interval (a,b)
converges uniformly there. The following is a very useful
and simple test for the uniform convergence of a series of
functions (Weierstrass' M-test):

If the series of positive numbers

,;f}/”f (&=12,3,...)

converges and if for any x in the interval (a,b) we have

[4¢r)]= 1,

then the series

E-ﬂ(ﬂ (4@=/,z,3,...)

L=
converges uniformly in the interval (a,b).

The following important theorems are useful and valid
and should be noted at this time;
THEOREM I:
If the terms of the series (2) are continuous on

(a,b) and if the series is uniformly convergent on (a,b),
then
(2) The sum of the series is continuous;
(b) The sum can be integrated term by term or (3) holds.
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THEOREM II:
| If the series (2) converges, if its terms are diffe-

erentiable and if the series
£1(x) + £1(X) + £1(X) +eue + () +eus =§4’W
is uniformly cioanvergen"c on (a,b), then,
%&""’) = St = Eﬁ’cw

K=t
or the series (2) can be differentiated term by term.



IV, THE BASIC TRIGONOMETRIC SYSTEM

Let us now consider the basic trigonometric system or
the system of functions

14c08 X,81n X,c08 2X,5in 2XyeeeyCO0S NX,SiN NXyeee

For any integer n # o, we have

7w .
ﬁos,..,c de 5_“";':_”"/ o
=i - L (4#)

w
fs;ﬂmqkd,'; = = Cos »map /

-1
'I

w n
fc Oslm* dx f“'_cf.s_‘}::_'fd* s G5
< o =<

m "
js‘:lﬂ-l'm,,{. dr = /LLC:_;&‘J d’)" z 70

-7 <
Using the followlng trigonometric formulas,

Cos s‘:n,ﬁ = —-[&os(q-fﬁ) + Cco5 (A -ﬂ]
Siw & Suvﬁ = 'L[C"J'(“"'ﬂ) - Ceos (Itrﬂ)]

also,

(5)

we find that

Ui @
Cos m -
L os A COSmm g dy = il'j[doflf“-om),fﬁ cos(m-,.,.),*:’o(,? =0
-
(6)

™ o
fs'n b 3 g Iy 2 L [""("‘"M)»t-—ca:[m...m)ak_]e’d— =0

for any integers n and m (n = m)e Finally, using the fore

mula,
SIN & Cos@ =1l [Snu (A+B)+ Sep(R- (3)}

we find that
" o
S Mg CoSmapday = —L L;’;“(‘\"‘“)d""f“;’(“""‘)d'l”':o (7)

0 I

for any n and m.
The formulas (4), 6), and (7) show that the integral

over the interval (» of the product of any two different

functions of the basic trigonometric system is zero.
Let us now define two functions g(x) and h(x) as orth-

ogonal on the interval (a,b) if

b
fgm hi¥)d~ = 0.

o
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With this definition, we can say that the functions of
the basic trigonometric system are pairwise orthogonal on the
interval (wm,™).



V. FOURIER SERIES OF FUNCTIONS OF PERIOD 277°

Suppose the function f(x) of period 27 has the ex=-
pansion

;(4—)- *-0-2 (Q dos,é,,(.-f.b Suv,é,,(.)
kzv
where £(x) and the expansion are both integrable.term by
term.
Therefore,

-C('f)dfi—a- ——gfd,\«— +Z[‘l fc'osiata’—rwé siw »4444&]

o

i
f-C(-l)ch Qe J,; = Na

0"

Multiplying both sides of the equation by cos nx
and integrating we get,

w

7 Py w
Qo
-C('H Cos my J4 = 5—;{605 A d’f +ZZ;*/C'OS A,ﬁ CO5 A J,)p

-ir T

-+ A Suu ,44- C oS o ‘/,,:].

L
By previous investigation we see that all the integ-
rals on the right vanish except where k¥ = n or

w "
fc:»sz,m\c dy = 0, IS'NA'F ZhEpnipaint S 8

- =0

Thus,
f\o('ﬁc’osch do = a, .
ATy

Similarly, we find that
w
£t) sin my d 2 b T0

=i

Therefore,
l
—‘:'_'f(,f)co.fmlfdff (”‘:’J l,'l,.-..)
and -
i
m : —;7' Lis) siw mypdg ("“ TO5 by By suens )

-
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The coefficients g, and b.calculated by the above
formulas are called the Fourier coefficients of the fun-
ction £(x), and the trigonometric series with these co=-
efficients is called the Fourier series of f(x).

Wecan generalize this result over any period of length
27 because of the periodicity of the function f(x). '

Therefore,
a ) aA+rair
- _f:/‘_f'p(/*)CDSM¢J¢ (M:-‘O’l’ 213J"")
a
A+ ATV
/ .
AM: -FP 'ﬂ(»f/ SIN e dp (M=o,l,t,3,....j

o

We may therefore draw the following conclusion. Supp-
ose we are given an integrable function f(x) of period 277,
and we wish to represent f(x) as the sum of a trigonometric
series. The coefficients must be given by the above formulase.

We may summerize the results concerning Fourier series
as follows;

If m and n are integers and v = 2% and the con-

ditions of integrability are met, then,

T

e S (mewt) gog (~wt)dt =0
o

cos(muwt) cos(muwt) dt =

= f? ) o P M FE A

S lmuwt) S W (amwt) dt =

J‘q\ ‘z: l‘[ ~M =

[4

W | -.(\(4): a, +Zamc.smwf fé-é“ SIP muwt

D
. %f#u)af

" |
- %f#(f) cos (mwt)d+

4
a

N
1]

~

D
b ::—3,—[#(\‘/ S lmuwt) dE

These results give us an easy way to find the Fourier
series of a function and are easily seen from the previ-
ous considerations,



X

If we form the Fourier series of a function f(x) with-
out deciding in advance whether it converges to f(x), we
write

;(—p) —~~ -qi.- + Z a.k Cos k,f- + ékSI'IV Ko
K=
This notation means only that the Fourier series written
on the right corresponds to the function f(x). The sign
~— can be replaced by the sign = only if we succeed in
p€o¥ing that the series converges and that its sum equals
fix).

Two very important and useful theorems concerning
Fourier series will now be stated, The first is a conse-
quence of the above considerations and the second is a
more general result of the modern theory of Fourier series.
This second theorem will not be proved because of its com-
plexitye.

Theorem I:

If a function of period 27 can be expanded in a
trigonometric series which converges uniformly on the
whole real axis or on the interval (=, ) for periodic
functions, then this series is the Fourier series of f£(x).

Proof:
Suppose f(x) has the expansion

flr) = ef -0-; Q, cos ko -f-AA_ Sfu kx (9)
where the series is uniformly convergent. Therefore f(x)
1s continuous and term by term integration is possible.
This yields the formula

L
f":‘*) de = M@,

-

Next, we consider the equality

'F(f) CoSpm o = %2 CoS mi4 -;-g(ax ces ko cosomrt -‘-AKSM.\I ke~ con-w;.) (Q)

K=t
and show that the serlies on the right is uniformly con-
vergent.

Let

- Qe = .
3lx) = 2 ‘LKZ_ A cos by +bks/~ kot
and also let € be an arbitrary positive number. Since the
expansion of f(x) converges uniformly then

/f(y«)_sm(,,;)/fé'.

S(x)cos nx is obviously the m™ partial sum of (9), there-
fore the inequality

/f&lcw»«-f -S..(¥) Cosma‘/‘ /18(4) -5»..(4)//6”5*-4/ =6,

implies uniform convergence of (9). It follows that this
series can be integrated term by term from which we obtain-
a,and in a similar way b.,, which means that (8) is the
Fourier series of f(x).

Q.E.D.
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Theorem 2:

If an absolutely integrable function f(x) of per=-
iod 27can be expanded in a trigonometric series which
converges to f(x§ everywhere, except possibly at a finite
numb?r)of points, then this series is the Fourier series
of TAX), '

This theorem makes it clear that when looking for a
trigonometric series which has a given function f£(x) as .
%%s)sum, we should first consider the Fourier series of

X)e ,
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VI. EVEN AND ODD FUNCTIONS

Let us now consider even and odd functions and there
properties in formulating Fourier series. We say that f(x)
is an even function if

fx) = £(x)

for all x. This implies that the graph of any even function
y=£(x) is symmetric with respect to the y-axis. (see Fig. V)

/\2-/\
/ \ *
Fig. X

It follows from the interpretation of the integral
as an area that for even functions we have

2 R
f-"(rf)dq& = Zf,C’(,p)qu..
- o
We say that a function is odd if

fx) =-f(x)
In particular,

feo) =-~1(o)
Therefore

£f(o) = o

and the graph of any odd function y=f(x) is symmetric with
respect to the origin. (see Fig. VI)

N

F—;‘ﬁ-"/:'
Also for odd functions
L

Jﬂ‘c(‘f) dy = O,

-2
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Let us now consider the following two properties,
which can be readily proved;
4o
(a) The product of two even or,odd functions is an
even function.

(b) The product of an even and an odd function is an
odd function.

Proof of (a):
Let g(x) and h(x) be even functions and their pro-
duct equal f(x).

Therefore,
f(-x)=g(-x)h(=x)=g(x)h(x)=Ff(x)

Now let g(x) and h(x) be odd,
Therefore,
fEx)=g(-x)h(-x)=g(x)h(x)=f(x).

QeEsDe

Proof of (b):
Let g(x) be even and h(x) be odd and their product
equal £(x).

Therefore,
f(-x)=g(—x)h(=x)=-g(x)h(x)=-£(x).

Q.E.D.

Now let us see what the above considerations can
tell us of Fourier series.

Let f(x) be an even function. Since cos nx is obvious-
- 1y even, f(x)cos nx is also even by property (a). Since
?%? nx 1s obviously odd, f(x)sin nx is also odd by property

Therefore,

n

w w
= = EE‘S- (€) cos mad

n
m

é . L 5‘#(*)3-00‘04-‘4
~ mn Z !

o.

Therefore the Fourier series of an even function con-
tains only cosines or

;(.p) = %: +2 a.meu'.-s,,(,.
Now let £(x) be odd. Therefore f(x)cos nx is odd by
property (b) and f(x)sin nx is even by property (a).
Therefore,

w

= =
a, = = -G-F’l'f) cosmaypddn = O

o m
] . 2 .
IDM = ﬁ‘j.‘z(.ﬂ Snumal-o"\": _ﬁ: .5:""(‘*) siv e oL,
-

(M=o,o,2,...






























