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PREFACE

Ours is an age which has often been termed the "Age of 
Science*** It is an age in which scientific progress has become 
almost a rule of life, and where new wonders produced by modern 
"Science" are commonplace. This scientific age is the product, 
of many minds and several philosophical systems. Its causes areV 4
complex, its sources are spread throughout several centuries.

In this paper we are going to treat one aspect of this 
scientific age - Mathematics, We shall investigate the «
sources and foundations of this basic science. To do this, 
we must first look into the history and fradual development 
of modern mathematics; we must see what the central theories 
hold, and then examine them in the light of principles offered 
by Scholastic Philosophy - the philosophia perennis.

The reasons for writing this paper on the philosophical 
foundations of mathematics are many and diverse. To those who

*

have encouraged me during the writing, I extend my thanks. 
Especially do I thank Mr, Thomas Flynn, now studying at the 
Gregorian University in Rome, who first introduced me to Mr, 
Bertrand Russell, Logistics, and the whole problem of the founda
tions of mathematics, %  thanks are also extended to my sister,

* *
Mrs. Mary Belle Conroy, for the invaluable materials, advice 
and encouragement which have assisted me during the writing of 
this paper. Finally I wish to thank my mathematics and philo
sophy professors of the last four years, who have provided the 
background which made this paper possible.
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CHAPTER I 
AN INTRODUCTION

1. The Problem
In this paper we are concerned with the foundations of 

mathematics. We are discussing the basis of the "Queen of the 
Sciences,"* for mathematics is the foundation of the modern 
age of science and the tool upon which all the applied or 
theoretical physical sciences rely for their work* Philoso
phers have also used mathematics in their studies.

For centuries mathematics has enjoyed a privileged place 
in science and thought in general. Among the Greeks it had 
such importance that the Pythagoreans based their whole phil
osophy upon mathematics, placing "number behind phenomena as 
their basal principle and ground."2 Plato is reported to have 
studied under the Pythagoreans in Italy,^ and there is undoubt
edly evidence of their influence in his interest in mathematics 
and number.

Aristotle was Plato*s pupil, but he doesn't seem to have 
acquired the mathematical outlook of his master. As a matter

* *
*The great mathematician, Carl Friederich Gauss, has so 

termed mathematics. See E. T. Bell, The Development of 
Mathematics. (New York: McGraw-Hill Book Co., l^lfOj, p. 166.

2Frank Thilly and Ledger Wood. A History of Philosophy 
(New York: Henry Holt & Co., 1957), p. 29.

3Ibid., p. 74.



of fact, mathematics "is the one science where Aristotle shov;s 
himself least at home."-*- In establishing his philosophy, Aris
totle paid more attention to the facts of reality as presented 
to him through the senses than to any mathematical reasonings 
(or imaginings). This, perhaps, explains why mathematics from 
the time of Aristotle was on the decline, although we do see 
such important figures as Euclid, Menelaus, Ptolemy and Pappus 
continuing on until the third century A.D.

But "after the death of Pappus, Greek mathematics and in
deed European mathematics lay dormant for about a thousand 
years*"^ The Schoolmen of the Middle Ages paid little attention 
to mathematics as such, although they did know Euclid’s Geom
etry and some elementary arithmetic. To them, Euclid’s Elements 
had put the finishing touches on Geometry, and there was no more 
to be said about this branch of mathematics which they consider-

; ^ . ' v  ' V- 1 *

ed the chief branch. Even as late as Immanuel Kant (d*l804), 
Euclid was considered unassailable.3

2

^A.E. Taylor, Plato: The nan and His Work (New Yorks 
Meridian Books, 195&), "p. 5&?•

I •* *2Herbert Westren Turnbull, "The Great Mathematicians,"
The World of Mathematics, ed* James R* Newman (4 vols.j New 
York is 5imon ic Schuster, 1956), I, p. 117*

^"Kant, rightly perceiving that Euclid’s Propositions 
could not be deduced from Euclid’s axioms without the help of 
the figures, invented a theory of knowledge to account for 
this fact; and it accounted so successfully that, when the 
fact is shown to be a mere defect in Euclid, and not a result 
of the nature of geometrical reasoning. Kant’s theory also has 
to be abandoned." Bertrand Russell, "Mathematics and the Meta
physicians," The World of Mathematics. Ill, p. 15&9*



This attitude which regarded Geometry as a completed
science* deducing with absolute certainty all its results from
a few basic axio»s, was common at the time of the Scientific
Awakening in the sixteenth century*

The interest in external nature, which so frequently 
Revealed itself during the Middle Ages and Assumed 
such curious shapes, culminated in the scientific 
movement of which Leonardo da Vinci, Copernicus,
Galileq, Kepler and Newton are the chief representa
tives.1

These men are noted as pioneers of modern mathematics.
As a matter of fact, it is interesting to note the place 

da Vinci gives to mathematics (by which he means chiefly geom
etry in its deductive form presented by Euclid). He claims 
that

there is no certainty where one can neither apply any 
of the mathematical sciences or any of those which are 
based upon the mathematical sciences.*

And so we see that with the other sciences just beginning to
develop, mathematics was looked up to as the ideal science to
be emulated - at least in the aspect of completeness - by all
the others. To the men of the new sciences, if a thing was
"mathematically certain,” then it was as certain as it ever
could be.

At the same time as this awakening of the scientific 
spirit in Inquisitive minds, philosophy was descending to the

‘S'hilly and Wood, A History of Philosophy, p. 269.
2See Turnbull's article mentioned on page 2, Chapter V.
^Leonardo da Vinci, The Notebooks of Leonardo da Vinci, 

arr. & trans. Edward MacCurdy (New York: George feaziller, 
1956), p. 612.

3



depths of quibbling. Skeptics - notably Montaigne - arose to 
denounce this state of philosophy, claiming that if the only 
way to true knowledge was through petty hair-splittings, then 
true knowledge was ultimately unsttainable, if it existed,*

It was against this skeptical attitude that the first truly 
great mathematician of the madern era took his stand. RenS Des
cartes (1596 - 1650) was greatly disturbed by the skeptics* at
tacks on philosophy and determined to do something about it. 
Being a mathematician of great ability (he is the originator of 
Analytic Geometry), he naturally turned to mathematics, since

the widespread use of dialectical arguments supplied 
no adequate answer to the sceptical contention that 
strict knowledge is beyond our ability to attain.2
Descartes had been highly successful in converting geom

etry into algebra. Impressed by the certainty achieved in the 
treatment of geometrical problems by the algebraic method, he 
determined to apply this successful method in turn to other 
branches of knowledge. Although well-meaning, his attempt 
turned out to be the opening of a Pandora’s Box which has 
plagued modern thought even up to the present day.

But the importance of Descartes* attempt cannot be mini
mized when it comes to the scientific attitude he set up, He 
established the milieu which is still flourishing. The theory 
that mathematical argument is the surest, that true certitude

*See James Collins. A History of Modern European Philosophy 
(Milwaukee: The Bruce K.bliihing Co., 1954J , PP- •

2Ibid., p. 145.



is actually mathematical certitude, and that therefore the best 
method is that of mathematics, has dominated the intervening 
centuries in the field of philosophy as well as science* Take 
for instance the present emphasis on statistics in education*
The educator today depends on the statistical results obtain
ed from intelligence tests and grade curves, often ignoring 
the facts of poor sampling or uneven distribution.^ Still more 
obvious is the empiricist emphasis on all things measurable 
and subject to mathematical laws.

This mathematical milieu of Cartesian origin has gone far 
beyond his Analytic Geometry, until today we are presented 
with a great superstructure following in his spirit but sur
passing even his genius. The modern mathematician has left 
geometry, and has advanced to the mathematical infinite, to 
calculating with matrices and to manipulating complicated fields. 
Yet even the present day geometers have pushed beyond the Euclid 
of Descartes* time, devising non-Euclidean geometries and defy- : 
Ing some of the basic axioms of the Elements* They present us 
with fantastic, yet mathematically correct theories of hyper
bolic and elliptical geometries*2

Isee, for Example, the discussion of the grade curve based 
on the "mathematical law of chance" in Nelson L* Bossing, 
Teaching in Secondary Schools (3rd ed*; Boston: Houghtonw M l S * G o . 253289,

2The hyperbolic theory "was discovered * * * almost simul-' 
taneously, but independently by the Russian N*I* Lobatschefskij, 
and by the Hungarian J* Bolyai. Later, Riemann developed*’the 
elliptical theory. Carl G. Hempelj "Geometry and Empirical 
Science," The Ivor Id of Mat heraa tics* III, p* 1639*

5



6
But mathematics has completed a cycle. The subject of the 

infinite brings the mathematician rushing back to the founda
tions of his science; for paradoxes have been discovered in the 
treatment of certain aspects of the Theory of Aggregates, alr 
though all the reasoning involved is apparently correct from 
(mathematically) true premises.*

And so the problem - an age-old one - has reappeared* Just 
what exactly is mathematics? What are its foundations, and 
what is its subject matter? Mathematicians towards the end of 
the last century were becoming increasingly apprehensive about 
the "certainty" their science supposedly possessed, mainly be
cause of such questions. All was not well in the mathematical 
realm when paradoxes which could not be solved by old methods 
arose —  paradoxes which shook the structure of established 
mathematics from its very roots.

Paradoxes have been a disturbing feature of mathematics 
for over two thousand years. At first, "it was accepted with
out question that deductive reasoning, if properly applied, 
would never lead to inconsistencies."2 This serene assurance 
was rudely shattered and a lasting controversy initiated "with 
the intrusion of irrational numbers to disrupt the integral 
harmonies of the Pythagorean cosmos."3 This controversy rose

*A paradox is defined as a statement which is self
contradictory. See Webster’s New Collegiate Dictionary (Spring
field: G. & C. Merriam Co., l9*>i)f p.

2E. T. Bell, The Development of Mathematics, p. 511.
3lbld.



to special prominence during the latter part of the last cen
tury and has continued into the present ona. Simply stated, 
it revolves around the question:

Is the mathematical infinite a safe concept in math
ematical reasoning, safe in the sense that contradic
tions will not result from the use of this infinite 
subject to certain prescribed conditions?1
As a matter of fact, a plethora of paradoxes have plagued 

mathematicians fewrnj&ime of Zeno. Zeno's paradoxes are fami
liar to any student of logic. He argued that one will never 
get to the end of a race course because one can never start t 
For in order to go the distance, half the distance must be 
traversed; but first, half of that, and so on ad infinitum.
This and his other paradoxes are mainly concerned with the in- 
finite divisibility of space (or of a straight line), and are 
designed as an argument against the Pythagorean theory that 
points correspond to the number "1," have the minimum extension, 
and therefore are the indivisibles of which the continuum is 
composed.* After reducing this theory of the Pythagoreans to ■■ - ’ «
absurdity, Zeno left the positive side of the work he had begun 
to later mathematicians.

The Greek who solved Zeno's paradoxes in a mathematical 
fashion was Eudoxus (4G& - 355 B.C.), who "based his theory on 
the definition of 'same ratio.* . . .  The theory is expounded in

■̂Ibld.
2See Kenneth F. Dougherty, Cosmology: An Introduction to 

The Thomistic Philosophy of Nature (Pe'ekskill. Graymoor
Press, 195^), p.'4$.



Euclid*s Elements. Book V,"^ Eudoxus was a student of Plato.
r ' -r ii- Min in T 'l  " 9  " "  O'TSJf 9

one of the leading mathematicians of the times as well as a 
great philosopher, although the claim by the founder of the 
Academy fo mathematical fame is disputed by some,2 Apparently, 
Plato ana the whole school of mathematicians he collected at the 
Academy worked on the philosophy of mathematics: as a matter of 
fact, this preoccupation with mathematics is "characteristic of 
the school,^

One of Plato’s most important contributions to mathematics, 
according to Taylor, was his definition of number. Defining 
number in a way completely different from that in which the 
Pythagoreans did, he came surprisingly close to the definition 
common today. In defining number, Plato had recourse to a 
series or sequence,

I The statement that 3 s 2 / 1, which is the definition of 3, 
does not mean that 3 is ’a 2 and a 1,’ but that 3 is the 
term of the integer-serias which cores ’next after’
2* This Explains why there is no form of number /In Plato’s 
philosophyjjj/ The reason is that each ’number is itself a 
form, as was really implied in the Phaedo itself when Soc
rates spoke of ’the Number 2’ and ’the number 3’ as instances 
of what he meant by a form* Hence the ordered series of 
integers is not a form, it is a series of forms,"*

*E, T, Bell, The Development of Mathematics, p, 61,
2Ibidi, p* 53*
3A , E, Taylor, Plato: The Man and His Work, p, 503*
^Ibid,, p. 507, I disagree with Professor Taylor’s use of 

"series," To be correct, he should use the term "sequence," 
rather than "series," A series (l/2/3r4/««») t*10 sum or a 
sequence (1,2,3,4,,, *} •



Number, then, is the successor in a sequence* The sequence
in question is an infinite one —  here we have Plato dealing
with one of the first concepts of modern mathematicst

There is no end to the sequence of integers 1,2,3,4,«*.; 
for after any integer n has been reached we may write the 
next integer, n/1* We“express this property of the sequence 
of integers by saying that there are infinitely many 
integers* The sequence of integers represents the simplest 
and most natural example of the mathematical infinite which 
plays a dominant role in modern mathematics*1
This concept of the infinite which was hinted at by Plato

and his followers has remained to plague modern mathematicians
in its more refined forms, as we shall come to see when we treat

*

more fully of the paradoxes* These lay dormant, however, except 
for the ones raised by Zeno which were answered in several dif
ferent ways during the next centuries by philosophers and logic
ians. We shall go into greater detail on the modern paradoxes 
in Chapter II. It is sufficient for the moment to note that 
they began with true mathematics and real philosophy - with the 
Greeks* But they have remained to plague us even to this day 
and are with us in an ever disturbing increase.

But mathematicians haven't stood by while the very founda
tions of their science were being shaken; serious investigation 
into the foundations of mathematics has found its most definite

9

^Richard Courant and Herbert Robbins.-What is Mathematics? 
{New York: Oxford University Press, 1941), P. 9. For a com
plete treatment of Plato’s philosophy of mathematicsj and some of 
his contributions to the science, see Anders Wedberg, Plato's 
philosophy of Mathematics (Stockholm: Almquist & V’iksell, 1^55), 
p p . 116—22.



expression within the past hundred years. Three schools are at
* *

present prominent in the field! Logistics, Formalism, and Intui- 
tionism.

2, The Solutions

The first school, Logistics,^ holds that pure mathematics
is a branch of logic.

In other words, the propositions of mathematics are 
propositions of logic, they state relations between 
propositions whose content has been abstracted to 
leave only their form, shown by the logical constants 
and, or, etc.2

The most noted member of this school, and one of its founders,
is Bertrand Russell,

The second solution to the problem of the foundations and
actual nature of mathematics is that of the Formalists, These
claim that pure mathematics is the science of the formal struc-
ture of symbols. Formalists

• , , deny that mathematical concepts can be reduced 
to logical concepts and assert that the many diffi
culties of loric which beset the path of the logistic 
philosophies have nothing to do with mathematics.
They see in mathematics the science of the structure 
of objects,3

"Logistics” in this paper is used in the technical ref
erence Max Black employs in The Nature of Mathematics (London: 
Routledge & Kegan Paul, 1933*H According to Alonzo Church in 
the entry "Logistic" in The Dictionary of Philosophy, ed, Dag* 
obert D, Runes (New York: Philosophical Library, 1942), p.l&IL 
"The old use of the word logistic to mean the art of calculation, 
or common arithmetic, is now nearly obsolete, , , The modern use 

logistic (French logistique) is as a synonym for symbolic logic, , . The W®rd logistic has been employed by some with special reference to the Frege-Russell doctrine that mathematics
is reducible to logic, , which is the sense taken here,

* *■ .
2Max Black, The Nature of Mathematics. pp,7**&.
^Ibid,, p.3,



Finally, there is the Intuitionist school, according to 
which pure mathematics is founded on a basic intuition of the 
possibility of construction of a finite series of numbers*
While "the formalists lay the emphasis on symbolism, the Intui
tionist s” emphasize thought** For the Intuitionists, a thing 
is true in mathematics if and only if it is constructable*
They have denied the proof through reductio ad absurdum*

These three schools are the major thoughts on the founda
tions of mathematics today* While there are eclectics who draw 
sufficiently from each school so as to be able to shift position 
with eachdttack, the true work in the field is being done by 
the followers of Russell in the Logistics school, Hilbert and 
others in the Formalist thesis, and Brouwer And his disciples 
in the Intuitionist theory*

It should be noted that in the above enumeration of the 
different schools1 positions, "pure mathematics" was referred 
to* Alfred North Whitehead tells us that

«'• * the science of pure mathematics, in its modern 
developments, may claim to be the most original creation 
of the human spirit* * * * The originality of mathe
matics consists in the fact that in mathematical science 
connections between things are exhibited which. * • are 
extremely unobvious. Thus the ideas, now in the minds 
of contemporary mathematicians, lie very remote from any 
notions which can be immediately derived by perception 
through the senses. . . .nZ
It is important to keep this in mind, since the difference 

between pure or theoretical mathematics on the one hand, and

*Ibid., p.9«
2Alfred North Whitehead, "Mathematics as an Element in the 

History of Thought," The World of Mathematics. I, p.402.



applied or practical mathematics on the other, is most import
ant to modern mathematical theorists. The applied mathematician 
has actual facts to test his theories with; but according to 
these theorists, the pure mathematician has no such claim to 
reality.

3. The Scholastic Attituri?
♦

The nature of the problems posed by modern pure mathematic
ians and the results of the theories attempting to solve them 
are such that the modern Scholastic cannot afford to ignore this 
relatively new development in both science and philosophy. Schol 
astlc logic is being challenged by proponents of the "new, math
ematical" logics, and often with dire results to the Aristotelian 
school*

Scholastics have been too long in the realm of geometry, 
paying too little attention to the great strides made during the 
past hundred years towards a complete philosophy of mathematics; 
but one which claims to be totally divorced from the traditional 
teachings of the philosophia perennis.

Perhaps the reason for the neglect of a true philosophy of 
mathematics by Scholastics lies in their neglect of the second 
degree of abstraction. Too often irt9rested in arriving at the 
third and metaphysical degree of abstraction, they seldom con
cern themselves with the second or mathematical degree. Recently 
however, Scholastics have taken up the challenge posed by the



new mathematics, and work is being done especially to counter 
the wild claims of the mathematical logicians.^-

Having presented in a short and sketchy fashion the 
history of the development of the problem concerning the founda- 
tions of mathematics, and also an outline of the solutions of- 
fored by modern non-Scholastics as well as the position of the 
Scholastics in this situation, we will now proceed deal with 
each in greater detail. First, the problem.

Prominent Scholastics in the field are, for example, 
Jacques Maritain, Vincent E» Smith, T. Greenwood, Y* R, Simon 
and Maurice Meigne, to name a few.



CHAPTER II

THE PROBLEM

1. Mathematics and Logic

As the title of this paper indicates, we are going to 
consider the philosophical foundations of mathematics in the 
light of the Logistics taught by Bertrand Russell and his

*

followers. But in order to understand the whole situation, a 
few preliminary remarks on basic concepts involved are in order

a. Definition of Mathematics

"Mathematics" has been defined in several ways; here we
will treat of the three principal ones, beginning with the

0 ■>

traditional, Scholastic definition, and then proceeding to the 
modern one through the definition proposed by Pfciree.

To the traditional Scholastics, mathematics means "the
* *

sciences that deal with abstract quantity, numbers, measurement
0

and their many relationships."* The reader is referred, in the 
dictionary quoted, to "abstraction," where it is found that 
the second "mode" (second degree) of abstraction is

*

. . .  the abstraction, proper to mathematics (at least 
to arithmetic and Euclidean geometry), in which the 
mind disregards both signate and sensible matter, but

■I ........ ■ ■■■■-... —  ............ . I I I ' .  ... .

*

^Bernard Wuellner, S.J., Dictionary of Scholastic Philos
ophy (Milwaukee: The Bruce Publishing Co., 1956), p . 75.



15
retains intelligible matter while attaining to the con
cept of abstract quantity. Examples are the abstrac
tions which form our concepts of circle, plane, etc.1
This definition, then, in effect defines mathematics as 

the science of abstract quantity. However, this viewpoint 
has been modified somewhat by Vincent Smith, who points out 
that it is not mere abstract quantity that is considered by

; >
mathematics. Indeed,

• • . mathematics can no more be defined as the science 
of quantity than the philosophy of nature can be termed 
the science of motion, unless we are speaking in some 
loose and unanalyzed sense. In the physical order, 
there is the science of mobile being, and mathematics 
deals with quantified being.2

And so a clear statement of the Scholastic definition of math
ematics would be that it is the science which studies quanti
fied being, or quantified substance.3*

This definition of mathematics has been challenged as be
ing unclear and incorrect. C. S. Peirce states that

s o*It was Benjamin Peirce, whose/jl boast myself, that 
in 1S70 first defined mathematics as *the science which 
draws necessary conclusions.**

^•Ibid., p. 2.
Vincent Edward Smith, St. Thomas on the Object of Geometry 

("The Aquinas Lecture, 1953"; Milwaukee: Marquette University 
Press, 1954), p* 23.

^The first - "quantified being" - is to be preferred, since 
it extends to a wider range of endeavor, and could Include both 
logical and real beings.

M*he quotation from the father is taken from "Linear Assoc* 
iative Algebra," sec* 1, in the American Journal of Mathematics. 
IV (1631), and is reported by Charles Sanders Peirce in "The fes- 
sence of Mathematics," The World of Mathematics. Ill, p. 1773*



Peirce goes on to explain that "mathematics is the study of 
what is true of hypothetical states of things* That is its 
essence and definition*”1

Obviously, this definition differs considerably from that 
given by Scholastics. As a matter of fact, it approaches danger- 
ously close to a definition of logic. Peirce seems to recognize

*

this, but he drives recklessly ahead, claiming that "every apo-
dictic inference is, strictly speaking, mathematics."2 It would
appear, then, that any science which contains certainty —  absol-
ute certainty —  would oorae under the heading of mathematics.
While he does retreat somewhat tentatively, explaining that the
other sciences (especially logic) have their "proper concern"
with "truths beyond the purview” of mathematics, nevertheless
the impression remains that he means to include even metaphysics
within the realm of mathematics. Truly, this is an inversion
of values expressive of a general atmosphere of thought which
is not conducive to correct conclusions.

This stand has been modified by mathematicians after
Peirce. Alfred North Whitehead reports that

* * . on the assumption that 'mathematics* is to denote 
a science well marked out by its subject matter and its 
methods, and that at least it is to include all topics 
habitually assigned to it, ’mathematics’ is employed in

^Peirce, "The Essence of Mathematics,” The World of Mathe
matics. Ill, p. 1775.

2Ibid., p. 1776.



the general sense of the * science concerned with the 
logical deduction of consequences from the general 
premises of all reasoning,*1

In a footnote Professor Whitehaed rightly credits Peirce with 
the first part od the definition, but notes that the second 
half - namely, "from the general premises of all reasoning" - 
is left unexpressed by Peirce* It is due to Bertrand Russell 
that this second half of the classical-modern definition of 
mathematics has come into usage. As a matter of fact, "the 
full expression of the idea and its development into a philos
ophy of mathematics is due to Russell,"2

And so we are presented with two completely different 
points of view as to just what mathematics is. The Scholastics 
emphasize its object, the Logisticians stress its method. This 
difference of approach is also shown in the concept of just 
what Logic is, according to the two schools,

b. Definition of Logic

Scholastics define logic as "the art of* science of reason
ing,"^ Or, in a somewhat enlarged manner,

Logic is the science of those principles, laws and meth
ods which the mind of man in its thinking must follow for 
the accurate and secure attainment of truth,*

^Alfred North Whitehead, "The Nature of Mathematics,” 
Bncvclopoedia Britannica. 1945 edition, Vol, 15, p« #7*

2Ibid.
^Wuellner, Dictionary of Scholastic Philosophy, p, 71,

^Celestine N, Bittle, The Science of Correct Thinking: 
Logic (Milwaukee: The Bruce Publishing Co,, 19!>0), p, 13#



As the title of Father Bittle*s book suggests, to the Schol-
' 0

astic,Logic is mainly the science of correct thinking* It is
not strictly part of philosophy, but a pre-requisite for any
correct thinking - philosophical, mathematical, scientific,
etc* As Professor Van Steenberghen puts it:

/Ea logique7 constitue une sorte de methodologie general# 
ae la demonstration scientifique etj 3 ce titre, elle est 
1*instrument de toutes les sciences, comme le pensait 
Saint Thomas.1
And, indeed, as Saint Thomas has stated:
Oportet in addiscendo incipere a logica, non quia ipsa 
sit facilior scientlis ceteris; . . .  sed quia aliae 
scientiae ab ipsa dependent, inquantum ipsa docet modum 
procedendi in omnibus scientiis.2
Since "la logique a pour mission de determiner les lois

generales du discours,"3 it has a very positive approach and
definite content in Scholasticism.

En realite, la logique est une discipline normative; 
elle n ’6tudie pas l’ordre que rJsalisent, en fait, les 
sciences, mais elle determine les regies qui sfimposent 
5 la raison discursive et qui commandent la developpe- 

ment des sciences.*
Its content, not being that of the sciences, nevertheless deter
mines scientific content, calling it back to the facts and assur
ing us that we are reasoning correctly, and not just hypothe
sizing fact where all we have is fiction, or at most probability.

3-Fernand Van Steenberghen, Kpistemologie (Louvain, Belgium: 
Publications Universitaires de Louvain, l$5o), p. 251.

2St. Thomas Aquinas, Super Boethlum de Trinitate. qu. 6, 
art. 1, ad 3m.

^Van Steenberghen, Epistemolo.p:ie. p. 250.
4Ibid., p* 251.



This concept of logic as containing something - having a 
content which is normative for all other sciences - is not 
actually denied by modern non-Scholastics; it is, rather, side
stepped* Typical of too many moderns, G. West Churchman com- 
pletely omits a strict definition of logic in his text, Elements 
of Logic and Formal Science, and only intimates what he actu- 
ally means by logic on page 132, almost half-way through the 
book I1 This reticence to commit themselves is prevalent with 
most mathematical-logicians*

The general notion of logic to these non-Scholastics is 
one of formalism: they have termed theirs a "formal logic" 
solely, and eventually define it as follows:

/Formal logic/ investigates the structure of proposi
tions and of deductive reasoning by a method which ab
stracts from the content of propositions which come 
under consideration and deals only with their logical 
form,2

Laying such stress on form, it finally reduces to a mere mani
pulation of symbols, so that "it is • • • necessary to intro
duce a special logical language, or symbolic notation*"3 In

4

other words, to be sure we are logically consistent, we must 
translate our assertions into symbolic notation and discern 
whether our symbols are manipulated correctly* Thus logic is

^See C* West Churchman, Elements of Logic and Formal 
Science (Philadelphia: J* B* Lippincott Co*, 1940)*

2Alonzo Church, "Logic, formal," The Dictionary of Phil
osophy. p* 170* The italics are his*

^Ibid* "Symbolic Logic" is the expression of Formal Logic 
in symbols*



Reduced to a set of rules for playing a game - a facility of 
manipulation - with no positive, constructive aspect*

4.

Emphasizing the formal element over the normative, modern 
non-Scholastics have narrowed the meaning of logic to where it 
is a mere mechanical manipulation and no longer a means of cor
rect thinking valid for even the un-skilled* Theirs is an art
ificial system, while that based on Aristotle’s Organon is 
natural to man.

c. Logic and Mathematics

It is no wonder, then, that the mathematical-logicians 
have made the obvious connection between mathematics and 
logic. Some say that logic is mathematics;^ others claim that 
mathematics is only a branch of logic.2 But either way you 
look at it, mathematics and logic have become unified to these

•...» ■■ '.i . '"  ■■f :'r V. ' *

logicians. Mathematics manipulates symbols; so does their 
logic. Mathematics is no longer concerned with the actual ex
istence of the results of its manipulations, but only that 
these manipulations of symbols be self-consistent. Symbolic

^Notable here are such men as Sir Edmnnd Whittaker, who 
stated in the September, 1950 issue of Scientific American 
that "since the publication of the Principia/‘firincipia 
. athematica by Whitehead and Russell/, logic has been widely 
regarded as a member of the group of the mathematical sciences." 
"Mathematics," pp. 40-42.

2This is the Logistic thesis, which (despite Sir Whittaker) 
Russell and Whitehead proposed in the Principia.



logic likewise is concerned only with consistency*^
The distinguishing characteristics of mathematical or 

symbolic logic have come to be an exclusion of psychological 
inquiries; the application of logic to logic itself; and 
formalism* By excluding psychological inquiries, it becomes
the analysis of the correctness of purely formal logical laws.

f
Logic is applied to logic itself to deduce - in the strictest 
way - logical laws which use the smallest possible number of
principles or axioms* Finally, a formalism which completely< .
transcends from any meaning which might be attached to the 
symbols is used during the manipulations with the symbols, so 
that theoretically no "prejudice" should interfere with the 
logical consistency dependent upon the correct use of the

Osymbolism.
" There are some very definite advantages to using the sym

bolism, for both the mathematician and the logician. For 
example, the complicated yet very important concept of mathe
matical induction can be condensed to one line of symbolism 
froa t)ui laftgtiqr, involved and dlfficult-to^&lltiir wording:
... .... -.. ....—  ■■ —

1 ’ H  *"h'.i* : * * ■ ' See John E* Pfeiffer, "Symbolic Logic," Scientific Ameri
can* December, 1950, pp* 22-24* The sub-head of the article 
quoted states that Symbolic Logic "is a language that manipu
lates ideas as algebi*a manipulates numbers,* It has been applied 
with notable success to practical problems requiring unusually 
prtcise and economical reasoning*"

2See I* M* Bochenski, Contemporary European Philosophy, 
trans* Donald Nicholl and Karl Aschenbrenner (Berkeley:uni
versity of California Press, 1956), p* 253*
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(in words):
Suppose that a)|by some mathematical argument) it is 
shown that if r is any integer and if the assertion Ar 
is known to be true then the truth of the assertion 
kr/l will follow, and that b) the first proposition A^
is to be true. Then all the propositions of the *

But this convenience doesn’t necessarily destroy the 
validity of syllogistic reasoning. Rather, it would seem 
really to enhance the beauty of the syllogism and the genius 
of Aristotle, who came up with a concise mode of reasoning 
which has proved valid even to this day, and upon which sym
bolic logic is actually based*’

Symbolic logic has become increasingly important. Its
. *

development has been mainly by mathematicians, but logicians 
have been incorporating it into their studies until now it is

2James R, Newman, ’’Commentary on Symbolic Logic , , ,," 
The. World of mathematics. Ill, p, 1353*

^While this is still controverted - even among Scholas
tics - those defending the unity of Logic seem to have made 
their point. See T. Greenwood, "The Unity of Logic," Thomist, 
October, 1945* pp. 457-70; the reply by H. Veatch, "Aristote
lian and Mathematical Logic," Thomist, January, 1950, pp. 50~ 
96; and the final word by John J, !5oyle, "John of St. Thomas 
and Mathematical Logic," New Scholasticism. January 1953* 
pp. 3-38.

sequence must be true, and A is proved.-*- 
(in symbols):

f(0) : n,f(n) 0 f(n/l) : . 0  , (n) f (n).2

^Courant and Robbins, What is Mathematics?* p, 11,



an indispensable part of any logic course* And, as we shall 
see, it is becoming an indispensable part of any complete 
study of mathematics as well*

2* History of the Problem

Now that the ground has been prepared for an investigation 
into the problem facing the modern mathematician as to the 
consistency of his science, we shall look into the gradual dev
elopment of the problem itself.

The structure of modern mathematics has been constructed 
by the efforts of many men over several centuries. Beginning, 
as was mentioned above,1 with Descartes and his synthesis of 
geometry and algebra, the emphasis has been tending towards a 
greater use of symbols, with references held to a minimum.
But while Descartes was fascinated with the idea of applying 
the algebraic method to all science, Leibnitz (1646 - 1716) 
dreamed of the day when algebra itself would be the scien
tific method. His first imaginings on this subject were

#

written down in an essay entitled De arte combinatoria. which 
stands as "the historical source of both symbolic logic and 
mathematical logic."2 But -axihough Leibnitz attempted to

^Se® supra. Chapter I, pp. 3-4.
*

2Bell, De vej. opment ofMathema tics, p. 516. What the dif
ference is between "symbolic logic" and "mathematical logic"* 
is not made clear; I prefer to treat them as the same thing, 
and have used the two terms interchangeably in this paper*



construct a "calculus of reasoning,"1 the real credit for tfcr 
laying of the cornerstone and basic foundations of symbolic 
logic goes to the English mathematician and logician, George 
Boole (1815 - 1864). *

In a history-making pamphlet of eighty-two pages,2 Boole
first presented his theories; but it was in 1854 that he gave
final expression to what is now called Boolean Algebra in his
masterpiece, The Laws of Thought.3 Boole’s system is based
on the two symbols "0" and "1," and is an attempt to construct
an "algebra of cl a s se s. Alt hou gh  a purely mathematical
system greatly resembling the modern theories of Set and Field,
Boolean Algebra is in reality the first symbolic logic.

The manipulations of Boolean algebra can be used to 
formalize the processes of elementary reasoning . . .
/as well as7 applied to the manipulation of complicated 
verbal conditions, such as those arising in some types 
of insurance policies,5
Following Boole’s breakthrough, DeMorgan in England and 

C. S. Peirce in the United States made further contributions

24

4bid.
^?he_ ej^t i ca 1_ A na ljy s jsof _ Logl c, Ite ing. an, .Es saj^ Toya£d, 

a Calculus of Deductive Reasoning 1847 A.DV
more precisely, An Investigation into the Laws of 

Ion Which are Founded the Mathematical Theories of Log;ic

KSee Churchman, Elements of Logic and Formal Science, 
p. 246.

*

^Garrett Birkhoff and Saunders MacLane. A Survey of Modern 
Algebra (New York: The Macmillan Co., 1953J• P« 3V?.
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to the development of symbolic logic, basing much of their 
work on Boolean Algebra# For instance, Peirce developed the 
first

*

matrix-method (truth tables) in mathematical logic, 
where the usual "values" are 0 ("falsity"), 1 ("truth") 
in a two-valued logic# • •
Deviation from the Boolean tradition began in the 1&70*s,

when MacColl "all but hit upon the concept of a propositional
2function#" And the Boolean trend itself came to an enc, in 

a sense, "in 1905 with the completion of # # # Vorlesungen 
ueber die Algebra der loftlk."^ which was the final and thor
ough presentation of symbolic logic as it existed at the turn 
of the century, compiled by the eminent German, F#W#K#E# 
Schroeder*

The scene now shifts to Italy, where Frege and Peano were 
working with a different symbolism and an advanced postula- 
tional analysis, which form the basis for modern theories in 
mathematical or symbolic logic* The work of these two mathe-

9

maticians was taken up by Russell and Whitehead, who produced 
the monumental standard work for all of mathematical logic, 
Principia Mathematical  This attempt to prove by actual con
struction that mathematics is a part of logic will always

^First Edition, 1910; second edition, 1925; both publish
ed by the Cambridge University Press*

Bell, Development of Mathematics, p. 519*
2Ibid., p. 520.
3Ibid., p. 521.



stand as a monument to the use of symbols, although its suc
cess with regard to the authors* purpose is still in doubt*

We will discuss the relative merits of the Principia in 
the succeeding chapters* The question at hand is the reason

■ ’• V
for this increased interest in symbolic logic and the whole 
field of the foundations of mathematics* This reason lies in 
the above-mentioned paradoxes*■*•

The development of the importance of logical paradoxes 
in mathematics is indeed an interesting point and one which 
we must consider* The basic concern lies within the founda
tions of mathematics! here, when paradoxes arise, they affect

#

the whole of the superstructure. The paradoxes here, there
fore, must be answered in order to be sure that the whole of 
modern mathematics - as it is conceived in its "formal” sense - 
is valid*

No proposition of mathematics is considered to be esta-
*

blished until it has been proved: i.e*, logically deduced 
from previously established propositions* So the question 
arises, what is the primary, un-deduced proposition upon which 
all of mathematics stands? "What are the fundamental assump
tions or axioms from which all the propositions of this sub
ject can be deduced?"2

^See supra. Chapter I, pp. &-?*
2Frank Ramsey, "Foundations of Mathematics," Encyclopoedia 

Brltannica. 1945 edition, Vol. 15, p* 82*

26
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Beginning with the simplest and closest to reality, 

Euclidean Geometry, the problem has been solved. "It is 
found that all geometrical terras . . .  can be defined in terms 
of a few indefinables. . . .  and all the propositions of geom
etry can be deduced from a relatively small number of axioms 
about these indefinables."1

But where is the basis for these "indefinables"? Des
cartes solved this long ago with his analytic geometry. The 
basis for the indefinables and the axioms pertaining to them 
lies in "the real numbers of algebra."*

However, the axioms of real number theory must themselves 
be proved in order for geometry to stand. Their foundation is 
found in the field of natural numbers, which includes real and 
imaginary numbers. Peano has laid down a system of axioms for 
natural numbers which contains only three undefined terms: 
"number," "zero," and "successor." However, there is no 
simpler branch of mathematics which we can appeal to for proof 
of Peano’s axioms.

Apart from this difficulty of runni;^ out of branches of 
mathematics to use,

there is a further reason for being dissatisfied with 
the axiomatic treatment of natural numbers. For if we 
adopt it, we shall be meaning by "numbers" any things 
that satisfy these axioms; whereas, in fact, there seems 
to be one definite meaning of number.’

^bid.
2Ibid., p. S3 
3Ibid.



This is the meaning attached to the number atop this page, or 
to the number ”2" I use when referring to the two cents in ray

*

pocket* These numbers definitely mean something, and are not 
just "things” that satisfy certain axioms*

Furthermore, the mathematician uses this meaning for 
"number" in his own calculations* When he says he has two mat
rices, he means the same ”2” as I do when I speak of the two 
cents in my pocket. So, the mathematician must explain this 
use of number.

We are therefore led to Cardinal numbers, which answer 
the question ”how many?” The Cardinal numbers bring us to 
logic, and belong to the terms we use in any sort of reason
ing (like "all," "some,” ”not,” ”or,” ”class,” and "relation”). 
Frege has shown they can be defined in terms of these simpler, 
logical notions* So Cardinal numbers depend on’Yormal logic.”A 

But having arrived at the much-touted formal logic, the 
mathematicians found new problems awaiting them, While their 
mathematics remained sucure as long as the logic to which they 
had reduced it remained secure, they found themselves faced 
with the awful prospect of that logic having something wrong 
with it. For when they cams to discuss the theory of aggre
gates in formal-logical fashion, various disconcerting para
doxes arose to plague their efforts.

^Ibid. Most of the above discussion showing the gradual 
progression to logic is from this source.
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"Perhaps the greatest paradox of all is that there are

paradoxes in mathematics."J 
three types at that.

But paradoxes there are, and of

There are contradictory and absurd propositions, which 
arise from fallacious reasoning. There are theorems 
which seem strange and incredible, but which, because 
they are logically unassailable, must be accepted. . . . 
The third and most important class consists of those 
logical paradoxes which arise in connection with the 
theory of aggregates.2
Kasner and Newman give a good example of a logical para

dox, one of the third kind mentioned above and one which di
rectly concerns our subject. I will quote it in full.

Using the word class in the customary sense, we can 
say that there are classes made up of tables, books, 
peoples, numbers, functions, ideas, etc. The class, 
for instance, of all the Presidents of the United 
States has for its members every person, living or 
dead, who was ever President of the United States. 
Everything in the world other than a person who was 
or is a President of the United States, including 
the concept of the class itself, is not a member of 
this class. This, then, is an example of a class 
which is not a member of itself. . . .
Now, if we consider a class as a concept, then the 
class of all concepts in the world is itself a con
cept, and thus is a class which is a member of itself. 
Bearing this distinction in mind, ws may divide all 
classes into two types: those which are member of 
themselves, am}ihose which are not members of them
selves. Indeed, we may form a class which is composed 
of all those classes which are not members of them
selves. The question is presented: is this class 
(composed of all those classes which are not members 
of themselves) a member of itself, or not? Either 
an affirmative or a negative answer involves us in a

1Edward Kasner and James Newman, Mathematics and the 
Imagination (New York: Simon & Schuster, 194&), p. 19^.

2Ibid., p. 194.



hopeless contradiction. If the class in question 
is a member of itself, it ought not be by defini
tion, for it should contain only those classes 
which are not members of themselves. But if it 
is not a member of itself, it ought to be a member 
of Itself for the same reason.^
Such is a logical paradox. It questions the validity of 

mathematics, of logical reasoning as we know it, and of the 
methods of mathematics as we know them. It poses serious 
problems for both the mathematician and the logician. In 
short, it demands an explanation.

3. The Problem Stated

The paradoxes have questioned the validity of mathematics 
and logic; the basic foundations for both are under such sus
picion that an answer roust be found. But first, the problem 
has to be formulated so that an intelligent and comprehensive 
attack can be made, and an inclusive solution formed.

And so, we state the problem:
Is it not possible to discover for logic a sound founda
tion that will at the same time serve as a foundation 
for mathematics as a whole and thus render unnecessary 
(and strictly impossible) separate foundations?^
And now we proceed to the answer produced in the Principia

and, indeed, upheld by all Logistics.

^bid., pp. 216-18.
C. J. Keyser, Review of Principia ftlathematica in Science 

N.S.. January 19, 1912, pp. 106-110,



CHAPTER III

ONE SOLUTION 

LOGISTICS

The problem has been stated, Now an answer must be 
found to provide a satisfactory basis for mathematics as well 
as for logic* The solution Logistics provides places the two 
together, and through the proper manipulation of symbols at
tempts to show a strict consistency in the development of 
both* Using certain axioms - some inductive, others pragmatic - 
it attempts to derive the whole of mathematics and logic. This 
is quite an undertaking; yet, with one book, the Logisticians 
claim to have accomplished it in broad detail, with minor dif
ficulties being worked out as they arise*

1. Prlncipia Mathematica

The actual construction or deduction of all of mathe
matics and logic from a few indefinables was undertaken in

• _ -4

the three-volume tome, Principia Mathematica. by Bertrand 
Russell and Alfred North Whitehead. Theirs is a three-fold 
purpose, as stated in the Introduction to the First Edition:

In the first place, it aims at effecting the 
greatest possible analysis of the ideas with which it 
deals and of the processes by which it conducts demon
strations, and at diminishing to the utmost the number 
of undefined ideas and undemonstrated propositions. . .



from which it starts* In the second place, it is 
framed with a view to the perfectly precise expressiont 
in its symbols, of mathematical propositions* * * * In 
the third place, the system is specially framed to 
solve the paradoxes which, in recent years, have troubled 
students of symbolic logic and the theory of aggregates1
As the authors avow in their first purpose, the Principia 

is designed for "the complete enumeration of all the ideas and 
steps in reasoning employed in mathematics,"''5 including those 
of logic, This attempt is a dirett outgrowth of the doctrine 
proposed by Russell in an earlier work, namely "that mathe
matics and logic are i d e n t i c a l T h i s  book had two main 
objects*

the proof that all pure mathematics deals exclusively 
with concepts definable in terms of a very small num
ber of fundamental logical concepts; • • • and the ex
planation of the fundamental concepts which mathematics 
accepts as undefinable*^

But as he delved more deeply into the subject, and gained the 
collaboration of Professor Whitehead, Russell became convinced 
that it was necessary to write a book independent of The Princi
ples. ̂

V.tv
And so Principia. the actual effecting of the plan pro-

. * *
posed in The Principles, was written. A complicated book,

Russell and Whitehead, Principia Mathematica (2nd ed*j 
3 ‘vols*; Cambridge, England: Cambridge University Press, 1925),
I, p* 1* Cited hereafter as Principia,

4

2Ibid., pp. 2-3.
*

^Russell, The Principles of Mathematics (2nd ed.; New York:
W* W* Norton & bo., 1S#8), p*v. Cited Hereafter as The Principles.

^Ibid*, p. xv.
^See "Preface" to Principia. p. v*



the Prlncipia follows Peano*s system of symbols and is based 
on a program of cross-references,1 It sets out to prove that

it is possible to discover a small number of ideas 
(to be called primitive ideas) such that all the 
other ideas in logic (Including mathematics) shall 
be definable in terms of them, and a small number 
of propositions (to be called primitive propositions) 
such that all other propositions in logic (including 
mathematics) can be demonstrated by means of them,2

And it supposes to prove it by a constructive proof, which is
the only one possible since any other type would suppose the
development-in-fact of logic (which it is gfring to derive and
develop I)«

The Principia contains many divisions expounding several 
important theories which are technical points required for 
the carrying out of the work*s purpose. Most of these are be
yond the limited scope of this papBr* What is important to
note besides the actual attempt to construct all of logic and

¥

mathematics from certain primitive ideas and propositions, is 
one major point which has stirred up quite a controversy.
This major point of the Prlncipia system is Russell’s Theory 
of Types and the concomitant Axiom of Reducibility*3

33

■̂This elaborate dependence of one proposition on another 
is the chief reason for the decision to leave the text of 
Principia unchanged when the second edition was published*
See Bussell’s "Introduction to the Second Edition," p. xiii*

- "’ « *2Keyser, Review of Principia, Science N. S., Jan* 19,
1912.

3Whitehead gives Russell complete credit for the devel
opment and first statement of the theory of types* See 
Whitehead’s article, "The Nature of Mathematics," in Ency- 
clopoedla Britannica. 1945 edition, vol* 15, p* $7*



jAf Theory of Types Is introduced to maintain the security 
of the foundations of mathematics against the attacks posed 
by the paradoxes discussed above. It concerns itself with 
the proper "arguments" for proposition*!. functions, restrict- 
ing them so that no function can be an argument for itself 
(for such a function would therefore be considered meaning
less) *

By a "propositional function" he me»ts "a statement
/F(xj7 containing a variable x such that it becomes a propo-

—v' osition when x is given any fixed determined meaning."*' A
Sgltpropositional function differs from a proposition in that it 

makes no assertion at all due to the ambiguity of x* "Thus 
fx is hurt’ really makes no assertion at all, till we have 
settled who x is."3 Russell goes on to show that actually,
"x is hurt" is only an ambiguous value Of the propositional

m m  •}

function, "x is hurt," since "x" retains some individuality 
even it its ambiguity, while "x" is defined as being totally 
ambiguous.

More generally, f(x) is an ambiguous value of the 
propositional function f(3T), and whan a definite 
signification a is substituted for x, f(a) is an 
unambiguous value of f(x)

In mathematics, "argument" is defined as "one of the 
independent variables upon whose value that of a function 
depends." Webster’s New Collegiate Dictionary, p. 47*

2Russell and Whitehead, Principia. p. 14# I have sub
stituted a slightly different symbolish for function, using 
Latin letters for the Greek ones used in Principia.

3Ibid.



What does all this mean? Well, in a simplified sort of
*

way, we can express it as follows. A propositional function 

is a very general stateraent, part of which is a variable. In 

the above example, "x" is the argument of the propositional 

functions it is the completely ambiguous variable which can 

be replaced in a specific form of the propositional function 

by "x." Thereby we obtain the Individual function, "x is 

hurt.” This x is a group of possible arguments, such as 

"John," "Jim," "the man," etc. All of these members of the 

group (or class) symbolized by x have something in common 

(in this case, they are all men). There could also be a "£"
*

which could satisfy the general propositional function, dif

ferent from x. For instance, £ could be composed of "dog,"
*  • •

"cat," "mouse," "elephant," etc. These differ from the mem

bers of x and yet all can legitimately be classed together*
; ' 'f.'

tftien a member cf x (or 2) is substituted into the general

propositional function, we come up with an unambiguous value;

for example, "John is hurt."

Russell is concerned with the proper arguments for the

propositional function. ’A’hile "fx is hurt* is hurt" sounds

like some sort of nonsense, other propositional functions

seem perfectly sensible when made their own argument. For

instance, the paradox given above seems to make perfect sense

when we state:

consider a class which is composed of all those 
classes which are not members of themselves.



The question is presented: -is this class • . . 
a member of itself, or

It is right here that the paradox becomes apparent; yet 

the foundations for it were l»1,d a few sentences before, when 

we considered a class as a concept, and claimed that "the 

class of all concepts • • • is itself a concept, and thus is 

a class which is a member of itself," Here we made it pos

sible for a class (or a special propositional function) to be 

a member of itself. The trouble, according to Russell, ob

viously lies in the illegitimacy of the "argument" (i.e*, the 

argument of the function).

The Theory of Types holds that a class cannot be a member 

of itself, and that any function which has itself for an ar

gument is meaningless, since the argument is of a different 

"type" or rank than the function. Thus there is established 

an hierarchy of types, which must be explained.

To begin with, we define an "apparent variable" as a 

variable which occurs

when something is asserted or denied about all pos
sible values of a variable. • . • Propositional func
tions whose values o not contain apparent variables 
are the source of propositions containing apparent 
variables, in the sense in which the function f(3[) 
is the source cf the proposition (x),fx»

If the propositions! function in question does happen to

contain an apparent variable, it can be transformed into

■4 *

■̂See supra, Chapter II, pp. 2i-30.

2Principia. p. 50.



another function - called a "matrix" - which does not contain

an apparent variable**

It is thus plain that all possible propositions snd 
functions are obtainable from matrices by the pro
cess of turning the arguments to the matrlces into 
apparent variables. In order to divide our proposi
tions and functions into types, we shall, therefore, 
start from matrices. . • •

In this dividing, an important concept is that of an
V. * ' ' - ; * 9 .

"individual," which is an object which is neither a proposi

tion nor a function* Using individuals we can arrive at a 

"collection of functions of x, characterized by the fact that 

they involve no variables except individuals" and called 

"first-order functions.

First-order functions can be combined to make "second- 

order matrices" which have first-order functions or indivi

duals as their arguments. From these second-order matrices; 

second-order functions can be produced* And so a hierarchy
-

of matrices and corresponding functions can be constructed, 

each higher one containing all the lower functions as pos- 

sible arguments, but none of which are members of the order 

of the arguments.

Russell doesn’t state explicitly why a propositional func
tion containing an apparent variable cannot be the source of a 
proposition containing one, but it would seem that the answer 
lies in the nature of an apparent variable. A propositional 
function containing an apparent variable would thereby be tied 
up with a statement about v1all x” or "some (indeterminate) xn 
and could not serve as a reliable source; whereas one without an 
apparent variable would not be so involved, and could be a sim
ple source for the kind of proposition in question*

•t

2Principia. p* 51*

3Ibid*



This hierarchy of types places a limitation upon the abil

ity to generalize with such phrases as "all propositions,” or 

"all functions," etc. For unless these generalized statements 

are applied within one type, or some well-defined and completed 

set of types, they will be meaningless*

But this raises a difficulty in several areas, not the 

least of which is how to define identity* For if a statement 

(proposition) is meaningless if it has an argument of the same 

order or type as itself, how is it possible to have identity 

(which can only exist within the came type, yet which amounts 

to making a proposition its own argument, or at least the ar-
*

gument of a proposition of the same Hype*)? So,

if mathematics is to be possible, it is absolutely 
necessary that we should have some method of making 
statements which will usually be equivalent to what 
we have in mind when we (inaccurately) speak of 
"all properties of x." • • • Hence we must find, if 
possible, some method of reducing the order of a 
propositional function without affecting the truth 
or falsehood of its values.1

This method is found in the questioned "Axiom of Reduci- 

2bility," which states that "any property of an object belongs 

to the same collection of objects as those that possess some 

predicate."3 In other words, "any function of one argument or

•̂ Principia. p. 166.
2
This axiom is questioned by most serious observers, and 

even by Russellhimself in the Introduction to the Second Edi
tion. There he blandly states that it is "one point in regard 
to which improvement is obviously desirable /because/ it is not 
the sort of axiom with which we can rest content." Principia. 
p. xiv*

3Principia. pp. 56-57*



of two is formally equivalent to a predicative function of 

the same argument or arguments.*^ Hussell obviously would 

like to get rid of this axioffi, but without it or something 

so similar that it might just as well be the same thing, he 

is unable to define satisfactorily the notions of identity 

or to solve completely the paradoxes that arise in the 

theory of classes*

This is one of the defects in the Principia which 

subsequent Logisticians have tried to remedy, F, P. Ramsey

tried to eliminate altogether the need for an axiom of
2

reducibility in the logistic structure. However, to do 

this he had to assert the existence of an actual mathematical 

infinite - a thing which is a contradiction in term3,

H, Weyl has also proposed a system for eliminating the 

axiom of reducibility or any similar axiom. Unfortunately, 

this system ruled out the important theories concerning the 

Dedekind Section, which to modern mathematicians is essential 

in the mathematical continuum.3 According to Russell, 

similar results come from Dr. Leon Chwistek’s attempt to

llbid., p. 167.
2
See Black, The Nature of Mathematics, p. 119.

3Ibid., p. 12#. It is interesting to note that Ramsey 
levels the same charge at Russell’s Theory of Types, saying 
that it would be a valid objection against the Theory were 
it not for the Axiom of Reducibility. See Ramsey’s article, 
"Foundations of Mathematics,” Brltannlca. 1945 edition, 
vol. 15, PP* £2-84*
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do the same thihg*

One view which Russell seemed to regard as promising

was that advanced by Wittgenstein in his Tractatus Lofiico-Jtw o
Phllosophicus. Here it is assumed that "functions of ■ 

propositions are always truth-functions, and that a function 

can only occur in a proposition through its values.*3 Such 

a position eventually reduces to viewing pure mathematics 

as the "syntax of all possible systems of symbols*"^

2. Non-Scholastic Criticism of Principia and Logistics

a. Intuitionists and Formalists

The two main schools critical of the Logistic thesis - 

although they operate on the same or similar basic assump

tions - are the Intuitionists and the Formalists*

The chief expositor of the Intuitionists, Brouwer, noted 

that the contradictions occuring in the paradoxes were all 

based on the Law of the Excluded Middle "in the form that 

a proposition is either true or false.""’ To rectify this 

situation, he established the Intuitionist doctrine in which 

it is forbidden

*Principia. p. xiv.

2Ibid.

3
Ibid.

^Black, The Nature of Mathematics, p. 134*

Btll, The Development of Mathematics, p. 526.



to make a general assertion about an infinite class 
unless a method is prescribed for proving or disproving 
the assertion in a finite number of steps; and "exis
tence" without "construction" is likewise banned.*

This doctrine rules out the well-known proof through

reducing to absurdity, which is the basic means of producing
2

paradoxes. However, as we shall show later, this view 

lacks a proper understanding of both the nature of the 

principle of the excluded middle, and the correct appli- 

cation of the reductio ad absurdun type of argumentation* 

Brouwer’s "basal intuition," which is somewhat akin to 

Kantian theories on the way we know geometrical objects,3 

has come in for some stiff and telling criticism not only 

from Russell (who, however, admits that a complete refutation 

of the school demands a complete theory of knowledge, which 

he is not prepared to go into at the time^); but it has also 

been criticized severely by the second major school critical 

of Logistics; namely, the Formalists.

The Formalists assert that "the ’foundations* of 

mathematics must be sought within mathematics itself,"^ 

and this through a program which has often been labeled

1Ibid.

2
See infra, Chapter IV, sec. 3.

"Black, The Nature of Mathematics, p. 190.

^Russell, The Principles, p* vii.

^Arthur F. Bentley, Linguistic Analysis of Mathematics 
(Bloomington, Indiana: The Irincipia f^ress, 1^32), p. 6.



"linguistics." Hilbert has attempted to reduce all mathe

matics into linguistic symbols called Zeichen. By studying 

only Zeichen - the properties of particular Zeichen. the inter

relations between various Zeichen. and the laws governing 

all Zeichen - he attempted to avoid all paradoxical results 

and produce a study of the fundaments of mathematics which 

would preserve the purely formal character of the science 

while leaving the technical difficulties of logic to that 

field. Formalists have reduced mathematics to a game like 

chess.2

The Formalist theori*sts recognize the contribution of 

Russell and the whole Logistic school, but they feel that 

the "system still stands defective at a point which is 

crucial for its validity in whole as well as in part."^

Russell, in turn, has attacked the Formalists by claiming 

they have lost all touch with reality;^ and indeed, this 

is recognized by the Formalists themselves as a basic 

difficulty which needs to be solved. For "Hilbert proposes 

to secure full consistency for all branches of mathematics

in one, yet has failed to reach from the one back into

1Xbid., p. 3

2See Bell, Development of Mathematics, p. 527*

'Bentley, Linguistic Analysis of Mathematics, p. 2* Bentley 
seems to be referring to the questioned Axiom of deducibility.

See The Principles, p. vi.

^Bentley, Linguistic Analysis of Mathematics, pp. 3-4.

1



the all.

But the Formalist emphasis on language has taken a turn 

which none of the axiomatic schools expected to happen. As 

a result of the work of Goedel, all the axiomatic systems 

have been shown to be inadequate. And so, the three schools 

find themselves robbed of some of their pretentiousness, and 

(mathematically speaking) the field of the foundations of 

mathematics is left open for new study. Such an important 

achievement as Goedel’s obviously deserves a place in this 

study of the philosophical foundations of mathematics.

b. Goedel’s Proof

One of the results of the Formalist emphasis on lin

guistics was the development of a meta-mathematics, which 

contains meaningful statements about the meaningless symbols 

which make up mathematics (according to Hilbert). For 

instance, the rules by which the game of mathematics, plus 

all descriptions concerning the application of those rules, 

as well as any other statement about mathematics, are what 

form meta-mathematics.■*

Using this notion of a meta-mathematics, Kurt Goedel 

presented a startling theory in 1931 with the publication 

of his pater, Ueber formal unentscheidbare Saetze der

"̂See Kasner and Newman, Mathematics and the Imagination, 
p. 216. -------------------------
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^.■yathematlca .und veprandter System;.1 His main
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conclusions in the article were two-fold.

In the first place, he showed that no meta- 
mathematical proof is possible for the formal con
sistency of a system comprehensive enough to con
tain the whole of arithmetic; unless, that is, the 
rceta-matheraatical proof employs rules of inference 
that are much more powerful than are the Transfor
mation Rules used in deriving theorems within the 
system. • * *

Goedel’s second main conclusion is* * . that 
Prlncipia. or any other system within which arith-_ 
raetxc can be developed, is essentially incomplete*

This proof places a fundamental limitation on all schools

based entirely upon the axiomatic method. It is a complicated

proof, and can only be quickly sketched here. The proof

is based on the ingenious notion of replacing the 
brackets, logical constants, and all other signs 
in the propositional calculus by numerals, a trans
formation which is, of course, perfectly permissible.3

This transformation permits "meta-mathematical statements

about a formalized arithmetical calculus" to be "represented

4
within that calculus** by their particular "Goedel number."

Translated as "On Formally Undecidable Propositions 
of Prlncipia Mathematics and Related Systems*" The paper 
appeared originally in German in ‘onatshefte fuer athematik 
und Fhvsik. X X X m i l ,  1931.

2
Ernest Nagel and James R. Newman, "Goedel’s Proof,"

The World of Mathematics. Ill, p. l6$5.
; -'y

^Black, The Nature of Mathematics, p. 166.

^Nagel and Newman. "Goedel’s Proof,” The iivorld of 
Mathematics. Ill, p. loS&.

itself



This number is formed through a complex operation which results 

in an unique number for each sign, formula or proof within a 

propositional.calculus.

By eventually reducing all the statements about a par

ticular proposition to the proper Goedel numbers, it was proven 

that a formula had been produced whose formal proof was 

shown to be ImpossibleI In other words, a proposition had 

been constructed which was valid within the system, but which 

was neither provable nor disprovable by the axioms of the 

system*

It would be well to note here that a hint of this theory 

can be 3een in the long controversy over the Postulate of 

the Parallel in Euclicean Geometry, For centuries it was 

believed that this postulate v>ras derivable from the axioms. 

After the many failures that marked the attempts to substan

tiate this belief from the time of Proclus (4th Century A.B.) 

to Saccheri (1667-1r;33), the suspicion that it is an inde

pendent postulate was confirmed by the successful construction 

of consistent non-Euclidean geometries which completely left 

out the Fostulate of the Parallel,* The Postulate of the 

Parallel, then, is a classical example of a proposition which 

is valid within a given system (Euclidean Geometry) but which 

is neither provable nor disprovable by the axioms of that 

system,

\jourant and Robbins, \vhc-.t is Mathematics?, pp* 218-19,
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The effect of Goedel’s conclusions are far-reaching.

They demonstrate that

an axiomatic approach to number theory, for example,
' cannot exhaust the domain of arithmetic truth, and 
that mathematical proof does not coincide with the 
exploitation of a formalized arithmrtic method.!

And hence, the whole ideal of Logistics is shown to be shattered,

and we return once again to the problem of the foundations of

mathematics.

But what we are left with aiter Goedel’s brilliant 

devastation is very little of the original Logistic thesis.

Goedel himself has retreated to a ’’thoroughgoing Platonic
2

realism.” As for the rest of those intimately concerned 

with the foundations of mathematics, their work was inter

rupted by the cataclysm of the Second World War and hasn’t 

resumed since the war m m  the fever pitch it knew in the 

pre-war era.

The problem of the paradoxes remains, as does the problem 

of the relationship between mathematics and logic. It Is time, 

therefore, for a Scholastic interpretation to be applied, and 

to see just what light the :-hi.!o&iy- ’ , erer-rJtj can shed 

on the situation.

N*gel and Newman, "Goedel*s Proof,” Thr? World nf 
Mathematics, pp. 218-ly

2
Ibid.



CHAPTER IV

MATHEMATICAL PHILOSOPHY

1. Mathematical Philosophy and Scholasticism

In modern times the various sciences have become increas

ingly divorced from philosophy; while in the times of the 

ancient Greeks, they were all treated as an integrated body 

of knowledge. But this "emancipation" (as it were) of the 

physical sciences from philosophy has left behind philosophi

cal

sciences which treat of their various spheres purely 
philosophically; so that we have, for example, math
ematical philosophy, which considers the basis or 
foundations of Mathematics•*

However, modern Scholastics have never treated Mathematical 

Philosophy as such, but include their discussions on mathe

matics under the general philosophical science of Cosmology* 

This is a dangerous course, for it amounts to confusing 

the different degrees of abstraction which are the basis for 

the traditional Scholastic teachings* In this Chapter, I 

shall attempt to demonstrate what form this new-yet old - 

branch of Scholastic philosophy should have, and shall try to 

show the benefits which would come from its adoption*

^R* P. Phillips, Modern Thomistic Philosophy (2 vols.j 
Westminster, Md.: The Newman Press,1^56), I* P* 21*



As just mentioned, Scholastic philosophy is based on a 

hierarchy which is founded in reality, and extends along the 

degrees of abstraction for its delineation of areas of study*

The present division of philosophy into seven or eight branches 

is due to the non-3cholastic, Christian von Wolff, who gave a 

very arbitrary division to philosophy* However, strictly 

speaking the theoretical sciences should be divided according 

to "the principle of abstraction, applied in so many cases, 

which /rest§7 on the basis that a thing is intelligible only 

so far as it is separated from matter*w2

The principle of abstraction is very important in Thomis- 

tic (or Scholastic) philosophy* RHere, abstraction designates 

• * • the abstractibility of the object or its immateriality. *** 

It is according as the object of the science is removed or ab

stracted from matter, that the science is classified. Hence, 

according to the three degrees of removal from materiality, the 

sciences are divided into natural philosophy, mathematics, and 

metaphysics.

Natural philosophy is concerned with wthings that exist 

only in matter and that have definitions in which sensible

■̂See Dougherty, Cosmology, pp. 9-10.
2
Hans Meyer. The Philosophy of St. Thomas Aquinas, trans* 

Rev. Frederick E i k H " o f F W ; T ^  
p. 363.

3 .ijatOTial.iilLoSiic of John j?f St..Thomas: Basic Treatiges,
trans. Ives R. Simon, John J. Glanville, Q. Donald Hollenhorst 
(Chicago? The University of Chicago Press, 1955)» P* 554*
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matter ia an indispensable part."A It is here that the physi

cal sciences (i.e., the natural sciences) and psychology find 

their place* This is the first - or "physical" - degree of 

abstraction*

The second degree of abstraction deals with a class of 

beings which "are bound in their existence to matter, but not 

in their knowability, for their definitions do not include 

sensible matter*"2 This is the realm of mathematics, whose 

objects are superior to those of natural philosophy because 

they are a step further removed from matter*

Finally, we arrive at the metaphysical or third degree 

of abstraction, where we deal with objects of knowledge "that 

can be without matter in their existence."^ This, the crown

ing height of knowledge, is where Scholasticism is wont to 

dwell, emphasizing the most removed from matter and hence the 

most intelligible, while not completely neglecting the other 

two degrees* The three levels have the same material object —  

reality —  but deal with different aspects of that object.

In this paper we are concerned with the second of the 

three degrees * mathematics. As was mentioned above, Schol

astics view mathematics as the science of quantified being.^

■̂ Meyer, Philosophy of St. Thomas Aquinas, p. 363*

2Ibid.

3Ibid.

^See supra. Chapter II, p. lfV



To St* Thomas Aquinas, mathematics "is among the most sublime 

and certain sciences."* Pure mathematics - even in the sense 

Whitehead uses the term - was not complete!/ unknown to the 

Angelic Doctor, for he taught that "in mathematicis scientiis 

non invenitur falsum," but that "mathematical conclusions 

are always true, and in mathematics we find an aprioristic 

necessity*"3 However, St* Thomas seems to disagree with 

Whitehead*s assertion that

the ideas, now in the minds of contemporary mathemati
cians, lie very remote from any notions which can be
immediately derived by perception through the senses*4

For while St* Thomas admits that mathematics uses the imag

ination extensively,^ he nevertheless insists upon "theikct 

that mathematics is based on reality*"^

The Scholastics divide mathematics according as quantity 

is discrete or continuous. Continuous quantity is what the 

geometrical sciences study, while discrete quantity is the 

subject matter of arithmetic {and number theory, for number 

is discrete quantity) J

*Keyer, Philosophy of St. Thomas Aquinas* p* 364.
2
See Summa Theologica. I, art. 7, Q* 3» arg. 1.

3Meyer, Philosophy of St. Thomas Aquinas* p* 341*

^Whitehead, "Mathematics as an Element in the History 
of Thought," The World of Mathematics. I, p* 402*

^See St. Thomas Aquinas, In Physicorum Aristotelis, 
L.VIII, l.v, 1006 (3).

%eyer, Philosophy of St. Thomas Aquinas, p. 341.

?See Dre. Seb. Reinstadler, Elementa Philosophiae Schol- 
asticae. (2 vols.} Fribourg: Herder & Co*, 1920), I, p* 398*



Strictly, "number” is defined as "multitude mensurata per unum, 

and was studied more extensively by the Medieval Scholastics 

than many modern historians give them eredic for*2 From 

their study of number, we can derive several statements which 

have some application to the problem of the foundations of 

mathematics, the paradoxes, and the relationship between mathe

matics and logic*

One of the interesting points taken up is that of the 

unity of number: why is there an essential unity to number, 

so that we can have a science which studies number (namely, 

mathematics)? According to John of St* Thomas,

the unity that St. Thomas finds in number is not 
of the type brought about by a form but of the type 
brought about by order, inasmuch as nonultimate 
units are related to the last unit as to the one 
that terminates the series and closes it.3

The important thing to note in the above quotation is the

last phrase, "the one that terminates the series and closes

it." From this it would appear that John, at least, holds an

infinite series of integers (numbers) to be impossible, or at

least not a proper object for scientific study. For in order

to be the proper object of a scientific study, an object must

possess some unity. let without a final unit to terminate a

series, it seems that to John the whole series would lack the

XIbid., p. 300*

^Especially to be noted here are men like Bell and Turn
bull*

3The Material Logic of John of St. Thomas * * *, p* 2gQ,



property of unity necessary to be a ’unit* of study, since it 

would lack the principle of unity.

let we know that infinite series form one of the most im

portant branches of modem mathematics, both in number theory, 

field and set theory, and matrix manipulations. These in turn 

have found valuable applications in modern physics, showing 

that they are applicable to the real world and hence must have 

some validity.

This discrepancy in John of St. Thomas may be due to mis

translation or to an ambiguous use of the term "number."* Be 

that as It may, St. Thomas himself seems to hold to the exist- 

ence of infinite series in mathematics, for he states:

in numero invenitur aliquis terminus in minus, quem 
non est dividendo transcendere: sed non invenitur 
aliquis terminus in plus; quia quolibet numero est 
invenire allum maiorem per additionem.2

So then just what is the principle of unity which is nec

essary for a series - albeit an Infinite one - to be a proper 

object of study? St. Thomas says it is the reference of all 

numbers other than "one" to "one," as the following indicates:

Quod autem dixerat, quod de ratione nuraeri sit quod 
sint plura uno, manifestat per species; quia duo et 
tria et quillbet alius numerus denominatur ab uno.3

According to John J. Doyle, "there is one drawback about 
Ars Logica /The Material Logic of John of St. Tho;r,a37. however; 
namely, its nomenclature. For one thing, John is not always 
careful in his choice of words: he employs the same word or 
phrase to convey disparate meanings. . . . "  "John of St. Thomas 
and Mathematical Logic," The New Scholasticism, vol. XXVII, Jan.
1953, pp. 3-33.

2Aquinas, In Phys. . «. L.III, l.xii, 292 (3).



This is equivalent to what we may call the "psychological" 

school in modern mathematics* This school holds that a specif

ic number is obtained by the successive addition of l*s; for 

instance, a child obtains the number "5W by counting the l*s 

or individual fingers on his hand. The field of natural num

bers is thus built up*^ This is the most obvious field of 

numbers; it includes all the whole integers, and is the easi- 

est to deal with*

However, the "psychological” school runs into difficulty 

when irrational numbers and surds come on the scene* A surd 

is a number like the square root of 2, and is Important especi

ally in solving trigonometric problems. The irrational numbers 

(as opposed to the rational numbers, which are defined as "the 

periodic decimals”; i.e., those in which, "after some finite 

set of digits has appeared initially, the s Tie digit or group 

of digits will repeat itself infinitely often") are defined as 

"the non-periodic decimals."2

These are not explainable in terois of integers, but are 

explained by either of two important theories* The first is 

the "Limit Theory” which employs the free use of the limit 

concept for its definition. The other is that of "Dedekind 

Cuts," first proposed by Richard Dedekind (1831 - 1916), In

•̂In mathematics, "natural" refers to "starting from, or 
referred to, 1 as the base; as, natural number, an integer 
as 1,2, or 3* * * *" Webster’s Mew Collegiate Dictionary, p. 560.

2 ' : *
See Courant and Robbins, What is Mathematics?, pp* 66-68*



this theory the real numbers are well-ordered in an infinite 

sequence, which is then cut at any desired point* This forms 

two sequences. Any real number will be contained within either 

of these two sets, and may so be uniquely defined with relation 

to other members of the sets, depending on where the cut is 

taken.*

The important feature of both of these mathematically cor

rect ways of defining real numbers is that they exclude a ref

erence to a basal unit, and are concerned rather with relations 

and infinite sequences. For instance, in the Dedekind Cut, 

any of three conditions must be present, but only one at any 

one time. These three conditions are: there must be a larg

est element; there must be a smallest element; or, there is 

neither a largest element nor a smallest element in the set.2 

This last possible condition is directly contrary to the 

statement of St. Thomas quoted above, wherein a "terminus in 

minus" is called for.

Courant and Robbins declare that either of these two 

theories, and certainly both t ogether, are sufficient reasons 

for giving up the theory "that regards a mathematical object 

as a ’thing in itself* of which we . • . investigate the 

properties. . . -*"3 Here is a present-day challenge to Schol

astic philosophy, for St. Thomas holds (and with him the

^-Ibid., p. 71.

2Ibid.

3Ibid., p* 70.
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majority of Scholastics) that mathematics deals with "quanti

fied being"* and hence with a "per se being*"2

Here, then, is a field where a revival of mathematical 

philosophy has a great source of raw material upon which to
‘

work* For concerning the question of the relation of mathe- 

matics and number to the experience of reality, "as Aristotle 

before him, and the other Scholastics, St* Thomas did not 

mention or discuss all the problems implied in this question."3 

It is important to note, however, that when it comes to 

the infinite, Scholastics have made an essential distinction 

which modern non-Scholastics have forgotten —  and with dis- 

asterous results in the forgetting. For the Scholastics dis- 

tinguished between "infinitum actu" and "infinitum potentia." 

holding that mathematical infinity is the latter.^” Most of 

the problems relating to the infinite result from a confusion 

of the 'two kinds of infinity.^

One other important feature of the Scholastic treatment 

of number and mathematics is the typical emphasis on realism 

rather than Platonic idealism. For while with Aristotle and 

Protagoras they must admit that "sensible phenomena are not

*Smith, St, Thomas on the Object of Geometry, p, 23,

2The Material Logic of John of St. Thomas * . ., p, 275.

^Meyer, Philosophy of St. Thomas Aquinas, p. 339.

"̂See Reinstadler, Blementa Philosophiae Scholasticae. p. 293.

5Ibid., pp. 339-40.



the actual object of mathematics,"^- nevertheless Scholastics

maintain that we do not possess mathematical concepts without

previous experience. Thus a middle course between sensisrn

and apriorism is maintained, as it is asserted that

mathematical relations are not presented through the 
senses and they have no real existence as in the Pla
tonic world of ideas; tney are not mere beings in the 
mind since they exist ZTn the real worldj previous to 
our thoughts,2

So while Dedekind and the Limit Theorists have a point, 

they have yet to explain how the idea of "number1* is obtained 

to begin with - and without such a concept, their theories 

could not exist.

In summary, then, we may say that some work has been done 

by the Scholastics into the nature of mathematics, and more 

particularly into the nature of number. However, great areas 

remain unanswered and even unassayed,3 It is imperative that 

this field —  as well as those belonging directly to Cosmol

ogy —  be investigated, for it is by means of the theories 

concerning infinite series, matrix and field concepts, and 

other branches of modern mathematics that many of the concepts 

of quantum mechanics and atomic physics have been developed.
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^■Meyer, Philosophy of St, Thomas Aquinas, p. 340,

2Ibid., pp. 339-40,

See Charles A, Fecher, The Philosophy of Jacques ^aritain 
(Westminster, Md.s The Newman Press, 1953), PP* 1 2 9 - 3 2 , Speak
ing of the second degree of abstraction, he declares that he 
"can afford to be Brief here for the simple reason that no mod
ern scholastic writer has dealt at all extensively with mathe
matical philosophy, so that for Thomism it represents practically 
virgin territory," (p, 129)
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Successful answers to the problems posed in these fields may 

well be found in a thorough investigation of the philosophy 

of mathematics through the re-instating of Mathematical phil

osophy in the Scholastic schema**

2. Mathematical Philosophy and Logistics

The theories of Logistics pose two serious problems for

Scholasticism. The first is the identification of logic and

mathematics; the second is that posed by the logical paradoxes*

We will attempt a cursory solution of both of these problems,

although definite work by more experienced Scholastics awaits
2

the re-establishment of Mathematical Philosophy*

The Logistic thesis that logic and mathematics are one 

poses a problem for the Scholastic. It not only destroys the 

basic division between the two sciences; but by means of it, 

some claim that modern logicians "have punched the classical 

Aristotelian system of logic full of holes,"3 With such an

As Jacques Maritain comments, "particularly in relation 
to the foundations of mathematics much more preliminary work 
is still required, in my opinion, before thomist philosophy 
can propound a systematic interpretation in which all the criti
cal problems offered by modern developments in the mathematical 
sciences find a solution." The Decrees or Knovleu, e. trana. 
Bernard Wall and Margot R* Adamson (New Yorks Charles Scribner1s 
Sons, 1933), p, xiii.

2 A good evaluation of Logistics "from the thomist point 
of view has still to be made « . •" according to Brother S*
Robert in a Commentary in The American Catholic Philosophical 
Association Proceedings of the Thirty-first Annual leeting 
(lashington, t).C*, ly>7), P* 9$*

3Pfeiffer. "Symbolic Logic," Scientific American. Dec.,
1950, pp. 22-24*



outright attack being posed, it is necessary to investigate 

whether this "new logic" i3 really logic or mathematics, or 

whether the two really are one*

Scholastics distinguish one science from another accord- 

ing to the formal object of each science* For while two 

sciences may study the same subject matter, they are differ

entiated because of the point of view with which they investi

gate that subject matter; hence the differentiating principle 

of the formal object*

If mathematics and logic are distinct sciences, they must 

be differentiated at least by their formal object* But they 

are even more basically different, for they have different 

material objects. For even if we admit that mathematics is 

concerned only with the consistency of the relations involved, 

as Poincare holds, logic can still be differentiated from 

mathematics. For, according to Poincare,

Les mathematicians n’etudient pas des objets mais 
des relations entre les objets; il leur est done indif
ferent de remplacer ces objets par d*autres, paurvu que 
les relations ne changent pas* La mati^re ne leur im- 
porte pas, la forme JJeule les interesse**

However, mathematics does have a very definite matter,

the forra of which is discussed* The elaborate symbolism which

the Logisticians have constructed is a prime example of this;

for while they try to become more abstract and general, they

actually revert to an even more particular study; namely,

5a

*Henri Poincare, quoted in The World of Mathematics*III*
p. 1553*



that of symbols* The manipulation of these symbols has become 

a highly technical science and art - one which is not easily 

mastered*

Logic, too, has a definite "material" side; but this 

material element in logic is quite different from that of 

mathematics. The material which logic uses, or "id, circa 

quod versatur" are "operationis rationis."^- For logic deals 

not only with consistency, but also with "second intentions" 

which regard "its scientific perfection*

Moderns have erred in looking only at half of logic - for 

there is also a material element (as well as the formal one 

they stress with their "formal" logic)* Logistics, then, is 

guilty of the very fault the Scholastics are accused of having; 

namely, not viewing logic in its totality* But for Scholas- 
f-

tics, logic does contain implication, description, etc., as 

well as the important element which non-Scholastics leave out*

A logic divorced from a metaphysics becomes empty and sterile; 

but with one, it is vibrant, forceful and vital - a force to 

aid man in his thinking as well as an ordering of thought.

So we see that Logic and Mathematics differ first in 

their material objects; they also differ in their formal ob

jects* For "that which gives logic its specific character,

1Josephus Donat, S*J*, Summa Philosophiae Christianas. 
Vol* 1* Logica (Innsbrucks Feliciani Rauch, 1922), p* 43*

2
Yves R* Simon, "Foreward" to The Material Logic of John 

of St. Thomas * * .. p* xiii*



the formal aspect under which it studies objects, is concep- 

tual being, which cannot exist outside the mind,"* while the 

formal object of the mathematician is quantity disengaged 

from its subject and treated "from the standpoint of those re

lations of order and measurement which sustain the objects of 

thought so discernible as the forms or essences which are 

proper to them,"2 Mathematical objects are conceptual objects, 

but ones with a very real foundation in external reality. The 

conceptual objects of mathematics are not studied by mathematics 

Ktuu mathematics in the same manner as they are by logic qua 

logic.

Perhaps the clearest explanation of the actual relation- 

ship between the two is that logic is the method which a ĵl 

science - philosophical, mathematical or physical - uses.

Logic has a wider extension than wiath«,matics strictly speakxng.

Mathematics is hypothetical (as, indeed, logical form is).

In mathematics, consistency is "the proximate criterion of 

certainty,"3 But logic cannot be merely hypothetical —  for 

even when used by hypothetical mathematics, it is 3till faced 

with the facts of a system already set up; whereas in mathematics, 

you set the system up as you proceed —  as, for instance, the

*Jacques Maritaln. A Preface to foetaphvaics (New York;
Sheed and Ward, 1939). p. 34, as quoted in Fecher, The Phil
osophy of Jacques iaritain. p. 83.

2Maritain, The Degrees of Knowledge, p. 173•

^Meyer, Philosophy of St. Thomas Aquinas. p» 340,
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creation of various matrices or fields, to which the laws of 

logic are then applied. But the fields are established accord

ing to strictly mathematical principles. If logic were as 

variable as mathematics, then how could it be the "science of 

correct thinking" or even the science of correct (if empty) 

manipulation which the moderns claim? For there has to be a 

stable element - the rules of the game - no matter what you 

may decide to play for the game.

Mathematics, then, is not a part of logic, nor is logic 

a section of mathematics. As with all other sciences, mathe

matics uses logic as a tool, while investigating conceptual 

beings proper to itself.

Logic is primarily the art and secondarily the science 
of reasoning; mathematics is the science of something 
real /or based on the real7, and it is secondarily an 
art. Logic no more belongs to mathematics than it be
longs to physics or even metaphysics. ♦ * **

But while logic and mathematics are different, we must

nevertheless admit that there is some truth to the Logistic

thesis. The mathematical logic developed by this school has

some very great merits, and has benefited the science of logic

as well as that of mathematics, While "Aristotelian logic

is a higher and more universal science than mathematical logic,”2

^■Vincent Edward Smith. Idea-Men of Today (Milwaukee: The 
Bruce Publishing Co., 1950), pp. 131-32.

p. 113.



nevertheless

the language of mathematics • • • is the most exact and 
precise in existence, • . ,/so that/ if we compare the 
language and terminology of philosophy with that of 
mathematics, we must acknowledge that it /that of phil
osophizes less precise and subject to greater variations 
• t t •

Mathematical logic does have a place in the study of logic; 

"but it is only a place, and the difficulty is in getting mod

ern logic to stay there"2 I

What then of mathematics? Are we to believe that Logis

tics provides a correct answer for the foundations of mathe

matics, or is it mistaken here as well?

Perhaps the best modem answer to this comes from the 

French mathematician, M, Fr^chet, who denies that mathematics 

is completely deductive both in method of research and in 

actual content, Instead, he claims that each branch of mathe

matics is composed of four parts:

snthese inductive, d^gagement & partir de celle-ci 
d* uri ensemble d'1 axioms port ant sur des termes primi- 
tifs.""thgoriei deductive basee sur ces axioraes it ces 
ter,es. Verification das consequences de cette thSorie 
quand on subs'titue aux notions ab straites qui y fig- 
urent, les notions concrdtes qu*elles ont pour but de 
representer seh&natiquement•3

\john J, Rolbiecki, The Prospects of Philosophy (New 
York: Benaiger Brothers, 1939), p, 29*

2Smith, Idea-Ken of Today, p. 129,

^M*M, Frechet, "L*Analyse g§n6rale et la question des 
fondements," Les Untretiens de aturlch sur Les Fondements at 
la Mgthode desSciences Mathfematiques (Zurich: S, A, Leeraann 
frdres & Co,, 1941), p. bO, Tho italics are mine.



Logistics, then, has emphasized only one of the four 

major elements of any branch of mathematics* And as Marltain 

brings out, wh$le this may be a very important - if not the 

most important - aspect, there are others even viewing mathe

matics from a philosophical standpoint. Intuition plays a 

large, if as yet undefined role.-*- And then, too, mathematics 

has its own "rightly objective and direct content."2

A partial answer to the first serious objection posed by 

Logistics has been given: Mathematics and Logic are not Identi

cal, but are really different, although they have several common 

points. The relationship between the two needs to be more 

clearly defined and delineated by Scholastic philosophers.

The other serious problem for which we propose to present 

a partial solution is that of the paradoxes* Upon close exam

ination, there seem to be several faults with the paradoxes 

themselves, as well as with the reasoning leading to them.

The first, and most obvious to me, is that of confusing 

the logical with the real order, and making indiscriminate 

jumps from one to the other* This, according to Maritain, is 

one of the chief errors in logical theory of recent times*3 

In the example used above for a logical paradox,^ the word

•̂ See Maritain, The Degrees of Knowledge, pp. 174-75*

2Ibid*, p* 176*

^See Fecher, The Philosophy of Jacques Maritain. p. 86*

^See supra. Chapter II, pp. 21-40*
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"class” is used in two different senses - one logical, the 

other real - and then it is treated as if the two senses were 

one I This confusion of what symbols stand for can often be a 

difficulty in symbolic manipulations, and is not uncommon even 

in the body of established mathematics.

For instance, in the Differential Calculus, the gZ symbol 

is a partially meaningless sign, referring only to the aeriva- 

tive of x  with respect to x; the "dx" in the denominator is 

only a sign, not a value of x, a quantity, or an "infinitesmal*" 

Yet in physics, it is often treated as an infinitesmal after 

having been defined as a mere symbol. Fortunately, the con

fusion of meanings of symbols does not result in faulty cal

culation here. But the confusion of the aul/m'-ng of "class" 

does not result in any such happy consistency, but in bald 

paradox.

This confusion of the logical with the real order, and 

the questionable transitions between the two, is what Eussell 

is driving at with his Theory of ,Types, although he never 

quite hits it. Russell eventually must resort to Platonic 

Forms and the questioned Axiom of Reducibility*^

Another reason for the paradoxes lies in the Logistic in

sistence upon always referring to axioms. In a r>?soning similar 

to that used against the skeptical arguments of Montaigne, 

Scholastics point out that

*5ee Smith, Idea-Men of Today, p. 125.



a principle, a fact, a being need not be clarified by 
reference to an axiom beyond it but may well carry 
its own inner clearness and light, its own evidence**

This reference to intrinsic principles is brought out

also by John of St. Thomas, >rho states that while it is

true, in mathematics, demonstrations sometimes proceed 
from extrinsic principles; however, these demonstrations 
presuppose an entirely intrinsic proportion or adapta
tion of one object to the other, and thus, by reason 
of the relation implied, • • • even here, demonstration 
does not proceed entirely from extraneous principles*2

Obviously, this criticism applies not only to the very

existence of the paradoxes; it also has value as a criticism
* -

of the whole attempt of Logistics to set up a completely axio-
•' ' V . :U 'v*" ’ ' '■ ' " • •' >

raatic system* Similar to Goedel's conclusions, Scholastics

hold that in modern mathematics ; *

in which the starting point consists of certain post
ulates chosen arbitrarily, . . . .  it is not possible 
to do without presuppositions or data which cannot be 
accounted for by the mathematical system itself,*

The two major objections which Logistics raises have been 

partially answered; but again it must be emphasized that more 

work by Scholastics into mathematical philosophy is needed be

fore Scholasticism can claim to have an adequate control of the 

difficulties posed by modern mathematics*

1Ibid*, p. 131*

2The Material Logic of John of St. Thomas . . .. p. 4&5*

^P* Henry vanLaer and Henry J. Koren, Philosophy of Science. 
Pt. I: Science in General (Pittsburgh. Pa.s Duquensne Univer- 
sity, 1956), p. ?!*



3. .Phjjj)30^hx^and .the, .Other,Schools

Hie other two schools of thought on the foundations of 

mathematics - the Intuitionists and the Formalists ** have 

likewise made some mistakes which are important. They have 

also made some valuable contributions to mathematics, despite 

the inherent limitations placed on all axiomatic mathematical 

schools by Goedel,

Perhaps the mistakes of the Intuitionists are most ob

vious, since theirs is a mistake of logic. Having diagnosed 

the "cause” of the paradoxes to be the Principle of Excluded 

Middle, Brouwer and his followers summarily denied it} and 

for the two-valued logic of Aristotle (true-false), have sub

stituted a "many-valued logic.1’1 Mathematical proofs no 

longer may run along established deductive lines, but must 

include the essential note of con struct-aM.11 ty. Even to prove 

that a thing does not exist, its contradictory must be con

structed,2

The difficulties posed by this school are obvious. The 

Principle of Excluded Middle is founded on the Principle of 

Non-Contradiction, an essential for any argumentation. As a 

matter of fact, the Principle of Non-Contradiction is used in 

the argumentation of the Intuitionists themselves. Yet the

^See Bell, Development of iiauieiaatics. pp, 533-34.

2See Black, nature of iVlat hematics, pp, 195-96,



two are so closely related, that the complete rejection of the 

Principle of Excluded Middle immediately questions the ade

quacy of the Principle of Non-Contradiction,

There are three main criticisms which can be leveled at 

the Intuitionists, The first is that they seem to forget 

that the Principle of Excluded Middle does not apply where 

there is no judgement* There is no true judgement where the 

evidence is inconclusive; i.e., where there is doubt. In 

the sample paradox quoted above, it has already been shown that 

doubt exists as to the judgement involved (due to indiscrimi

nate jumps from one order to the other). The Principle of 

Excluded Middle does not apply here, therefore, even in the 

form used by the Intuitionists*

A second criticism is that the Intuitionists seem to have 

mis-stated the Principle itself. Hie Principle of Excluded 

Middle is an existence Principle. Taken from Metaphysics and 

dealing with real being, the Principle is applicable here only 

in the form of: "Two contradictories cannot be false together.n* 

This obviously means that one of them must be true, and there

fore between them thefce i3 no middle ground where both are 

false. Perhaps if the Intuitionists realized that contra

dictories are not contraries, their difficulties would be 

somewhat eased.

^Bittle, The Science of Correct Tninking: Logic, p. 133*



A final criticism which may be made against the Intuition- 

ist theory is that by doing away with the argument through re

duct io id absurdum it has thrown out much of modern mathe

matics. For many proofs depend upon it at least partially, 

as the following example demonstrates.

In dealing with infinite series, the Taylor-MacLaurin 

expansion is a very important means of representing a function. 

One of the important theorems concerning this expansion is that 

there is a necessary and sufficient condition by means of which 

we can tell if the expansion is the true representation of the 

function in question. The proof of this theorem contains both 

an argument through reductio ad aosurdum and a constructive 

argument. The theorem and its proof are:

(Theorem) It is a necessary and sufficient condition, 
in order for the Taylor-MacLaurin Expansion to be a 
true and accurate expression of the function, that

lim £ (x) s 0. 
n-*<*> n

(Proof) It is necessary, for otherwise the MaeL&urin 
Series would have to be supplemented and augmented for 
Rn (x).

It is a sufficient condition: 

f(x) « Sn(x) / Rn(x) 

lim f(x) s lim /Sn (x) / Rn (xj7 s 3 (*) / 0*1
n ^ o e  n*«»o 11

Denying the proof through the argument reductio ad absurdum, 

the Intuitionists are forced to deny the "necessary" section of

Class notes from Topics in Mathematics, a course con
ducted by Rev. H. DeBaggis, Ph.D., Fall Semester, 1957-53*
Carroll College,
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the proof; hence, the whole Taylor-MacLaurin Expansion of a 

function would have to be denied* Yet it is known in Differ

ential Equation Theory that this expansion actually does work, 

and has uses in actual applied practice.-^

The Intuitionist theory also denies "nearly the whole of 

Cantor’s theory of ordinal numbers. • • ,"2 This, as well as 

the philosophical and mathematical arguments given above, seem 

to indicate the untenability of the Intuitionist thesis*

The Formalists, the remaining school, have been fairly 

effectively attacked by Russell. The failure of Hilbert to 

return from the one branch of mathematics where he has es

tablished the consistency for all the other branches - a pro

ject he himself admits must be performed before his thesis can 

be a complete success - would seem to indicate the relative 

failure of his system also. Regarding mathematics as a mere 

game is not in keeping with the advances of modern mathematics, 

where applied mathematicians have been able to make real con

tributions to the physical sciences by using the results of 

pure mathematics. Such utility in reality is hardly account

able for if the pure mathematician is only playing a meaning

less game.

The whole problem reduces to the foundations of tire sys

tem, and not merely mathematics. As Smith says, "what is

*-For instance, in finding sin 10° to the fourth decimal; 
see Atherton Hall Sprague, Calculus (New York: Ronald Press 
Co., 1952), pp, 393-99,

2Black, Nature of Mathematics, p, 209,
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needed * . . is not a meta-language or even a meta-logic but, 

in the genuine sense of the word, a metaphysic .**1

^Smith, Idea-I-'en of Today, p. 132.



CONCLUSION

The problems centering around the foundations of mathe

matics are among the most intriguing to be found in philosophy 

and science; an answer to these problems is necessary if we 

are to place lodern mathematics - and indeed, most of modern 

science - on a sound footing. For these problems bring into 

question the whole elaborate structure of modern mathematics, 

which is basic for all modern science.

But the foundations of mathematics will never rest secure 

until they have been established by philosophy, and not merely 

by mathematics as those discussed in this paper seera to hold. 

As St. Thomas has pointed out (In Meta.. L. IV, l.v.), we must 

appeal to metaphysics for the first principles of any science. 

These deserve the attention of true philosophers; but, sad 

to say, those of mathematics (at least) haven* t received this 

attention. The problems centered around the foundations of 

mathematics remain as they were when Descartes first estab

lished the mathematical milieu in which we live —  unsolved. 

Most of the work done in the field so far has been defective 

and often non-philo3ophical.

The Logistic thesis which we have discussed has merit; 

the similarities between logic and mathematics have been 

exposed by the Logisticians, and much valuable work in this



area has been done by them* But their thesis must be rejected, 

and several of their theories with it. With th® rejection of 

the Logistic thesis must also fall the theories of the Intui

tionists and Formalists, who must tacitly assume that Mathe

matics and Logic are one (the Logistic Thesis) in order to 

develop their individual theories.

While the rejection of the Logistic thesis is the nega

tive result of an examination of the school by mathematical 

philosophy, the positive results await deeper study by 

competent metaphysicians and mathematical philosophers.

The answer to the "Problem” posed in Chapter II will have to 

be fully formulated by them, as will a more precise explanation 

of the relationship between mathematics and logic. It is for 

these reasons that the serious study of mathematical philosophy 
%

offers such a rich opportunity for original work by Scholastic 

philosophers.

If this paper has aided in any way the appreciation which 

must be given to the deep problems surrounding the philosophical 

foundations of mathematics according to Logistics, and the 

role which mathematical philosophy must sooner or later take, 

then it has achieved its purpose.
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