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Abstract

The most significant theorem of 20th century logic was Godel’s incompleteness theorem. 
In the thesis Godel’s theorem, both how it works and what it means philosophically, is 
given a penetrating analysis. I explain both the mathematics of Godel’s proof, as it is 
presented in his paper On Formally Undecidable Propositions ofPrincipia Mathematica 
and Related Systems, and the presentation only assumes a basic knowledge of symbolic 
logic and the patience to follow mathematical arguments on the part of the reader. 
Preceding the exposition of Godel’s proof is a philosophical discussion of logic, and at 
the end of the exposition I discuss the proof’s philosophical ramifications.
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Introduction

The primary subject matter of this essay, the thing which it seeks to explain, is

Godel’s proof. In order, however, to accomplish this task in a satisfactory manner, it is

necessary to discuss not only the bare mathematics of the affair, but the philosophical

issues behind it as well. Indeed, I chose the topic specifically because it is a place where

mathematics and philosophy meet and walk hand in hand, so to speak. In order to give a

preliminary idea of what Godel’s proof is about, I must explain roughly the methods and

aims of the men who developed symbolic logic at the turn of the twentieth century. The

hope was, firstly, to develop a rigorous and unassailable foundation for mathematics.

The words of Gottlob Frege, as they are given at the beginning of his work The Basic

Laws of Arithmetic, are helpful here:

It cannot be demanded that everything be proved, because that is 
impossible; but we can require that all propositions used without proof be 
expressly declared as such, so that we can see distinctly what the whole 
structure rests upon. After that we must try to diminish the number of 
these primitive laws as far as possible, by proving everything that can be 
proved. Furthermore, I demand—and in this I go beyond Euclid—that all 
methods of inference employed be specified in advance; otherwise we 
cannot be certain of satisfying the first requirement.

—Frege, page 2

Frege goes on to describe such a system, and it was a monumental achievement.

Unfortunately Bertrand Russell would soon afterwards show that it contained a 

contradiction. However, Russell built on Frege’s accomplishment, and with his friend 

Alfred North Whitehead he went on to develop a system guided by exactly the same 

goals and principles in another monumental work called Principia Mathematica (PM). It 

was hoped that this system, or some system like it, could serve as a foundation for all of

mathematics.
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Kurt Godel was an Austrian bom logician and a friend to Albert Einstein in his 

later years, which is appropriate because Einstein was the greatest physicist of the 

twentieth century and Godel was the greatest logician. He showed in his 1931 paper On 

Formally Undecidable Propositions of Principia Mathematica and Related Systems that 

PM and related systems (essentially those of the kind envisioned in Frege’s quote above) 

are incomplete, i.e. they cannot provide a foundation for all of mathematics.

A full explanation of the proof requires a philosophical look at the logical 

foundations of the project that Frege, Russell, and their associates were undertaking. It 

also requires an examination of the mathematics involved with the proof. The section 

immediately following fulfills the former requirement. In it logic and its development is 

discussed, and certain key terms are explained. This part of the essay, though it has a 

certain pedagogical feel, is not meant to instruct the uninitiated. My aim is to explain 

certain philosophical and logical concepts as I understand them, since they play a 

significant role in the discussions that follow the mathematical exposition of the proof.

With that said, I have not made it too difficult; all that is required for understanding is a

very basic knowledge of formal logic. The mathematical exposition ensues in four 

sections. One is there to explain the mathematical concept of an isomorphism and a

proof of number theory, since they play an essential role in the mechanics of the proof. 

The second section deals with the construction of Godel’s system P. The third section

deals with the arithmetization of formal systems, which constitutes the most innovative 

aspect of Godel’s proof. The final section deals with the actual proof of incompleteness. 

The discussion is detailed, but I believe it can be followed without outside mathematical

knowledge if one is willing to put in the time. One can get a basic idea of the proof by
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means of a short summary, but I include the mathematics because Godel’s proof is, after 

all, a mathematical proof. To discuss it without knowing the mathematics would be like 

discussing the capabilities and reliability of a household appliance without knowing 

anything about how it works. One can say, e.g., that the refrigerator runs on electricity 

and that it keeps food cold, but such an analysis can acquire no real depth. So the math is 

thoroughly and shamelessly discussed. The essay concludes with a discussion of the 

philosophical ramifications of the proof, particularly in how it relates to language, logic,

and mathematics.

§1: Philosophical and Logical Foundations

A: The Laws of Logic

In some ways, it is difficult to explain just exactly what logic is. Everyone agrees 

that logic gives us rules or laws, but precisely what these rules are o/becomes a bit of an 

issue. These laws are variously said to govern (1) thought, (2) being, or (3) language. 

These views are somewhat difficult to distinguish from one another because two 

proponents of the same view will often argue to different conclusions, while proponents 

of two different views will often argue to the same conclusion. People who believe in the 

truth of (1) are claiming that logic dictates what is conceivable to us. Of two from this 

group, one might claim that illogical things can happen in the world since the rules of 

logic don’t govern the world, while another will claim that illogical things cannot happen 

in the world because what cannot be thought cannot be experienced, and what cannot be 

experienced is not part of our world. Proponents of (2) say that the rules of logic govern 

the world the way that laws of science govern the world, the only difference being that 

they are more fundamental. Proponents of (3) believe that the rules of logic are implicit
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in our use of language, i.e. language brings with it rules of logic. In this theory language 

and linguistic expressions tend to be given the role traditionally played by the mind and 

thoughts. Proponents of view (3) sometimes set limits on logic and reason in the same 

way as proponents of (1), with the difference being that language, not the mind, is the 

medium through which or tool by which we experience the world as something governed 

by logic and reason. Thus, instead of “the unknown object = X” we have, “that of which 

we cannot speak.” The most significant difference between the two views is that 

proponents of (1) tend to identify ideas with objects, while the corresponding tendency to 

identify linguistic expressions with objects does not exist in holders of view (3). This 

often brings them closer to the realists of camp (2).

At this point I am not interested in attacking or defending any one of those views. 

I only recommend that the following statements be taken as true. First, logical laws are 

independent of empirical observations. They are akin to mathematical statements such as 

“2+2=4,” not statements of physics such as “For every action there is an equal and 

opposite reaction.” The most noticeable difference between the two is that the former are 

neither verifiable nor falsifiable by means of empirical observation, while the latter are.1 

Second, the laws of logic are not mere constructions of the mind. More precisely, it is 

not possible for something logically impossible to happen in the world, and this would be

1 This might seem questionable. If somebody says, “2+2=5”, one way to refute him would be to count 
fingers. Indeed, it would be more convincing to do this than it would be to guide him through a maze of 
deductions and definitions such as can be found in formal systems like PM. With geometry this situation is 
even more noticeable. For, if someone says, “The sum of the interior angles of any triangle is 120 degrees” 
the most natural way to show him his error would be to draw a triangle on paper as a counter-example. Yet 
clearly such a method of proof is not acceptable. Suppose I have two sheep in a pen, and upon bringing in 
two more, another one appears in a poof of smoke. Surely this occurrence does not disprove the statement 
“2+2=4”. In geometry also, the drawings we make of the shapes must be thought of as just that, drawings 
of the real thing. To the mathematician, the drawing of a triangle is only to serve as an aid, a way of 
storing information. Good geometers can draw very sloppy triangles without this having a negative effect 
on their work. Generally, empirical observations can function, at best, like drawings of the real thing. A 
fuller discussion of this is taken up later. For now, what has been mentioned should be enough to justify 
the statement made above.
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the case whether thinking beings existed in the world or not. Third, the laws of logic are 

not affected by the construction of any particular language, neither in its 

physical/notational features nor in its mental/functional features. In other words, it 

doesn’t matter that a particular language is heavily inflected or contains no words that 

function as participles; the laws of logic remain the same for the speakers of that 

language as for anyone else. Logic is, nevertheless, intimately connected with the use of 

language, in a way that will have to await further discussion.

B: The Relationship Between Language and Thought

The primary role of language, insofar as I am concerned with it here, is the 

expression of information. I consider information to be something distinct from the 

notation used to convey it. For one thing, different sounds and marks can be used to 

convey the same information, which is often (and inexplicably) overlooked as an 

insignificant point. We can’t say that “Der Schnee ist Weiss” means the same as “The 

snow is white” except on the basis that they convey the same information. And it’s 

ridiculous to try to associate the meaning of the sentence with the behavior of the people 

within earshot of it when it is uttered. When a German soldier hears the German

equivalent of “There’s an American soldier approaching the bunker” he will not act the 

same as the American soldier who hears this in English, even though the German and 

English sentences can very reasonably be said to convey the same information. I 

recognize that it is often difficult or impossible to find precise mathematical criteria for 

determining “sameness of information” between sentences and that some philosophers 

find this very troubling, but it does not follow from this that there is no such thing as 

sameness or similarity of information between sentences. One doesn’t need a definition
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of the word ‘tree’ to notice the similarity between different trees. My distinction between 

the notational features of a language and the functional features of a language reflects this 

way of thinking. When I speak of the function of a word I have in mind the role it plays 

in expressing a piece of information (is it a noun? a verb? a logical operator? etc.). In a

sense, one can say that the notation of a language performs these functions and when I 

talk about a ‘linguistic expression’ or simply an ‘expression’ I am referring to a piece of 

notation which has a function in some language. However, one can still differentiate 

between the notational features of an expression, which are seen by everyone, and its 

functional features, which are seen only by those who know the language. The 

distinction corresponds roughly to that between the syntactical and the semantical 

elements of a language.

A term is an expression that denotes one or more objects.2 Without some way of 

denoting objects a language cannot talk about objects. The question of whether the 

objects denoted by a term actually exist has no bearing on the term’s meaning or function 

in an expression. To know a term we only need to know what the denoted thing is, not 

that it is, and knowing what a thing is means having the ability to recognize it when you 

come across it. We don’t need to have the denoted thing present before our eyes or 

minds or anywhere else in the universe, nor do we need to know everything about it. 

Examples of terms include “Dog,” “Rex,” “The running Dog,” “Rex as he ran across the 

yard at five o’clock last Sunday afternoon.” Understanding a term involves the capability

2 The same expression may have different functions in a language depending on the context of its use. For 
example, ‘run’ is a noun in the sentence, “We had a good run” while it is a verb in the sentence, “I’ll run to 
the store.” Therefore if I say something like, “the word ‘run’ is a noun for such and such a reason,” what I 
really mean is, “The word ‘run’ is usually used as a noun for such and such a reason.” Likewise, when I 
say, “A word is an x when such and such is this case,” what I really mean is, “A word is being used as an x 
when such and such is the case.” And I do not mean “A word is being used as an x and nothing else when 
such and such is the case.” Similar comments apply to most linguistic expressions.
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to distinguish what is denoted from what is not on some level. Thus, though unicorns do 

not exist, the word ‘unicorn’ is a name and has meaning to any person who would know a 

unicorn when he saw one. There are many ways to learn terms. A child may learn them 

(and language) by imitating its parents. Someone with some knowledge of a language 

can learn a new term simply by hearing it being used in a conversation and ‘getting the

idea,’ or by asking for a definition. When stipulating a new term it is polite to give a 

definition, although it is all too easy to simply start using it. There are many different 

ways to define a word. For example, one could define “dog” by giving examples, “Rex is 

a dog, Gus is a dog, and other things similar to Rex and Gus are dogs.”3 4 One could 

define a word in terms of what the thing it denotes does (Fire is something that bums 

skin) or give a list of attributes that an object must have (A mother is a female with 

offspring). There are other ways as well.

Within a definition, the term being defined is called the definiendum, and the 

defining expression is called the definiens. In some definitions it is difficult to 

distinguish the definiens from the definiendum, but one can always reformulate them in a 

way which makes the distinction clear. Thus we may say, “Dog” is the definiendum and 

‘That which is Rex, Gus, or something similar to them” is the definiens of the definition

given above. A precise definition of some X gives criteria whereby it can always be 

determined whether or not a given object is an X, and every object either is or is not an X 

(that is, there are no objects which are “sort of X-ish”). The level of precision demanded 

from a definition depends on what we are trying to do with the word being defined. Very

3 One cannot deny this without also denying our ability to know when someone’s usage of a word does not 
correspond with its definition.
4 We are able to recognize things similar to X for the same reason that we are able to recognize X as the 
same object on different occasions, whatever that reason may be.
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often terms are used differently from the way they are defined, and one cannot 

acknowledge this fact without also admitting that terms can be used meaningfully without

adhering to a precise definition. This is because we can form a common concept of a 

term’s meaning without being able to give a definition of it. Simple reflection shows that 

when philosophers speak of concepts, they generally have in mind the mental correlate of 

a term.5 It is the concept of a term that ultimately determines how it is used, and just as 

definitions can be characterized as being more or less precise, so concepts can be 

characterized as being more or less clear and distinct.

Concepts are generally formed based on similarities between objects. For 

example, John might form the concept of a horse after seeing a similarity between several 

horses. Afterwards, if asked by Mary what a horse is, John will attempt to define his 

concept of a horse in a way that does not assume any knowledge of or familiarity with the 

concept on Mary’s part. In the history of philosophy, Socrates was the first to show a 

great deal of interest in this process. He assumed that people like John saw a similarity 

between two or more objects because the objects shared one or more common attributes. 

Thus, when somebody said, “A is a good thing and B is good thing,” Socrates wanted to 

know what A and B had in common that made them good. More than that, he wanted a 

precise definition of X that consisted of a list of attributes, each individually necessary 

and together sufficient to make something an X. Later Plato would call this the form. 

They have been criticized since then for that, since we can often see a similarity between 

objects, such as two faces, without being aware of any particular attribute they have in

common. Aristotle took from Plato that the aim of science is to discover the essence of

5 This is not the case with other things like thoughts. Thoughts can be about things, thoughts can be 
embodied as propositions, and so forth. Concepts are things that are defined. However, it is important to 
note that the concept is not what is denoted by the term, the concept is what gives the term its meaning.
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the objects with which it is concerned. Aristotle’s essences were like Plato’s forms, with

the highly touted distinction being that essences are in some way possessed by the object 

they are the essence of, while forms are somewhere else and the object merely 

participates in them. In any event, the method of gaining knowledge suggested by 

Aristotle has largely given way to the attitude of modem science. Try asking a physicist 

what the essence of matter is. He’ll probably tell you it doesn’t matter.6

An assertion or judgment about an object or objects is like a definition, except

that an assertion is true or false, while a definition is not. Thus, when Socrates would ask

for the true definition of something like ‘beauty,’ he was asking for an assertion. Just as 

definitions can be divided into definiendum and definiens, so can assertions be divided 

into subject and predicate. The primary difference between the subject of an assertion 

and the definiendum of a definition is that the former has already been implicitly or 

explicitly defined. In analytic assertions the predicate must be true of the subject in 

virtue of its definition. In synthetic assertions this is not the case. Thus, if we give “Man 

is a rational animal” as a definition, “Man is rational” is an analytic assertion, while

6 The Aristotelian method of gaining knowledge might reasonably be said to fail, or at least fail to be 
useful, when it comes to the physical world, insofar as this means looking for essences (but insofar as it 
involves making conjectures and subjecting them to examination it is a part of modem science). It fails to 
be useful because its focus is not on how objects function and can be manipulated, but on what they really 
are. C. S. Peirce is the first philosopher to make this really explicit, and it was a brilliant, truly original 
insight. However, the focus on what objects really are remains important. The philosopher contemplates 
the object and from his immediate knowledge of what it is he attempts to discern more by means of reason 
alone. The scientist learns more about the object by examining its behavior in different situations and seeks 
to find regularities in it. The philosopher looks at a rock and wonders, “What is the true nature of a rock?” 
The scientist looks at the rock and wonders, “What happens to a rock when I drop it from five feet?” and 
this can help him also determine the true nature of a rock as well. However, the scientist must know what a 
rock is, and what a cracked rock is, if he is to know what happens to a rock when it is dropped from five 
feet. The method of the scientist works very well so long as our intuition (with the aid of technology) is 
reliable as a means of identification for the object in question. It breaks down when we try to apply it to the 
more difficult questions of metaphysics and ethics. For an interesting take on this subject, I would 
recommend Karl Popper’s essay “Two Kinds of Definition.”
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“Man is hairy” is synthetic. Often it is difficult to distinguish between the two, since the 

definition of the subject is usually implicit.

C: Traditional Logic

A proposition is any expression which can be called true or false. Aristotle 

recognized three main types of proposition in his logic: (1) Singular propositions such as 

“Socrates is a man” (2) Particular propositions such as “Some men have red hair” and (3) 

Universal propositions such as “All men are mortal.” In propositions like (1) the subject 

is a name denoting a single object, in the other types the subject is a term denoting many 

objects, and hereafter such terms are called universal^ In type (2) the predicate holds 

for some of the objects denoted by the universal, in type (3) it holds for all of them.

Logic began when Aristotle started to examine how the truth of some propositions 

determines the truth of others. A proposition P implies another proposition Q if it is 

impossible for Q to be false when P is true. Thus “All men are mortal” implies “Some 

men are mortal”. One proposition contradicts another, when the truth of one implies the

falsity of another and vice-versa. Thus “Socrates is not a man,” contradicts, “Socrates is 

a man,” and “All men are mortal,” contradicts, “Some men are not mortal.” Propositions 

are contrary when they cannot both be true. Thus, “Socrates is a cow” is contrary to 

“Socrates is a man,” and “All men are mortal” is contrary to “No men are mortal.”

Aristotle’s logic is most famous for its analysis of arguments called categorical 

syllogisms. An argument is a collection of propositions, one of which is the conclusion, *

7 We must choose our words carefully here. For one thing, I do not claim that a denoted object must be an 
existing object. The primary distinction between a singular name and a universal name is not that there 
happens to be one existing object that is denoted by a singular name and many existing objects denoted by 
the universal name. Rather, with singular names are meant to denote a single object, while it is possible for 
many existing objects to be denoted by a universal. The exception to this rule is in mathematics, where all 
entities either exist or do not and possibility does not come into play.
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the rest of which are premises. An argument is valid if it is impossible for the conclusion 

to be false when all the premises are true, i.e. when all the premises are asserted together 

they imply the conclusion. A categorical syllogism is an argument with two premises, 

and every proposition is one of the three types given above.

Examples of valid categorical syllogisms include:

All men are mortal All unicorns live in Australia
Some men are bald Nothing that lives in Australia is homed

Some bald things are mortal No unicorns have horns

Although the premises and conclusion may be false or odd, an argument is always valid 

so long as the truth of its premises implies the truth of its conclusion. Aristotle looked at 

all the different types of syllogistic arguments and showed which were valid and which 

were not. After Aristotle’s time many other types of argument were examined as well, 

but nothing comparably significant happened again in logic until the 19th century.8

Shortly after Aristotle developed his logic, Euclid wrote the Elements. It was full 

of statements about geometry which could be divided into axioms and theorems. The 

axioms were statements asserted without proof; every theorem was a statement proven to 

be true based on the assumption that the axioms and everything implied by the axioms is 

true. Of course, the arguments Euclid used were far more complex than the syllogisms of 

Aristotelian logic. Although it is agreed that Euclid’s arguments were for the most part

8 There was significant work done in logic, such as that of Chrysippus the Stoic, the medieval logicians, 
and Leibniz. However, the work of Chrysippus and Leibniz did not have a great deal of impact, and the 
medieval logicians were mainly working within the Aristotelian framework. It wasn’t until 19th century 
innovations that logic underwent a significant change. I was initially inclined to say that nothing 
comparably significant happened in logic until Frege, but apparently this is not quite right. In his essay 
“Peirce’s Logic” W.V. Quine explains that, though Frege was chronologically the first to develop 
quantification in 1879, his work went mostly unnoticed. Apparently it was Peirce’s independent discovery 
of quantification in 1883 that brought it to the attention of a wider audience. We will see below that the 
sign Godel uses to symbolize universal quantification in his system P is “n,” which was Peirce’s original 
sign for it.
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sound, if not as rigorous as the mathematical arguments of today, he never stated any 

rules of inference. Had he limited himself to the kind of arguments shown to be valid 

under Aristotelian logic, he would probably not have been able to prove one theorem. 

After Euclid, mathematicians and philosophers continued to use the axiomatic method. 

For a long time in mathematics there was rarely disagreement, and never any lasting 

disagreement, over what constitutes a valid proof. However, a need for rigor started to 

arise when mathematicians started to develop especially non-intuitive branches of 

mathematics such as non-Euclidean geometry and areas that had to deal heavily with the 

concept of infinity like set theory and analysis. A theorem of Euclidean geometry might 

seem wonderful in its content and brilliant in its demonstration, but it won’t also seem

strange, uncanny, or impossible at first look, as the theorems of these other branches of 

mathematics often do. In the nineteenth century philosophers and mathematicians started 

to make major developments in logic in an effort to set an even firmer foundation of

mathematics.

D: Modern Logic

The traditional logic was not well suited for analyzing mathematical arguments.

Its biggest shortcoming lay in the fact that it couldn’t deal well, if at all, with our 

reasoning about relations and operations. A binary relation, when connected with two 

terms, will yield a proposition that is true or false. Thus, “Is greener than” is a relation. 

When placed between the two terms “My grass” and “Your grass” it yields a proposition. 

An example of a binary relation from mathematics would be ‘>’, and it yields a 

proposition which is true or false whenever two numbers are placed on either side of it.

A binary operation is something which, when combined appropriately with two terms,

CORETTE LIBRARY CARROLL COLLEGE 13
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yields another term. The word ‘and’, when placed between the terms ‘pen’ and ‘paper’, 

yields the term ‘pen and paper’. The most obvious examples of operations are found in 

mathematics. Thus when we place ‘3’ and ‘4’ on each side of the multiplication sign ‘*’ 

we get back ’12.’ Roughly speaking, relations combine objects to yield facts, and 

operations combine objects to yield objects. Thus, we can say of a relation A#B that it is 

true or false, while we can say of an operation a*b that a*b = c.9

In order to deal with these challenges propositional and predicate logic were 

developed. Propositional logic deals with the rules governing truth-functional 

propositional operators. A propositional operator attaches to a proposition or 

propositions to form a new proposition. Thus, “John walked the dog” and “Mary painted 

the house” can be joined by the operator “while” to form “John walked the dog while 

Mary painted the house.” With truth functional operators, the truth-value of the resulting 

proposition depends only on the truth-values of the component propositions. Thus ‘and’ 

in the proposition “John walked the dog and Mary painted the house” is truth functional, 

since that proposition is true when its two component propositions are true and false 

otherwise. Letting the variables P and Q stand for propositions, we can define truth 

functional operators with truth tables:

P|Q 
T T 
T F 
F T 
F F

~P| P&Q| PvQ | P~>Q| P =Q
F T T T T
F F T F F
T F T T F
T F F T T

9 I give these ideas a linguistic formulation to tie them in with the earlier discussion, i.e. I am trying to 
explain them in terms of the role they play within a language. It is perhaps simpler to say that a relation is 
something which either obtains or does not obtain between two objects. An operation is something that is 
performed or occurs between two objects and yields a new object.
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The expressions “~P” and “P&Q” correspond more or less exactly with “Not P,” and “P 

and Q,” respectively. Sometimes when we say, “P or Q” we really mean, “‘~P’ implies 

‘Q’ and ‘~Q’ implies ‘P’” but for the most part it corresponds with “PvQ”. “P->Q” is 

meant to roughly correspond with “If P then Q” or “‘P’ implies ‘Q’”. That it does not 

correspond exactly to such statements is clearly shown by the fact that statements such as 

“(P->Q) v (P->~Q)” and “~P->(P->~P)” are tautologies. Nor does “‘P’ implies ‘Q’” 

mean the same thing as “‘P->Q’ is necessarily true,” because is “P->Q” is necessarily 

true whenever “~P” is necessarily true, and this is not in accordance with usage (We 

often say, “If I were you, I would...” and just as often someone disagrees). With that 

said, there is nothing wrong with the connective just because it does not accord with 

our usage of the words “if.. .then.” In the most important ways it plays the same role in 

arguments as “if...then” statements can. From ‘P’ and ‘P->Q’ we can infer ‘Q’ (modus 

ponens), and from ‘~Q’ and ‘P->Q’ we can infer ‘~P’(modus tollens), and these basically 

constitute the only two types of inference that “if..then” statements are used for within

arguments. The inferences that trouble us are all based on the fact that from “~P” or from 

“Q” we can infer “P->Q.” Yet, when we consider the case of inferring “P->Q” from 

“~P”, it is clear that in any consistent system this conditional is a lame duck, since modus 

tollens cannot be used to tell us anything new (since it only tells us that ~P is the case), 

and modus ponens cannot be used at all (since P is not true). Similar comments apply to 

conditionals inferred from “Q”. Furthermore, “If P then Q” implies “P->Q” (although we 

cannot infer the truth of “If P then Q” from “P->Q”). Thus remains a very good 

operator. Similar comments apply to “P <)”, which corresponds to “P if and only if Q” 

in the same way that “P->Q” corresponds with “If P then Q.”
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Predicate logic uses propositional logic as a foundation. In addition to 

propositional variables, there are also individual variables and predicate variables. The 

individual variables are replaceable by individual constants. If there are only five valid 

individual constants a,b,c,d,e that can replace a variable v and none of them are taken to 

be equal, then we say that the domain of v only consists of five objects. Usually it is 

assumed that all individual variables share a common domain, but it can be stipulated 

otherwise. Of course, there are also predicate constants. An example of a predicate 

constant would be “x is a dog”. This is something said about one thing, and as such it is 

called a unary predicate. A binary predicate/relation is about two things, an example 

would be “x is a better dog than y.” Examples of predicate variables include “F(x)” and 

“F(x,y).” The former can be replaced by a unary predicate while the latter must be 

replaced by a binary predicate. Every spot that can be taken up by a variable or a 

constant is called an argument place. An «-ary predicate is a predicate with n argument 

places. Thus “F(x,y^)” can be called a three-ary predicate. If a predicate’s argument 

places are filled by constants instead of variables, then we have a proposition. If it has 

variables, then it is a matrix. Thus, “x is a better dog thany” is a matrix, while “Rex is a 

better dog than Gus” is a proposition. Two propositions connected by a truth-functional 

operator (TFO) form a proposition. A matrix combined with another matrix or 

proposition by a TFO forms a matrix. Anything which is either a matrix or a proposition 

is called a well-formed formula (wff). A wff is, roughly speaking, a grammatically 

correct and unambiguously meaningful string of symbols. When rules are given for 

forming wff s they are given in syntactical terms. An example of such rules can be found 

below for Godel’s system P. If we wish to turn a matrix into a proposition without
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replacing the variables with constants, then we can resort to quantification. ‘(Ex)’ is 

called the existential quantifier, and it is said to be quantified over x. When placed in 

front of a matrix so that we have (Ex)P(x,y,z...) it means, “There exists an x such that 

P(x,y,z...).” This is the same as saying P(a,y,z) v P(b,y,z) v P(c,y,z) v..... where a, b, c...

are individual constants that are valid substitutions for x. There is also the universal

quantifier “(x)” which when prefixed in front of a matrix “P(x,y,z...)” to yield

“(x)P(x,y^...)” means “For allx, P(x,y,z...)”. This is the same as saying P(a,y,z) &

P(b,y,z) & P(c,y,z) &..... where a, b, c... are defined as above. Thus we see that

quantification over variables with a finite domain is superfluous except as a matter of 

notational convenience. The scope of a quantifier extends from the parenthesis it is 

placed next to all the way to its companion parenthesis. For example, in ‘(*)(P(X) v Q)’ 

the scope of ‘(x)’ extends all the way to the end of the formula, while in ‘(x)P(x) v Q’ it 

stops at the ‘v’. If a variable x falls within the scope of a quantifier quantified over x, 

then x is said to be bound. Otherwise it is said to be free. Thus in the formula 

(x)(P(x)vF(y)) x is bound while y is free. We may now define a matrix as a formula 

containing free variables, while a proposition is a formula where all the variables are 

bound. ‘F(x)’ is a matrix, as is ‘(x)(P(x) v F(y)),’ while ‘(x)F(x)’ and ‘(y)(x)(P(x) v F(y))’ 

are both propositions. The closure of a matrix is defined as the proposition that results 

when universal quantifiers quantified over all the free variables are prefixed to the matrix. 

Thus “(x)(y)P(x,y)” is the closure of “(y)P(x,y)” and “P(x,y)”. Though it is not proper, 

matrices are sometimes said to be true or false. In these cases what is usually meant is 

that the closures of such matrices are true or false.10

10 For a good discussion about the importance of distinguishing a matrix from a predicate, see W.V.
Quine’s essay “Whitehead and Modem Logic.”
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A given formula containing predicate variables and only bound individual 

variables is called universally valid if it is true for all possible substitutions for the 

predicate variables and for all possible individual variable domains >1. Thus 

“(x)F(x)->(£x)F(x)” is a universally valid formula, since we know that, whatever 

predicate we replace for F, if it holds for all x and the domain of x contains at least one 

object, then there is at least one x for which F holds. In 1929 Godel gave the first proof 

of the completeness of a restricted predicate calculus (rsp). An rsp is an axiomatic 

system which contains only universally valid formulae. Godel’s 1929 proof showed that 

the rsp of Principia Mathematica was complete, meaning that every universally valid 

formula was either a theorem or an axiom of it. It is important to distinguish between this 

kind of completeness from a stricter kind. Completeness of a system X, in its strictest 

sense, means that for every wff Q either Q or ~Q is a theorem or axiom of X. The 

completeness of an rsp is not of this kind, nor is such completeness even desirable with 

an rsp, since there are some statements Q such that neither Q nor ~Q are universally valid.

E: The Use of Logic in Formal Systems

There have been axiomatic systems set up using only the terminology described 

above. They share some similarity with Euclid’s system in that they contain axioms and 

theorems. The difference is that rules of inference are explicitly stated. These rules of 

inference can also be characterized as mechanical. With that said, it often takes a great 

deal of mental effort to prove a theorem in such systems, precisely because the rules of 

inference are so limiting.

Generally, logical rules operate on statement schemes. Examples of statement 

schemes are “All A are B” and “(x)(Ax Bx)”. These schemes represent classes of
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ordinary language (OL) statements. That is, for every statement scheme there is a class o

of OL statements which can validly be substituted for that scheme. If an OL statement is 

a member of a scheme’s o we say that scheme is a valid formal translation of that OL 

statement. Determining whether an OL statement is a member of a given o is often a 

simple task involving simple substitution rules. However it is not a mechanical one, for 

sometimes we must examine the meaning of an OL statement very closely to determine 

whether it is a member of a particular a. Likewise, for every OL statement there is a 

class /z (perhaps empty) of a’s of which it is a member. Thus, “All men are mortal” is a 

member of the a of “All A are B” as well as the o of “(x)(Ax Bx)”. An argument

scheme is merely a collection of statement schemes, in which one statement scheme is 

taken to be the conclusion and the rest are premises. An example of one is:

All A are B
Some A are C 

Some B are C

Thus far, all logical laws have operated on statement schemes or argument schemes. 

These laws are expressible purely in terms of the notation of the schemes they operate 

upon, i.e. they are syntactical.

To this point, there has never been a widely accepted system of logic that grants 

validity to arguments and truth to statements where none is warranted. We can rest 

assured for all time that any statement of the form, l\Ex)(EyfEz)Flx,y,z) ={Ey){Ez){Ex) 

F(x,y,z)” is true no matter what is substituted for F. What we want to know: If we 

include formal translation as a part of doing logic, can we use logic as it is currently 

understood to tell us everything that can be inferred with necessity from a given 

statement? What if there are rules which we use to reason about objects that are not
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known explicitly by us? Some might object that this is somehow impossible or that the 

question is foolish, but I do not think so. For one, it is very possible that we use such 

rules, just as a child follows (albeit roughly) the rules of grammar without being 

explicitly aware of them. Secondly, it would seem that this has been the case before. 

Before Aristotle people could reason syllogistically, even though the syllogism had not 

yet been defined. Likewise, before men like Frege and Russell people could make and 

understand truth functional and quantified statements, even though they were not 

explicitly aware of that fact. Before a logician comes out and makes the rules explicit, 

certain statements such as, “If there is a son then there is a father” seem somehow to be

necessary, but one can say little more than that. One says something like, “It is self 

evident,” about a sentence without realizing that logic can show that there are rules which 

demonstrate why this is so. My point here is that, when one reasons, he or she will 

generally reason according to implicit rules. Does this mean that everyone reasons 

perfectly in accordance with logical rules all the time? Of course not, nor do they speak 

grammatically all the time. Yet this does not mean that the rules do not exist, and the 

main purpose of logic is to make these rules explicit so that they can be followed more 

reliably. However, it remains a historical fact that rules of logic can exist and be 

followed without being explicitly formulated. Now, I must also stress the fact that I am 

not claiming that the rules of logic are followed automatically. Rational thinking is 

something that has to be learned. However, one cannot teach a monkey or a dog how to 

reason. So we must also say that human beings have a natural ability to reason, and thus, 

a natural ability to become logical, even without formal training in the field. As such, 

there may be valid forms of inference that people naturally come to use but which have
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not been formulated yet in any logic. I point this out because Godel’s proof applies to 

systems that rely on modem symbolic logic, but not necessarily on this natural logic, if

you will. Its implications, therefore, are not necessarily as wide as one might think.

In the broadest sense what we call a system (of thought), be it mathematical, 

philosophical, scientific, or otherwise, is simply a group of propositions. Some of them 

are axioms or fundamental assumptions; they are not proven in the system but are simply 

stipulated to be true.11 The rest of the statements follow logically from the axioms, or at 

least this is the ideal. Some systems, such as Principia Mathematica, rely on very 

rigorous and well specified rules of inference, while others, such as Euclid’s Elements, 

though rigorous, presumably depend on some kind of logic, but no rules of inference are 

explicitly stated. Systems that specify their own rules of inference I shall call formal 

systems, those which do not shall be called informal systems. By this definition, most 

mathematical and scientific systems are informal. In a formal system one is limited in the 

inferences he or she is allowed to make. This makes proofs very cumbersome, and 

sometimes axioms are chosen for merely technical reasons. The advantage, however, is 

that one can be sure that the reasoning is sound, that no false steps have been made.

F: Meta-languages

One of the fundamental concepts of modem logic is that of a meta-language. 

Whenever we place an expression in quotations, such as “Mary” or “John walks the dog”, 

we are naming the expression that appears within quotation marks. The statement “Mary 

is a beautiful name” is false because as Mary is not a name at all, but a person, while 

“Mary is a beautiful girl” can generally be taken as true. On the other hand, “ ‘Mary’ is a 

beautiful name” is true, and “ ‘Mary’ is a beautiful girl” is false, because ‘Mary’ is not a

11 Of course, there may be justification for them, but not within the system.
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girl at all, but an expression. If language A contains names for the words of language B 

(or a way of defining them), then language A is called a meta-language of B and B is 

called the object language of A. Let a meta-language be called total if it names or can 

define every expression in its object language. English is a total meta-language of itself. 

A total meta-language is called a syntactical meta-language if it cannot name or define 

any objects which are named or defined in its object language. This amounts to saying 

that a syntactical meta-language talks only about the expressions of its object language 

without regard for their meaning.12 No language which can serve as its own meta

language has a syntactical meta-language. A semantical meta-language has names or 

definitions for both the words and the objects which are named or defined by them in its 

object language. In other words, a semantical meta-language can talk about the words of 

its object language and their meaning. Godel’s proof employs a semantical meta

language.

§2: Godel’s Proof

A: Preliminary Theorems

Before moving on to Godel’s proof itself it will be necessary to explain a couple 

of mathematical concepts. Mathematical logic proper only speaks of sets or predicates. 

Mathematicians then go on to interpret or define some as numbers, others as lines and 

planes in geometry, and so forth. The fact that a given proposition about sets corresponds 

to a proposition of geometry or number depends on our observance of an isomorphism 

existing between the construction of the sets and that of numbers or lines. Likewise, in 

Godel’s proof, the system talks about numbers. Due to an isomorphism existing between

12 We may now define “explicit rules of inference” of a system X as being the same as syntactical rules of 
inference, which are rules definable in a syntactical meta-language of X.
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certain relations between numbers and relations existing between the symbols of the 

system itself, the system can talk about itself. The concept of an isomorphism is difficult 

to define. In a sense, an isomorphism may be viewed as a perfect analogy existing 

between two groups of objects. It corresponds with the notion of “mapping” as it is 

described in Ernest Nagel’s Godel’s Proof. Yet we can be more precise. The first 

requirement for an isomorphism to exist between two groups of objects is that they can 

be put into a correspondence with one another. Secondly one must specify corresponding 

relationships such that if A is in relation R to object B in the first group, then the object 

f(A) in the second group which corresponds to object A in the first is in relation f(R) to 

f(B) in the second group (where f(R) and f(B) are defined in the same way as f(A)). This 

is important to understand Godel’s arithmeticization of his system P, whereby he is able 

to prove propositions about P within the system P by means of a correspondence between 

strings in P and numbers.

Secondly, it will be necessary to explain the fundamental theorem of arithmetic, 

for without it Godel’s proof would not be possible. A whole number p is called a divisor 

of a whole number q when there exists some other whole number r such that p*r - q. A 

prime number is a positive whole number other than 1 which has no divisors other than 1 

and itself. A composite number is a number that has divisors other than 1 and itself. The 

prime factorization of a number q is any product p!ap2bp3C..= q where a, b,c... are whole 

numbers >0 and pi is the ith prime in order of magnitude in the listing. For example, the 

prime factorization of 5 is 5, since 5 is prime and the prime factorization of 60 is 22*3*5. 

The fundamental theorem of arithmetic says that every prime factorization determines a 

unique number and every number has one and only one prime factorization.
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B: Godel’s Formal System P

For his proof, Godel first sets up his formal system P. It is composed of seven 

signs which are constants, the basic symbols of the system. The first two are truth 

functional operators. These are standing for negation, and "v" standing for the non

exclusive "or." Both are familiar to everyone, and are sufficient to realize every possible 

truth function; i.e. every sentence built up of TFO’s such as ‘ s,’ and can be 

equivalently reformulated by means only of and ‘v.’ The next sign is "H" which is 

the symbol responsible for universal quantification. This is all that is needed for the 

theory of quantification since the existential quantifier can be defined in terms of the 

universal quantifier and negation. Xn(-.X-..) means, "For all X..." After this we have 0, 

which stands for "naught," and "f," which stands for "the successor of." In simple terms,

0 stands for zero, ft) stands for one, ffO for two, IX stands for "x+1," etc. Finally we have 

the brackets, which determine the scope of the logical operators and the universal 

quantifiers, and which also play a role in predication that will be discussed shortly. The 

next type of symbol he uses is the variable. There are variables of first type, denoted by 

X], which stand for numerals (0, ft), fft), etc.). It is assumed that there is an infinite 

supply of them. Likewise, there are variables of second type, which stand for sets of 

numbers (e.g. the set {1,2,3} but not the set {{1,2},{1},{2,3}}, which can only be 

substituted for a variable of third type). Variables of third type are sets of sets, fourth 

type are sets of sets of sets, and so on (Variables of first type will be denoted as Xi,Yj, 

etc. those of second type X2, Y2, of third type X3,Y3, and so on). Just as there are 

infinitely many variables of first type, so there are infinitely many variables of every 

other type. Since sets can be used to represent w-tuples, and w-tuples can be used to
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represent relations, this is all the material needed to create a formal system of arithmetic. 

Variables of first type, as well as numerals (of the form 0, ffi, ffO, etc) and variables of 

first type with a successor attached (e.g. fXj, ffXi), are all called signs of first type. A 

sign of second type is the same as a variable of second type, and so on for all the higher 

types of signs.

Godel next defines which strings constitute formulae (by which he means well- 

formed formulae). First there are the elementary formulae. These are any combination of 

signs A(B), where B is a sign of nth type and A is a sign of (n+1) type. Incidentally, 

combinations of the form A(B) amount to an assertion that B is a member of A. Given 

any formulae A and B, ~(A), (A) v (B), and XII(A) are also formulae, where X can be a 

variable of any type, and if A does not contain X free, then X 11(A) is the same as A.

Next we have the axioms. Group I gives the Peano Axioms; there are three.13

1. ~(fXi=0)

2. fX1 = fY1 ^(X,=Y!)

3. X2(0) & X,n(X2 (X0 -> X2(fX0) X!n(X2 (X0)

The first axiom states that zero is not the successor of any number. The second states that 

if the successor of y is equal to the successor of x, then x=y. This all amounts to saying 

that every number has a unique successor and, if it is the successor of another number, it 

is the successor of only one number. The third axiom is the principle of mathematical 

induction. This is not induction in the ordinary sense of the word. What it says is that, if 

a predicate holds for the number zero, and if for all x we can prove that if the predicate

13
Xj=Yi is defined as X2n(X2(Xi) -> X2(Y,)), that is, X equals Y only if they are both members of all the 

same sets.
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holds for x it also holds for the successor of x, then the predicate holds for all x. The

other axioms of P are needed before any consequences can be drawn from these axioms. 

Group II Axioms for the propositional calculus are:

1. PvP^ P

2. P^PvQ

3. P vQ -> Q vP

4. (P Q) -» (P v R Q v R)

where any formula is uniformly substituted for the variables P, Q, R. For example, since 

we already know that ‘X2(X])’ is a formula, ‘X2(XQ v X2(XQ -> X2(Xi)’ is an axiom.

Group III deals with quantification:

1. v 11(a) -> Subst a(v,c)

2. wll(fr v a) b v w 11(a)

The first axiom makes use of the sign “Subst fl(v,c).” This denotes the operation whereby 

the formula a, which contains free occurrences of the variable v, is changed by 

substituting c, where c is a sign of same type as v, for every free occurrence of v in a.

(But “Subst” is not a sign of P) Thus the first axiom is telling us that, if it is true that, for 

all v, a holds, then we can substitute any other sign of the same type for v in a. For 

example, if we know that Xj n(X2(Xi)) is true, we can also infer that X2(fffD) is true.

This operation is commonly known as universal instantiation. In the second axiom, u is 

understood to be a variable, b a formula containing no free occurrences of u, and a is any 

formula. This allows us to shift a universal quantifier past a formula b under the 

specified circumstances, and thus can be called a rule of passage.

Group IV contain a single axiom schema:

26



27

(£'m)(vII(m(v) sw))

where “v” is understood to be a variable of type « and “u ” a variable of type n+\.

Finally, a is a formula which does not contain u free. This axiom allows us to assume the 

existence of almost any set we can define in a formula. For example, by this axiom 

schema, “(EY2XX1 II(X2(Xi) s(£T/)(Xi= fY 1))” is an axiom, and essentially what it says 

is, “The class of numbers which are successors exists”. When a does not contain v free,

this axiom schema is not of much interest.

In Group V we have the axiom schema of extensionality:

vll(w(v) =w(v)) -> u = w

Where u and w are variables of type n+l and v is of type n. This states that a set is 

completely determined by its members. What it means, if one keeps in mind the 

definition of equality given above, is that, if two sets contain exactly the same members, 

then those two sets are themselves both members of exactly the same sets. This is 

problematic for sets of non-mathematical objects. For example, the class of unicorns has

the same extension as the class of Dodo birds, but the class of Dodo birds is a member of

the class of classes of objects that once existed on earth, while the class of unicorns is

not. However, since mathematical objects do not pass into and out of existence, this 

axiom is not so troubling in mathematical systems.

Along with these axioms, Godel’s system has two rules of inference. The first is 

modus ponens and the second is that if we have proven a formula a we can generalize it

into v X7GO- Any formula which is either an axiom or can be derived from the axioms in a 

finite number of steps using only the two rules of inference is a provable formula of the

system P.
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C: Godel’s Arithmetization

One of the reasons we say the system P is a system of arithmetic is because under 

the right interpretation it acts like a system of arithmetic. That is, there is an 

isomorphism between certain strings in P and mathematical theorems about numbers. 

Thus, since we know that 2+2=4, we expect that the string corresponding to 2+2=4 in P 

should be provable. This way of talking about P is the meta-mathematical approach. 

Under it, a system is treated simply as a collection of symbols being manipulated 

according to mechanical rules. Thus the system itself becomes a mathematical object, 

and the meaning of the symbols in the system becomes something extra, something 

which, for the sake of analysis, can be forgotten. One can determine whether or not a 

theorem can be proven without attributing any meaning to it. So where originally 

Bertrand Russell would say, “My system proves such and such a thing about predicates 

and these are the symbols I am going to use to express this fact,” the metamathematician 

would say, “These are the symbols and this is how they work, after analyzing them I have 

concluded that it is appropriate to interpret them in such and such a way.” In Principia 

Mathematica Russell and Whitehead were primarily concerned with proving things about 

logic and mathematics. The question as to whether it warranted its interpretation as a 

system of arithmetic simply does not come up, the only question is about how good the 

system is at doing the job it is prescribed to do. For Russell and Whitehead the system 

was talking about numbers.14 For the meta-mathematician this is an interpretation. What 

is most significant about the meta-mathematical approach is that the system is looked at,

14 Which were defined as a certain predicates of predicates. P differs from PM in this respect, since it has 
‘0’ and ‘f (the successor) as basic signs, although I believe that numbers can also be defined in P in the 
same way they were in PM. However, using the extra basic signs makes the exposition easier and 
otherwise makes no essential difference.
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first and foremost, as a mathematical object, and not as a means of talking about 

mathematical objects. Now, it must be stressed that interpretations are not to be thought 

of as mere stipulations. That is, the interpretation has to be warranted on some grounds. 

In general, you want to prove, or at least give evidence, that the isomorphism exists. In 

his process of arithmetization, Godel shows how certain relations between numbers can 

justifiably be interpreted as statements about the system P.

The first step of Godel’s arithmetization is to assign every basic sign of his system 

P a number. Let G[a]=w denote the function which associates the natural number n with 

every individual sign a. In Godel’s paper each of the seven basic signs for constants are 

associated with an odd number <13 (they must be odd numbers to avoid ambiguity) in 

the following way.

G[0] = 1, G[/] = 3, G[~] = 5, G[v] = 7, G[LD= 9, G[(] = 11, G[)] = 13

Variables of first type are assigned a prime number >13, variables of second type are 

assigned the square of a prime > 13, variables of third type are assigned the cube of a 

prime >13, and so on. Every string b has a unique Godel number Gs[Z>] assigned to it. 

For any given string ‘xyz...’ Gs[xyz...] =/?/6[x]p26[ylpj6[x].... where x,y,z are basic signs 

and pi is the ith prime in order of magnitude. Finally, every ordered collection of strings, 

also has a unique Godel number Gp associated with it. For every collection ‘abc...’

Gp[a, b, c...] =p/6sfa]p2Cs[b]P36s[c]- • •• where a,b,c are strings andpt is defined as before. 

For example, suppose that G[Xi]=17 and G[X2]=289. Then Gs[X2(Xi)]=2289311517713, 

Gs[X1(X2)]=2173115289713 and Gs[((X1((X2]=211311517711llll13289. It is also important 

not to confuse the Godel number G[x] of a basic sign x with the Godel number Gs[y] of 

the stringy which contains only x. Thus G[Xi]=17, while Gs[Xi]=217. The reason Godel
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uses this method to apply numbers to formulae is because it ensures that every string has 

a unique Godel number and every Godel number specifies a unique string. This is 

because the fundamental theorem of arithmetic tells us that every prime factorization is 

unique, and since every string’s Godel number has a different prime factorization there 

can be no ambiguity.

The next step Godel takes is to define what he calls a recursive function. A 

function f[x) determines one value of x for every x over some domain. An example of the 

kind of function most people are familiar with is/(x) = x2. It is defined over all the real 

numbers, thus its domain is the set of all real numbers. More interestingly for us, one 

does not need to know the value of/(l), or any other value off in order to determine the 

value of/(345). This is not the case with recursive functions. In order to calculate the 

value of/fa), one must know the value of/(«-l), because/(«) is defined in terms ofy(«-l)- 

Likewise, one cannot know the value of/(«-l) without knowing that ofy(«-2) and so on. 

Recursive functions are found step by step. This is one place where we most certainly 

cannot allow an infinite regress, otherwise we will never be able to determine any value 

off. Therefore we simply posit a value for/(0), the initial value off. For example, the

function:

A(0^c)=x, A(nrx)=A(n-lr>c)+l

is recursive, and it happens to specify addition of x by n. To find out what x+n is, you 

start with A(0,x)=x. Then you determine ?l(lyx)=x+l, then ^(2^c)=(x+l)+l, and so on all 

the way up to A(n,x)- To find the value of 4(5,5), we start with 4(0,5) = 5. We then find 

4(1,5) =.4(0,5) +1=6. Then.4(2,5) = 4(1,5) +1=7, and so on until we reach.4(5,5) =

10.
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Godel defines recursive functions rigorously in the following way: A function <£>„ 

is recursive if there is a finite series such that every O in the series is either

recursively defined by two earlier ones, is obtained by them through substitution, is a 

constant, or is the successor function S(x) = x+1. One function <X> is recursively defined 

by two others when:

0(0^2 Aj,- • .x„>^(x2^5,.. .x„)

<X>(£+1, X2,.. .X„)=G{k,^>(k^2,.JCn), x2.. .x„)

Multiplication by n is recursive according to this definition. Let S(n) stand for the 

successor function. We first define addition ofx by n recursively as follows:

A(0,x)=x

A(kyX)=S(A (A:-1 pc))

Then multiplication ofx by n:

M(0,x)=0

M(n,x)=A(M(n-1 pc)pc)

Thus the series “0, x, S(x), A(k,x), M(n,x\” each member of which satisfies one of 

the conditions given above, shows that multiplication is recursive.

It is important to notice that Godel is not talking about his formal system P right 

now. He proceeds to give recursive definitions of many meta-mathematical concepts 

using Godel numbers to stand for basic signs and series of signs.

Now, the length of the shortest series O, that ends with <f>„ is called the degree of 

<f>„. Thus, if what I gave above is the shortest way of recursively defining multiplication, 

multiplication is a recursive function of degree 5. A relation 7?(x,y,..) is called recursive 

whenever there is a recursive function Olx,^,...) such that:
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R{x,y,...) =[<D(x,y,...)=O]

Thus, since we know multiplication is a recursive function, we know the relation R(x,y) 

which is true whenever x or y equals zero is a recursive relation.

Godel then goes on to prove several propositions about recursive functions and 

relations. I will simply state the propositions themselves and what they mean, without 

explaining their proofs. The first says that any function obtained by substituting a 

recursive function for a variable in a recursive function is itself recursive. Also, if R and 

S are recursive relations, ~R and R\ S are also recursive (and thus any truth functional 

combination of recursive relations). Also, any relation <D(x,y^,.. .)= ^(Z, n,m,...) where O 

and T are recursive functions is itself recursive. Finally, Godel shows that any relations 

S and T of the following form are recursive:

(1) 5(x2pc2,.. -xn, yi,y2,. ■ -ym) =(Ez)[z <&(xi,x2,.. -Xn) & R(z, yi,y2,.. .y,„)]

(2) T(x/tx2,. . -xn, yi,y2,.. .ym) =(z)[ z <<X>(x7,x2,.. ,x„) R(z, y,,y2,.. .ym)]

where R and <f> are recursive. Also, any function of the following form is recursive:

(3) ^(x7rx2,...x„,y;,y2,...ym) =(ez)[z <O(x;pc2,...x„) & R(z,yj,y2,...ym)]

Where “(ez)Fz” means, “the smallest z such that Fz holds and zero if such z exists.” The 

conjunct ‘z <&>(xi,x2,.. .xny is in each of these formulas because, for any recursive 

function A(n), finding its value for any given n should only require a finite number of 

steps.

These last three are used extensively; in fact, most of the recursive relations and 

functions that he defines are of one of those three forms. He goes on to give 46 

arithmetical definitions of meta-mathematical concepts, 45 of which are recursive. There 

is not enough room to list them all, nor is there any special need to, for the purposes of
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understanding the proof. However it is crucial for understanding the proof that some of

them be written down. If one does not understand how meta-mathematical statements

about P can be recursively defined, it will be impossible for him or her to really know 

what statements such as “The consistency of P is not provable in P” really mean.

The statement “x is a prime number” has the following recursive definition: 

Prim(x) =~(£z)[z <x & z ?^1 & z #x & x/z] & x > 1

“Prim(x)” is merely the definiendum (the term being defined). The entire right hand side 

can be called a recursive class sign, or a unary (single-variable) recursive relation. In 

“x/z” the sign “/” is not the division operator, but is rather a binary relation stating that z 

divides x evenly into a whole number. What it says is that a number x is prime if and 

only if there does not exist a z less than x and not equal to 1 which divides x, and x must 

be greater than 1 to be eligible for primeness. Since ‘z ’, ‘z /x’, ‘x/z’ are known to be 

recursive relations, the rules stated above tell us that ‘z & z #x & x/z’ is recursive as 

well. With this in mind, we can also infer from formula (1) given above that ‘(£z)[z <x 

& z #1 & z #x & x/z]’ is recursive, and therefore its negation also. Since ‘x > 1 ’ is 

recursive as well, we know that the Prim(x) is a recursive relation.

An important recursive function which Godel defines is: 

nGLx =(cy)[y <x & x/(«Prx/ & ~ x/fnPrx)^1]

rcPrx is the nth prime raised to a power greater than 0 in x’s prime factorization. For 

example 2Pr6=3 since 6=2*3. Likewise, 2Prl8=3, since 18=2*32. 2PrlO=5, since 

10=2*5. wGLx is the exponent attached to the nth prime in x’s prime factorization. Thus 

2GL6=1, 2GL18=2, and 2GL10=l. When x is the Godel number of a string, «GLx is the
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Godel number of the nth symbol that appears in that string. For example, if Gs[X2(Xi) v 

~ X2(Xi)] =x then 3GLx = G[XJ and 5Glx = G[v],

One of the most important recursive functions Godel gives is: 

x # y =(ez)[z <[Pr{Z(x) + Z(y)}]x+V & («)[« <Z(x) nGLz = «GLx] & (n)[0 < n <Z(y)

{n + Z(x)}GLz = nGLy]]

‘Pr(«)’ is the nth prime in order of magnitude. ‘Z(x)’ is a recursive function which gives 

the length of a number’s prime factorization (the number of unique primes in the prime 

factorization). For example, Z(4)=l since 4=22, likewise Z(9)=l. Z(6)=2 because 6=2*3, 

Z(10)=2 since 10=2*5, and Z(30)=3, since 30=2*3*5. ‘x #y’ is an arithmetical function, it 

is an operation performed on whole numbers. If the prime factorization of x is 

‘xiax2bx3cx4d’ and the prime factorization ofy is ‘yiey2y38T4h’ where x, andy, are prime 

numbers and a,b,c,d,e,f,g,h are all integers >0, thenx #y = pZpipiptpspep-fpz where 

Pi is the zth prime in order of magnitude. Of course, in the formulation I gave Z(x)=4 and 

Z(y)=4, but each one can be any length, so Z(x)=2 and Z(y)=102 will work just fine too.

Yet, like zzGLx, this is more than an arithmetical operation. For if x andy are the Godel 

numbers of two strings, then x # y gives us the Godel number of the concatenation of 

those two strings. That is, when a and b are strings, Gs[a] # Gs[Z?] = Gs[aZ?]. Thus there 

is an isomorphism between this arithmetical operation on numbers and the operation of 

concatenation on strings. He proceeds to give the following three definitions:

R(x) =2X

Br(x) =Z?(ll)#x#/?(13)

Neg(x) = 7?(5) # Br(x)
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Where a is a basic sign, and G[a] = x, R(x) = Gs[b], where b is the string consisting only 

of the sign a. Where c is a formula and Gs[a] = x, Br(x) = Gs[(a)], i.e. Br(x) corresponds 

to the operation of bracketing a formula. Finally, where a is a formula and Gs[a] = x, 

Neg(x) = Gs[~(a)], i.e. Neg(x) corresponds to the operation of negating a formula. It is 

easy to see from these examples how he might give recursive definitions of concepts like 

disjunction and universal generalization. The next three formulas are used to give an 

arithmetical definition of a formula (wff) of P:

Op{x,yf) =x = Neg(y) v x = >’Disz v (£v)[v <x & Var(v) & x = vGen(y)]

“yDisz” gives the disjunction of the formulas x andy, “Var(v)” means that v is a variable, 

and “vGe«(y)” is the universal generalization ofy with respect to v. Thus Gp(x,y^) is 

true if and only if x is the negation ofy, the disjunction ofy and z, or the universal 

generalization ofy with respect to some v.15

FR(x) ee(«){0 < n <Z(x) -» ElfnGGx) v (£»(^)[0 <p,q <n &

Op(nGLx, pGLx, ^GLx)]} & Z(x) > 0

In this case x is taken to be an ordered collection of strings, i.e. for some a, b, c.. .which 

are strings x = Gp[a, b, c,....]. In this situation «GLx can be interpreted as giving the 

Godel number of the nth string to appear in the collection a, b, c..., and likewise Z(x) 

gives the length of this collection. For example, if x = Gp[a, b, c] then 2Glx = Gs[b] and 

Z(x) = 3. Elfx) asserts that x is an elementary formula. Thus, FR(x) asserts that x is an 

ordered collection of strings such that each one is either an elementary formula or is

15 Of course, this remains an arithmetical relation between numbers. Thus, when I say, “‘Var(v)’ means 
that v is a variable” I really mean “Where a is a basic sign, and G[a] = v, ‘Var(v)’ means that a is a 
variable.” My description is relaxed because at this point strict explanations like those given above seem 
cumbersome and unnecessary.
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formed from earlier strings in the collection according to the recursive rules given earlier 

for forming formulae. Finally we have:

Form(x) *a(En){n <(Pr[/(x)2])x‘[Z w*Z(x)1 & FR(ri) & x = [/(«)]GL«}

Form(x) asserts that visa formula. There is a reason for the limitation “« < 

(Pr[/(x)2])x*[zw*zwi”. Take the string X] n(X2(X,)) v ~(X2(Xj)), call it W. The Godel 

number n of the following sequence of strings satisfies FR(«) and ends with W.

X2(X,), x,n(x2(x1)), ~(X2(X,)), x,n(x2(x,)) v ~(X2(XO)

Call this sequence Q. What is important to notice here is that every formula in Q is either 

a part of W or actually is W, and no formula occurs twice. It is easy to see that, for every 

formula W, Gs[W]= x, there is at least one Q, Gp[Q] = n, such that Q satisfies the criteria 

of the previous sentence and FR(n). If /(x) = z then there are at most z parts of W that are 

of length 1, z-1 parts of length 2, z-2 of length 3, and so on. Since W has a total of 

(l/2)*[Z(x)*{/(x) + 1}] <[Z(x)]2 unique parts, we know that Z(n) <[Z(x)]2, and therefore 

Pr[Z(x) ] is larger than every prime in the prime factorization of n. Since there are fewer 

than [Z(x)]2 unique primes in n, there will be fewer than [/(x)]2 exponents on top of them, 

and each of these exponents will be <x. With these considerations in mind it is obvious 

that even with the limitation, “« <(Pr[Z(x)2])x*[ZW*ZW]”, Form(x) holds whenever 

“(Eri) {FR(n) & x = [Z(n)]GL«} ” holds.

Godel proceeds to give many more definitions in a similar fashion. Really the 

only challenge left was to define the concept Subst a(v,c) given above, and as he devotes 

seven definitions to this task, I will not be repeating the performance here. Once this was 

done he was able to define the axioms. He finishes the section with the following four 

which are reminiscent of the definitions described above:
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Fl(x,y,z) =v = zlmpx v (£v)[v <x & Var(v) & x = vGen(y)]

“zlmpx” is the formula formed by placing the conditional between z and x. Fl(x,y^z) 

asserts that x follows from y and z by to modus ponens or universal generalization, which

are the two rules of inference in P.

5w(x) s(n){0 < n <Z(x) -> zlx(«GLx) v (Ep)(Eq)[0 <p,q<n& Fl(nGLx, pGLx, gGLx)]} 

& Z(x) > 0

“Ax(y)” asserts that y is an axiom, thus “Z?w(x)” asserts that x is a proof-schema. 

xBy =Bw(x) & [Z(x)]GLx -y 

Bew(x) =(Ey)yBx

“xBy” says that x is a proof ofy, thus Bew(x) asserts that x is a provable formula. It 

should be pointed out here that Bew(x) is the only relation given so far which is not 

recursive. If one could define an n such that (Ey)(y <n & yBx) is true whenever Bew(x) 

is true, then Bew(x) would be recursive.16 However, this is not the case, and if it were, 

then P could be proven inconsistent17 and would be worthless.

In Proposition V (Propositions I-IV were basic propositions about recursive 

functions) Godel asserts that for every recursive relation R(xi.. .x„) there exists a number

r such that'

R(xl...xn) -> Bew Sb
' M, ..
r " Un

L Z(xi)..

R(x, ...x„) —» Bew Neg
( f
Sb

Z(xx)....Z{xn\J)

16 When I say that a concept is “recursively definable” I mean that recursive relations or functions can be 
given that mirror it. Thus the concept “X is a proof of Y in P” is recursively definable, while “X is 
provable” is not.
17 A system is inconsistent if there is a statement P such that both P and ~P are provable. Although I 
believe that freakish formal systems have been devised which allow such things, under normal 
circumstances the derivation of a contradiction allows all wff s of the system to be derived.
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X corresponds to the meta-mathematical concept Subst
(
a

I y) I b)
1 8given above. That

is, if Gs[n] =x, G[v] = u, and Gs[Z>] -y, then Sb gives the Godel number of the
< y)

formula obtained from a, when the class sign b of same type as variable v is replaced for 

v in a at all the places it occurs free. Z(«) is the Godel number associated with the 

number sign of n. In P, we remember that the number sign of 1 is given as fO (the 

successor of zero), 2 as ffD, 5 as fffffO, and so on. Z(«) is the Godel number Gs[fff.. .0] 

associated with the number sign for n. u\ un are taken to be Godel numbers for variables 

of first type, i.e. w, = G[x] for some x that is a variable of first type. (Thus each u, will be a 

prime number >13.) What Proposition V asserts is that for every recursive relation 

R(xi.. .x„) there is a relation r(xi.. .x„) in P (where Gs [r(xi.. ,x„)] = r) which can be 

proven true in P for all values xi.. ,x„ for which R(xi.. .x„) holds and false for all values 

xi.. ,x„ for which R(xi.. ,x„) does not hold. In other words, every recursive relation is 

definable in P. Godel outlines how a proof of this proposition would proceed by 

induction on the degree of R, but it is not difficult to see why this is the case when you 

consider the way that all recursive formulas are constructed from the successor function

and constants.

D: Incompleteness

We now move to the famous Proposition VI that proves the incompleteness of P. 

Godel starts by defining the notions of c-provability and ^-consistency. Let c be any 

class of formulae, a theorem is c-provable if it can be proven from the axioms of P when

| is an abbreviation for ™ 'sLyY

) l J?,
and similarly for more variables.
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they are augmented by the formulae in c. Flp(c) is the set of all the axioms of P, the 

formulae of c, and all c-provable formulae. When c is empty than Flp(c) contains all the 

axioms and provable formulae of P and nothing more, c is called ^-consistent if the 

following holds:

a(Ea)(n)[Sb
Z(n\

e Flp(c)] & \Neg(yGena)] e Flp(c)

where a is a formula that contains v as its only free variable. In English, Flp(c) is a>- 

consistent if and only if there is no formula F(x) such that ~(x)F(x) is c-provable even 

though F(a) is c-provable for every individual a. In other words, in a system that is not 

^-consistent there will provable statements of the form “There exists an x for which P 

does not hold” even though “P holds for a” can be proven for all a. Notice that this, 

technically speaking, is not a contradiction. What would be a contradiction is if we could 

prove both ~(x)P(x) and (x)P(x). It is interesting to note that a system can be consistent 

without being o-consistent, but such a system would obviously be of little interest to us, 

since it is contradictory in meaning if not technically. Godel introduces the notion of c- 

provability because he wants to prove that P will continue to be incomplete even when 

augmented by the addition of (^-consistent axioms. Now we are ready to get to the heart 

of the proof.

2(x,y) =~x£c
f 19 V

Sb yL z(y)J]

xBc(y) is the recursive relation corresponding to the relation “x is a c-proof ofy.” In 

ordinary terms, Q(x,y) says that x is not a c-proof of y. Q(x,y) is recursive, therefore by 

Proposition V there is a q such that:
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xB,
f 19 ( 17 19 V

Sb y —> Bew„ Sb qI c { Z(x) Z(y)[ (A)

17
xB, ( 19 Y Z /

Sb y —» Bewc Neg SbL Z(y)J 1 V 7
19

’vy
(B)

Z(%) Z(y),

Where Bewc(v) means “v is c-provable” and G[x] = 17, G[y] = 19. We then define the 

numbers p and r as follows:

p = 17 Gen(q) r = Sb
19

’z(p)J

p is the Godel number of the formula (x)Q(x,y), and in English it says that the formula 

obtained by replacing Z(y) for the variable v (G[v] = 19) in y is unprovable in P. r is the 

Godel number of the formula Q(x,p) and it says that x is not a proof of p (notice that 77 is a 

constant, so r contains only one free variable). The following equalities hold:

Z
Sb

19 
p

y Z(p)
19= Sb [l7Ge„(9)] 

k Z(p)

z ( 19

II "J Q to s Sb q / \
y I

Z(p)JJ = 17Ge«(r)

Sb
< 17 19 ' < 17

= Sb rI z (*) Z{p\ I zwj

17Ge«(r) is the Godel number that corresponds with the proposition (x)Q(v,p). What it 

claims is that the formula formed by substituting the Godel number ofp for the variable y 

in77 is unprovable. This formula, of course, is 17Gc«(r) itself. Therefore 17Ge«(r) says, 

“I am unprovable.” By substituting77 fory in formulas A and B given above, we obtain:

xBf[17Gen(r)] —» Bew ( 17 YSb rI Z(x))_
(C)

xBC[17Gen(r)] —» Bewc Neg
, 17 A

Sb\ rI Z(x) (D)
yy
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From this it follows that 17Gen(r) is not c-provable. For suppose it was, then there 

would exist an n which is the proof of 17Ge«(r), and from (D) it would follow that

c ( 17 Y
Acg Sb rI

17 '
that Sb

is provable also. However, since 17Gen(r) is provable it follows

is provable from axiom schema III. 1 of P. Thus we have a contradiction.

Suppose instead that Neg[17Ge«(r)] is c-provable. Having proven that YlGen(r) is not c- 

provable we know that (m)~mBc[\1Gen(j-y\ is true. Therefore by (C) we know that

(m)Bewc
( 17 Y

Sb r , but this conflicts with the cj-consistency of c (since we have

assumed Bewc{Neg[17Gen(r)]} by hypothesis). Therefore 17 Gen(r) is formally 

undecidable in P. We also know that 17Gen(r) is therefore true. What’s more, we know 

that there will be formally undecidable propositions of the system P and any system 

formed by augmenting P with additional ^-consistent axioms. A proof of

incompleteness has been given by J.B. Rosser that does not depend on the ^-consistency 

of Flp(c). Finally, I must mention Proposition XI. It proves that the consistency of P 

cannot be proven within P. Let us define the proposition “P is consistent” as 

(Ex)~Bewc(x), abbreviated from here on out as C. This works because, if P is 

inconsistent, then every wff is provable within it. Godel then shows that the formula 

C->17Gc«(r) is provable in P. As such, if C were provable, by modus ponens we could 

infer 17Gen(r) and thereby derive a contradiction in P. Thus C is provable in P only if P 

is inconsistent.
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§3: The Philosophical Ramifications

A: Implications of the Proof in Regard to Formal Systems

A formal system X is susceptible to Godel’s proof if (1) the equivalent of 

Proposition V holds for X and (2) “x is a proof ofy in X” is recursively definable. If (1) 

does not hold, then X is too weak to be of much interest. (2) will hold of any X with 

simple mechanical rules of inference.19 Any system based entirely on symbolic logic will 

fulfill (2), and for the most part, any system in which theorems are proven based on rules 

which are purely syntactical in nature20 will either fulfill (2) or the rules will be so 

complicated that it will often be doubtful whether or not a given inference is allowable in 

the first place. They certainly will not be like any previous logical laws, which can 

always be made to act on statement schemes. In order to prevent a system of arithmetic 

from having rules of inference that are recursively definable (and thus satisfy (2)) we may 

wish to adopt an object language that uses geometrical shapes as symbols. Thus we can 

symbolize the number 1 with any triangle which has at least one side of length A. The 

number 2 can be symbolized by any four sided shape with at least one side of length A, 

the number 3 by any pentagon with at least one side of length A, and so on. We can then 

incorporate the sign of addition and the sign for equality. We then define rules of 

inference which act only on the syntax, say, ‘“b + ▲ = > ’ is true if and only if the 

shapes on each side of the ‘+’ sign form a shape with the same amount of sides as the

19 This concept has been made mathematically precise in the theory of computability, which shall not be 
discussed here. Roughly speaking, a system P has mechanical rules of inference and thus satisfies (2) if 
every proof of P can be checked by a computer for validity. Anyone who tries to actually prove something 
with systems like P will undoubtedly notice the similarity between them and computer programs. Anyway 
they are just as fickle as computer programs.
20 To say that the rules of inference are purely syntactical in nature means that they can be rigorously 
defined in a syntactical metalanguage of the system. For a sharper distinction due to Quine we can have 
this syntactical meta-language be an rsp; the resulting language is what Quine calls protosyntax. For fuller 
details see §55 of his Mathematical Logic or his essay “Truth, Paradox, and Godel’s Theorem.”
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shape on the right side of the ‘=’ sign when placed adjacent to one another.” Thus we 

would prove that 2+1=3 by playing with shapes instead of shunting symbols. Supposing 

there is a way to develop this “system” further (and there probably is) until it could 

satisfy (1) while not satisfying (2), we are left wondering how useful it is, because in 

order to prove simple arithmetical statements with it we will have to start proving 

advanced theorems in geometry. In other words, what makes the rules of inference given 

to us by the study of logic helpful is their simplicity, and thus rules of inference that 

cannot be mechanically carried out on the syntax of the language in which the logic is 

employed are of little interest to us. However, it is just this simplicity that makes them 

vulnerable to Godel’s proof.21

B: The Transcendence of the Human Mind

We can infer almost without question that human mathematical thought cannot be 

captured by any formal system like P. By this I mean that any formal system P will have 

propositions that it cannot prove to be true even though human beings can. For if we

were to construct such a P we could then also construct a statement G that is undecidable

in P but known to be true by us. Some might wish to dispute this fact, saying that the 

limits of human mathematical knowledge are limited by a formal system P, but that this 

system is so complicated (perhaps due to the overwhelming complexity of the human

21 Essentially the same point in regard to the helpfulness of explicit rules of inference can be made against 
systems with recursively definable rules of inference (such as PM). This is brought out rather 
conspicuously in Quine’s Mathematical Logic. In the appendix to the revised edition of that book Quine 
defends his system from allegations of circularity. They were based on the fact that, in order to prove that 
certain statements were derivable by means of the mechanical rules of inference, he had to make use of the 
principle of mathematical induction. Then later, using his knowledge of the derivability of those 
statements, he was able to show that the principle of mathematical induction could also be mechanically 
derived within the system. He is entirely right to point out that this by no means shows his system to be 
circular. Yet we are left wondering about its usefulness. If the principle of mathematical induction were 
really in doubt, of what use would Quine’s book have been? All of these systems were meant to provide a 
firm foundation for arithmetic and prove statements such as “2+2=4,” but none of them could be of any use 
to a human being who does not already believe such statements.
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brain) that we are incapable of formulating it. Since we are talking about the capability 

of the human mind to do mathematics, they cannot be content to say that it is unlikely 

that we can formulate such a system, that the odds of our stumbling upon it are low. It 

must be impossible for us to formulate such a system in principle, and this strikes me as 

very unlikely.

Objections that run along the lines, “There is not enough time or space in the 

universe to formulate such a system,” or other such physical considerations, risk missing 

the point of what is being argued here. The fact that the human race will presumably 

only exist for a finite period of time is enough to demonstrate the limitedness of human 

reason. If a comet hit earth tomorrow and destroyed us all, and alien life forms 

consequently visited the earth to see how far we progressed in our mathematical 

knowledge, then they may very well be able to create a formal system which is able to 

prove every theorem proved in the history of human existence. However, nobody’s ghost 

would be willing to accept the idea that human reason was therefore limited in its 

capabilities by this system, and a Godelian ghost may even decide to write an 

undecidable formula to thwart it. This is because the coming of the comet is to be 

regarded as something external and accidental, and therefore it has nothing to do with the 

capabilities of the human mind. Thus we see that one cannot merely say that physical 

circumstance x happens to be the case and prevents us from formulating P. One must say 

that the human mind (or something equivalent in capability) can exist only if x is the case 

and that x prevents us from formulating P. I repeat, it has to be impossible to formulate 

such a system in principle and this is very unlikely to be the case; especially since 

computers and calculating machines are tools of human reason in the same way that
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pencil and paper are, and it is essential to formal systems that they can be enacted on 

computers.22

C: Metaphysical Implications

Few of us would have been surprised to learn that there is no algorithm— 
no effective criterion, no outright test—for truth in elementary number 
theory. Such a test would make short work of unsolved problems such as 
Goldbach’s Conjecture and Fermat’s Last Theorem; too good to be true.
On the other hand Godel’s theorem came as a shock, for we supposed that 
truth in mathematics consisted in demonstrability.

—W.V. Quine, Selected Logic Papers, pg. 236.

The thesis of mathematical Platonism is that truth in mathematics is independent

of the human mind, that the mathematician is the discoverer, rather than the creator, of 

mathematical truth. The difficulty that many people have with this is that mathematical 

objects, which presumably are what mathematical truth is about, are not physical. So 

alternative theories were proposed. One approach is to reduce mathematics to a physical 

activity in some way. Wittgenstein in particular comes to mind in this respect; for he 

seems to argue that the numeral 5 is not the name of an abstract object (the number 5) but 

only has meaning in the context of some physical process (such as counting) that is to be 

performed. Thus “5+5=10” is not a statement about the numbers 5 and 10, but is really a 

statement to the effect that, if we count up to 5 as we have been taught to do, and then 

repeat the process, the outcome will be the same as counting up to 10. This is not 

meaningless activity because, as modem science has shown, when activities such as these 

become more complex (i.e. as mathematics develops) they become increasingly useful in 

our everyday lives. However, the only reason we are inclined to say that mathematical 

statements are about invisible objects is because, for the sake of convenience, we speak

22 For a much fuller and altogether exceptional discussion of this subject I recommend Roger Penrose’s 
books The Emperor’s New Mind and particularly Shadows of the Mind. The brief but effective argument 
found in the first paragraph of this section appears in the latter book.
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about them as though they were objects.23 The theory becomes very implausible when 

we begin to speak about entities such as imaginary (or complex) numbers, for it is unclear 

which physical process such concepts can be attached to. True, scientific theories about 

physical objects have been developed that make use of imaginary numbers, but the 

development of imaginary numbers precedes their use in such theories. In general, 

empirical applicability is a poor criterion for meaningfulness in mathematics. For surely 

nobody would say that the theory of imaginary numbers held no meaning for us until the 

development of quantum physics, and thus we cannot say that a mathematical theory 

(such as set theory) is meaningless merely because it doesn’t have any applications in 

contemporary science. The mathematical theory must be inapplicable in principle, and 

whether or not this is the case is really beyond our ability to determine.

To answer these issues, one can postulate that mathematical objects are simply 

very advanced constructions of the human mind, constructions that are built up according 

to rules out of the more basic concepts (such as that of natural number) which are 

founded in a physical process.24 This is very much in line with the “linguistic turn” in 

philosophy, which strikes me as an attempt not merely to analyze thought indirectly by 

analyzing language, but to reduce thought processes to linguistic ones. It is in the spirit 

of this philosophy to reduce truth in mathematics to a formal, i.e. syntactical, affair, 

claiming that mathematics is nothing more than a series of rule-governed physical 

operations performed on written marks. Godel’s proof, as attested to by the quotation of

23I recognize that this is far more theory than the later Wittgenstein would explicitly state. It is more his 
style to say something like, “Where our language suggests a body and there is none: there, we should like 
to say, is a spirit,"(Investigations, #36) Notice how little he says, but how much he suggests.
24 Of course, one might say that mathematical objects are abstract constructions of the human mind, but 
abstractness is the part of the Platonic conception of mathematics that is considered most objectionable 
(“Where are these objects, if they are objects—behind the pituitary gland? In heaven?” And so on).
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Quine given above, shows the impossibility of such a project. Now, I am not willing to 

concede that demonstrability is the same as formal demonstrability, and therefore it is not 

my conclusion that Godel’s proof shows that mathematical truth does not consist in 

demonstrability. I think that the Platonic theory of mathematics has very strong 

philosophical arguments to support it, but its truth is not demonstrated by Godel’s proof. 

However, insofar as it does thwart the formalist project, it can certainly be seen as a blow 

in favor of that philosophical theory.25

D: Axiomatic Systems

Does this mean that we must throw away formal logic and formal systems? No, 

on many counts. One of the major reasons that modem symbolic logic is useful because 

it has given us a precise and expressive notation which is a tremendous aid in fields such 

as mathematical analysis, set theory, group theory, and others. The role this language 

played in Godel’s proof is certainly very noticeable. Furthermore, though statements in a 

formal language are designed with an eye towards facilitating mechanical manipulations, 

they can be analyzed based on their meaning alone. Also, Godel’s proof does not imply 

that systems such as P give false proofs. We can trust that every theorem proven from 

the axioms truly does follow from them and we can leam from such systems.26 

Generally, though logical rules may never be able to capture human thought completely, 

they can certainly capture a great deal of it, and the more the better.

25 This is not meant to imply that the formalist urge, insofar as it is a call for increased rigor, is 
incompatible the Platonic view of mathematics. This is only the case when the formalist demands that all 
truth in mathematics be reduced to demonstrability through a limited set of syntactical manipulations 
performed on a standardized language.
26 For example, we learned from the work of Frege and Russell that acceptance of the naive principle of 
comprehension in set theory leads to contradictions.
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It should also be kept in mind that Godel’s proof says nothing about axiomatic 

systems such as Euclid’s Elements or such as can be found in textbooks which accept 

certain statements as axiomatic and then proceed to employ any rational means available 

to prove theorems from them. Very often we use reasoning that involves a knowledge of 

theorems which fall outside of the field with which the axiomatic system deals. Thus a 

theorem of geometry might implicitly depend on our knowledge that 1+1=2, yet we do 

not add “1+1=2” to our list of axioms for Euclidean geometry. Rightly or wrongly, we 

are not bothered so long as we can somehow show that it is impossible for the theorem to

be false when the axioms are true. Both the differences and the similarities between

using these “unregulated” axiomatic systems and systems like P is fundamental and must 

be emphasized. When using a system like P, we try to show, by any rational means, that 

a given theorem can be obtained according to some set of rules for manipulating the 

symbols used to express the axioms and other wffs. It is like playing a game of chess. 

With unregulated axiomatic systems we are interested only in the facts themselves, and 

the notation used in such systems is there primarily for the sake of expressing the facts.

If we do not like the notation used, we can change it arbitrarily without having any effect 

on what can be proven in the system.

E: The Role of Logic in Axiomatic Systems

I mentioned in the first part of this essay that logical rules to this point have 

always been of such a nature that they could operate on standardized statement schemes. 

These schemes can be thought of as representations of general forms that propositions 

take, and the analysis of them is, in my opinion, what makes logic what it is. The 

logician analyzes ordinary statements (called OL statements above and hereafter) by first
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giving them a formal translation into one of the standardized schemes,27 and then making 

deductions by performing mechanical manipulations on the notation of those schemes. In 

a formal axiomatic system, the axioms are all translated into such schemes and 

manipulated accordingly. The ultimate goal of the logician is to ensure that little or 

nothing, as regards implication, is lost in that translation. For example, if it is obvious on 

some grounds that it is impossible for an OL statement B to be false when a set of 

premises A is true, then from the formal translation of A into schema A the logician 

should be able to deduce by his rules the schema B corresponding to OL statement B. A 

system of logic captures our reasoning if for all A,B,A,B, (where they are defined as 

above) A implies B if and only if A implies B according to the mechanical rules.

The Aristotelian logic clearly fails to meet the criteria of the previous paragraph. 

From the statement “John is a father,” we cannot infer “Some people are the children of 

John,” using syllogisms. Godel’s proof all but establishes the fact that the same situation 

holds in modem logic as well. A famous example of the type of sentence that gives 

modem logic trouble is “John walks with Mary.” This sentence clearly implies that John 

walks and Mary walks, yet if we translate “walks with” as a dyadic relation we can 

neither infer that John walks nor that Mary walks.28 It may be possible to devise a 

general method for dealing with adverbs within the framework of modem logic, or one 

might try to develop logic further and find newer and more appropriate schemes and laws 

of manipulation. However, if those laws of manipulation are mechanical then the system 

still will not capture our reasoning about mathematics. So we have our conundrum:

27 This formal translation relies wholly on the logician’s understanding of the meaning of the sentence and 
cannot be reduced to a mechanical procedure.
"81 was made aware of this particular example from reading chapter 2 of Quine’s Philosophy of Logic. It is 
originally due to Donald Davidson.
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Logic seems to be a syntactical affair,29 30 while the laws governing reason are not. This is 

frustrating because it effectively means that we will never be able to create a grand list of 

every valid form of argument. However it can also be seen as somewhat exciting, for it

means that the logician’s job is never finished.

In the first chapter of his Philosophy of Logic, W.V. Quine suggests that we drop

the idea that every sentence states a proposition. His argument, in brief, is that it is often 

difficult or impossible to identify different sentences in terms of the objective information 

they convey. His point, I believe, is not that sentences fail to convey information; but 

that this information does not come in clean-cut bundles we call propositions. In other 

words, there are no rigorous criteria whereby for any two given sentences A and B we 

can discern that A=B, insofar as the information they convey is concerned. Although I 

disagree strongly with Quine’s overall philosophy, his point is well taken here. The 

belief in propositions, as discrete abstract or mental entities corresponding to sentences, is 

probably due to the fact that we tend to see language as a mirror of thought. The 

structure of language probably does reflect the structure of our mind in some ways. What 

is a stretch, however, is to assume that because sentences are simple structures that are 

easy to differentiate from one another, that thoughts likewise have a similar structure.31

291 mean that the laws are simple enough so that they can be formally reduced to manipulations of the 
syntax, not that they are nothing more than syntactical manipulations. An inquiry into logic will always 
involve an analysis of the meaning of statements.
30 It might be objected that Quine makes no recourse to our awareness of our own thoughts in his search for 
definite criteria for equality (and thus also inequality) between sentences. Such objections are not well 
founded. Though it is true that we often have the ability to know what we are thinking, any criterion that 
makes use of this ability is bound to remain, partially at least, on an intuitive level.
31 Perhaps the most striking example of this can be found in the philosophy of Henri Bergson. He regarded 
everything as fluid except for thought. My only guess for why he would be inclined to believe this (since 
he was not particularly keen on argumentation) is because he associates words with concepts, and thoughts 
with sentences. Since words are definite objects with a clear-cut beginning and end, and since sentences 
are built up out of words, Bergson goes on to claim that thought is a static structure that cannot capture the 
whole truth about the world because it is made up of parts that are too big to capture it in all of its fine 
grained complexity.
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Precisely what information is conveyed by which sentence depends on the reader’s 

knowledge of the world, his understanding of the language, and what he is looking for. 

Now, the person performing syllogistic inferences is not interested in all of the 

information given in the statement, “All poor men are sad.” Unlike Quine, however, I 

believe that, since sentences do convey information, the distinction between analytic and 

synthetic judgments obtains, our only problem is that we may not know whether a 

judgment is analytic or synthetic. Quine succeeds only in showing that there are no 

general criteria available to us for determining whether one sentence contains the 

information of another, although in particular cases it is often easy to see when this is the 

case. Whereas Quine believes this is grounds for dropping the distinction, I believe that 

it only points out that the meaning of words and sentences is not a mechanical thing. The 

fact that truth is not syntactically definable in mathematics only emphasizes this point.

I think that the reason the meaning of words is a fluid thing is primarily because 

the way that they are understood, and thus also their meaning, depend on the knowledge 

of the person (or community) using them. “Mary traveled to Athens through the sky” is a 

statement with vastly different connotations for people living in different centuries. Our 

first instinct is to say that the conditions of its truth or falsity remain the same for all time 

and are understood once and for all once somebody understands the sentence. These 

conditions (and they need not be empirical) might be what we call the proposition. These 

conditions, however, clearly differ widely based on the beliefs of the person who hears 

the sentence. The reason for this is that different people hold different assumptions, and 

this difficulty is often overcome by explicitly stating these assumptions. Thus, “Mary 

traveled to Athens through the sky,” does not by itself imply, “Mary must have taken a
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plane,” or, “Mary must know magic.” Indeed, the study of logic can be useful to expose

such assumptions. However, it may very well be the case that we possess a kind of 

knowledge that can neither be explicitly stated within any language nor reflected in the 

structure of it, and thus it cannot be analyzed by the logician. Furthermore, Godel’s proof 

suggests that this is in fact the case in mathematics. This is essentially what Immanuel 

Kant meant when he said that mathematics contains synthetic a priori propositions.32

F: Reflections on Reason as an Activity

The idea that all truths of mathematics are deducible from a finite number of

axioms is rendered very unlikely by Godel’s proof. For it suggests that if we try to prove, 

say, the axioms of number theory from those of Euclidean geometry , we will find that 

they have already been assumed in our geometrical proofs. This is not problematic when 

we are content to use Euclid’s axioms only to prove statements in Euclidean geometry. It 

is only when we start making arithmetical theorems a part of what is to be proven in 

Euclidean geometry that we cannot use our knowledge of them to prove theorems of 

Euclidean geometry. Our way out of this was to develop laws of reason that are 

acceptable for all types of mathematical statement, but such laws, at least as they have 

been developed so far, have been proven by Godel to be inadequate. Thus Godel’s proof

32 I recommend Kant’s Prolegomena to Any Future Metaphysics for his account of the matter. His 
argument, though vague, essentially runs thus: The basic laws of arithmetic cannot be derived according to 
the principle of non-contradiction, therefore they are not analytic. Kant thought that this was because 
mathematics is a construction of the mind, and the reason mathematics holds true of the world is because 
the entire world as we know it is a construction of the mind. I do not follow him in this respect. However, 
his argument that mathematics is synthetic a priori is essentially the same as mine. The only difference is 
that, due to Godel’s proof, I do not believe that it is possible for any logic to capture all of human 
reasoning. The difference between my conclusion and Kant’s is that I do not then turn around and say that 
Euclid’s fifth postulate, or any other statement, is an example of a belief that is irresistibly forced upon our 
understanding by the structure of our mind. For an interesting discussion of these issues I also recommend 
the website Friesian.com. Its main subject is the philosophy of Leonard Nelson, a mostly unknown Neo- 
Kantian who held that human beings possess non-intuitive immediate knowledge (NIK), which is 
essentially what I am offering as an explanation for Godel’s results. The only possible difference is that I 
think NIK is something that is constantly being made intuitive (through the study of logic) but is also 
constantly being generated as well so that we can never make it all explicit.
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suggests something close to what Immanuel Kant meant when he said mathematics 

requires synthetic a priori reasoning, and perhaps we must also modify our conception

about how reasoning works, particularly our idea that fundamental axioms that cover the

totality of mathematics are possible or even necessary at all.

A situation exists in mathematics that is similar to many other fields as well (most

noticeably logic). We can discover mathematical truths, but we must also use them in the 

process of discovering them. To demand proof of their validity before their discovery is 

absurd. So it is with information given in perception. It must be trusted; the question is 

merely, “How does it work?”33 The fallacy underlying most objections to these kinds of 

process is, “Logical priority necessitates temporal priority.” In other words, we must 

discover the axioms before we can discover the theorems. In actuality, the converse 

seems to hold more often. With mathematical proof, the search is usually (but of course 

not always) for the right premises, not the right conclusion. One often already “sees” 

something with the eye of his intellect that makes him think the theorem is true or false; 

the difficulty lies in making this vague vision explicit (which means making it accessible 

to critical examination). Trying to find a proof is remarkably similar to searching for an

33 My point about perception can be stated more fully. I believe that one of the biggest errors in philosophy 
has been the attempt to demonstrate that perception really does reveal something outside of us that is not 
just “in our head.” The only way we can even be aware of external objects is through perception, and yet 
some philosophers (such as Descartes) are inclined to try to demonstrate that perception really works, and 
to avoid circularity they don’t want to use knowledge given in perception. Imagine a device fell from the 
sky that opened a window to a different world, a world that cannot be perceived by us and which has no 
effects upon our world. Now imagine that somebody threw away the device and proceeded to try to prove 
the existence of that totally inaccessible world and the trustworthiness of the device. He would have a 
better chance of succeeding than any philosopher ever had of demonstrating the trustworthiness of 
perception. Conclusion: Perception must be trusted without proof. True, there are errors and 
inconsistencies, but that is for the mind to work out. Sometimes we change our thoughts because of what 
we see, sometimes we realize that what we see is an illusion because of our thoughts. We even begin to 
understand how our eyes work and are able to judge when they are giving us good information and when 
they are not. A similar situation obtains in our studies of logic. We presumably rely on logical laws in our 
reasoning to discover them. As we learn more about them we realize that the reasoning we commonly use 
isn’t always sound.
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object one has lost. True, one often finds an object accidentally, after he has already 

given up the search. Yet the only reason he picks it up is that he wanted it in the first 

place. Actual reasoning is goal oriented, it is driven by conclusions to premises. The 

primary role of logic is to examine our reasoning after it has already occurred.

Conclusion

. There is nothing we can deduce in these philosophical matters with absolute 

certainty. Philosophically, Godel’s proof consists primarily of quiet suggestions and 

subtle innuendos. However, one of its strongest suggestions is that, barring some 

unforeseeable and fundamental advance in logic, the creation of an all-embracing 

axiomatic system of mathematics is impossible. What is so strange about this is that the 

proof does not suggest such limits on human reasoning but rather it depends on and gives 

a clear example of the ability of human reason to transcend such systems. It also seems 

clear that truth cannot be syntactically defined in mathematics, and thus in a sense we can 

also say that Godel’s proof suggests a fundamental truth about language as well: 

language is not and cannot be a mirror of the human mind, but is a tool and product of it. 

Finally, it is essential to understand that Godel’s proof was able to proceed because 

systems like PM reduced mathematical thought to a simple mathematical entity.
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