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Abstract

Chaotic behavior is a natural phenomenon that can be found all around us

in our daily lives. This project is focused on analyzing the behavior in forced

RL-Diode (resistor, inductor, and diode) electrical circuits. We determined

that when the sinusoidal input voltage of the circuit was increased, the voltage

across the diode experienced period doubling, quadrupling, and then eventually

chaos. Furthermore, this project is focused on predicting when and how these

chaotic properties emerged from data that we collected. The primary machine

learning technique that is used to predict chaos properties is a recurring neural

network called an echo state network. Accurately predicting chaos in a small-

scale electrical circuit like our RL-Diode circuit and further research on this

topic could lead to a greater understanding of chaos theory and its applications

in machine learning and electrical engineering.
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1 What is Chaos?

Chaotic behavior in the mathematical sense is quite different than the general pub-

lic’s idea of chaos. For example, chaos in math isn’t referring to a hectic day at

work, or trying to babysit your reluctant younger siblings; rather, it is referring to a

whole branch of mathematics where the systems we are examining may be non-linear,

turbulent, and even unpredictable. However, as a scientist or a mathematician, we

strive to make sense of the unknown and to make conjectures on why or how these

phenomena are occurring.

1.1 Intuitive Approach

To make this idea of chaos more clear, let’s talk about a natural phenomenon that

we are all very familiar with, the weather. Whether you live in Southern California,

Boston, Tucson, or Helena, Montana, there is different weather around us that ex-

hibits chaotic behavior. For example, we will never know with one-hundred percent

certainty what the temperature will be tomorrow and if there is going to be cloud

cover or not. Scientists and meteorologists can make an educated guess based on pre-

vious behavior and probabilities on what the weather will be, but we will never know

for sure how it will behave. Furthermore, if we look at Figure 1, we can look at real

weather data provided by the NOAA of Austin-Bergstrom International Airport [8].

As we can see from the figure, the maximum temperature, minimum temperature,

and precipitation amount all have irregular oscillations that do not settle to an equi-

librium value throughout the measured period of time. Throughout the remainder of

this document, we will refer to these irregular oscillations as aperiodic. Traditionally

in mathematics, we would venture to say that aperiodic oscillations like the ones seen

in Figure 1 exhibit noise within its data. However, when studying chaotic behavior,

we presume that all oscillations within a dataset are not random, but deterministic
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Figure 1: NOAA graph of the maximum/minimum temperatures and precipitation
at Austin-Bergstrom Int’l Airport from Feb. 2014-Mar. 2015 [8]

instead, where deterministic means that the future state of the system is solely based

on the values of the initial conditions and may drastically change upon altering these

initial conditions. The deterministic qualities of chaotic systems are what makes the

behavior interesting to study.

An additional principle of chaos theory that is important to understand is the

butterfly effect. In a very superficial fashion, the butterfly effect analogy says that

a butterfly flapping its wings can cause a hurricane at a location across the globe.

Although this sounds absurd, it is saying that all events in space and time, no matter

how small, have an effect on each other, and if a certain event (i.e. a butterfly flapping

its wings) happens at exactly the right time and place, it can have a significant effect

on a different event (i.e. hurricane). Thinking realistically, we can state that it

is highly unlikely that a butterfly could stir up the atmosphere enough to cause a

hurricane, but we could perhaps believe that the butterfly may be a catalyst to the

hurricane. In this case, a catalyst would be an object that accelerated a process

by initializing a chain of events. This unforseeable chain of events is what creates

chaos in a complex system and can also prove how sensitive a chaotic system may
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be. Therefore, a chaotic system is especially dependent on its initial conditions and

may achieve different results if an event did or did not occur. This being said, not all

chaotic systems are this sensitive and may not be affected by a catalyst as small as

a butterfly, but this idea of the butterfly effect and the chain of reactions it induces

will be helpful moving forward.

Now that we have some basic background knowledge of what chaos is, we can

assign a working definition to chaotic behavior. Steven H. Strogatz from Nonlinear

Dynamics and Chaos [11] defines chaos as, “an aperiodic long-term behavior in a

deterministic system that exhibits sensitive dependence on initial conditions.”

1.2 Identifying Chaos

Chaotic behavior does not usually appear without showing signs of occurrence be-

forehand. Starting with a system that is oscillating with a fixed period, one common

occurrence that often leads to chaos is called period doubling. Period doubling is when

a change in the dynamical system’s parameter value (e.g., input voltage) causes the

whole system to change form with twice the period as the original system. Addition-

ally, we use the term period doubling as the first altering of the system’s period; but

there will often be period quadrupling, period octupling and so on as we change the

parameter value. A tool that is often used by researchers to visualize these period

changes is a bifurcation diagram. Bifurcation diagrams show the parameter value on

the x-axis and the system’s output value on the y-axis. An example of a bifurcation

diagram can be seen below in Figure 2. To understand how to read these plots, let’s

look at the example below. In this diagram, when the parameter value is between 0

and 3.0, we can see that the system has a fixed period. Then, when the parameter

value is at 3.0, we see that the first period doubling occurs. Then as you might expect,

the next period doubling (quadrupling of the original system) will occur when the

parameter value is at ≈ 3.4. Then, shortly after that, we can barely see an additional
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Figure 2: Bifurcation diagram example [6].

period doubling. But, after this period octupling, it is hard to tell exactly when the

next period doubling occurs, therefore, we know that the system is in chaos.

2 Machine Learning and Neural Networks

Another aspect of this project is to use modern machine learning techniques to an-

alyze our results and to make conjectures about the chaos in the system. Machine

learning is one of the most popular areas of research in math and data science to-

day because its possibilities and applications are virtually endless. In addition, it is

a relatively new area of research because the modern applications were not feasible

without modern computer power. Therefore, due to machine learning’s young history

and any potential confusion, we want to provide a definition that we can all agree on.

Dr. Yoshua Bengio of the University of Montreal provides a nice overview of what

machine learning is in his definition:

Machine learning research is part of research on artificial intelligence, seeking to
provide knowledge to computers through data, observations and interacting with
the world. That acquired knowledge allows computers to correctly generalize to
new settings [4].
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Typically, when discussing machine learning, the field is broken up into two main

categories: supervised learning and unsupervised learning. Supervised learning tech-

niques are applied to a problem when the data is well labeled and we know exactly

how we are going to apply the data to predict a specified future trend [10]. Therefore,

this learning algorithm will require sufficient data to be collected and to be labeled in

the correct way in order to train the algorithm effectively. Furthermore, supervised

techniques will be used when we have a general idea of what the output values of our

sample data should be and we push the computer toward the correct results.

In contrast, unsupervised learning algorithms do not have labeled outputs in the

data, therefore, the algorithm will learn the natural structure present within the data

[10]. Furthermore, the math that is going on behind the scenes of unsupervised learn-

ing is more dense and clever than the math behind supervised learning algorithms.

Unsupervised learning techniques work best when the researchers do not know ex-

actly how they are going to use their data because the algorithm will help highlight

correlations, trends, and the proper direction to go with the dataset. Therefore, this

learning algorithm is going to be a good first step to take when tackling a new dataset

or problem.

2.1 Machine Learning Basics

There are countless machine learning techniques that are used today from linear

regression and logistic regression to K-means clustering and hierarchical clustering;

but, a very popular technique that is used due to its robustness and versatility are

neural networks.

Neural networks are most commonly implemented as unsupervised clustering al-

gorithms. Although my previous sentence may suggest that a neural network is a

straightforward, easy-to-implement algorithm, think again. Neural networks are be-

ing researched extensively and there are still many unsolved “mysteries” in which the
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Figure 3: Feed forward neural network visual representation [9].

algorithms operate. As the name suggests, neural networks are based on the idea that

the input “neurons” are arranged in a certain fashion so that they can all communi-

cate with each other – similar to the way neurons operate in our bodies [7]. To get

an understanding of what happens in a neural network, see the visual representation

of a simple feed-forward neural network in Figure 3. This is called a feed forward

neural network because all of the information is moving left to right only. Later we

will discuss a different type of neural network where the information has the ability

to move backwards through the network which makes the system very interesting to

examine.

In the neural network shown in Figure 3 and in all other standard neural networks,

there are three main components: the input layer, hidden layer(s), and output layer.

Although the input, hidden, and output layers are in different locations within the

system, they are nonetheless all nodes and are all connected to each other by the

connecting arrows. What actually occurs in the connecting arrows is what makes a

neural network so powerful. In fact, each one of these connecting arrows contains a

bunch of linear algebra behind the scenes where the input layer matrix is multiplied

by the first hidden layer’s weight matrix and then added to the first layer’s bias. Or

in other words, the value of one of the nodes in the first hidden layer, h1, can be
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represented by

~h1 = σ(W1
T · ~x+ ~b1), (1)

where σ is an activation function (e.g. arctan), W1
T is the transposed weight matrix,

~x is the input vector, and b1 is the bias represented with the first hidden layer.

Another aspect of a neural network that makes it so powerful is the infinite number of

architectures that can be used by altering the number of hidden layers and the number

of nodes within each given layer. To describe the architecture of a neural network

we use a “x-n...m-y” format, where x is the number of input nodes, n is the number

of nodes in the first hidden layer, m is the number of nodes in the last hidden layer,

and y is the number of output nodes. For example, we can have a “2-4-4-2” network

architecture, a “3-4-2” architecture, a “4-3-3-1” architecture (as seen in Figure 3),

or an infinite number of other combinations. Choosing the specific architecture is

solely based on the specific problem at hand and it is still an active area of research.

Although there has been progress in the research conducted, there is no clear-cut

way on how to choose a network architecture. Therefore, building an accurate neural

network often requires some trial and error within the process. The learning or

training of a neural network is an iterative process where the initially random weight

matrix and bias values for each layer will be altered accordingly depending on the

input and output values. Once the model is trained, we will be able to use these weight

matrices and bias vectors to predict the output of our testing set’s input values [7].

2.2 Recurrent Neural Networks

As stated previously, there are an infinite number of different types or architectures

of neural networks and they are strictly dependent on the size of the data, the type of
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Figure 4: Recurrent neural network visual representation [12].

application they are trying to predict, and testing through trial and error. Therefore,

not all network structures are “feed-forward” networks where all of the information

will move in one direction only. Furthermore, there is another common type of neural

network called a recurrent neural network where the connecting arrows have the

ability to loop backwards within the network. These loops within the system allow

the training of the algorithm to be based on previous trained data (weights and

bias) as well as the current input data [3]. To refer back to the analogy of a human

brain, a recurrent neural network can “remember” previous events and apply what it

learned to the new and current events. In other words, recurrent networks add short

term memory enhancements to the long-term memory characteristics of a standard

feed-forward network. For this reason, you may also hear recurrent neural networks

called long short-term memory (LSTM) networks. To get a visual representation of

a recurrent neural network, see Figure 4.

As you can see from Figure 4, the same connecting arrows from the feed-forward

network in Figure 3 are present, as well as the addition of the recurrent arrows from

one hidden layer to the other. Furthermore, we can state that a node in the first

hidden layer, h1, can be represented mathematically by
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Figure 5: Echo state network visual representation [2].

~h1 = σ(W1
T · ~x+ U1 · ~h2 + ~b1), (2)

where U1 is represented as the hidden-to-hidden layer matrix between the first and

second hidden layers, ~x is the input vector, W1 is the transposed weight matrix, ~h2

is the second hidden layer’s vector, σ is the arctan activation function, and b1 is the

bias represented with the first hidden layer.

Specifically, in this project we are going to use a type of recurrent neural network

called an echo state network or reservoir computing. Although you may think that

an echo state network is more complex than the simple recurrent network introduced

above, it is in fact a rather simplified version. Instead of numerous hidden layers with

recurrent steps in each layer, an echo state network contains one hidden layer called

the reservoir layer containing one recurrent step. An image of a standard echo state

network can be found at Figure 5.

Within the reservoir, there are N nodes where N is arbitrarily chosen by the user

based on the size of the input data. Unlike typical hidden layers in neural networks

where all nodes are connected to each other, the nodes within a reservoir are sparsely
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connected, meaning that each node is connected to only approximately 1% of the

other nodes [2]. This recurrent neural network architecture has proven to be useful

to accentuate patterns within particular systems. Furthermore, the use of echo state

networks and their ability to highlight patterns within a system will be discussed in

detail later in this paper.

3 Chaos in Electrical Circuits

As we discussed earlier in this paper, chaotic behavior can be found in countless phys-

ical phenomena. Some of these nonlinear behaviors are present within very complex

systems with many underlying variables while others can be found in quite simple sys-

tems. For the remainder of this project we are going to discuss the chaotic behavior

present in a simple RL-Diode (resistor, inductor, diode) electrical circuit.

3.1 Brief Overview of Circuits

An electrical circuit is the basic framework of any electric system and it is simply the

closed path in which the current travels. Within this path, there may be components

such as resistors that absorb voltage, but the current will be conserved and cannot

be theoretically lost anywhere within this closed loop. Electrical systems have had

incredible advances in the past several years and an electrical circuit can consist of

millions of components and transistors; or they can also be quite simple. An example

of a simple circuit can be found in Figure 6, which is in fact the circuit used for this

experiment. In this schematic, V1 is the voltage source, L1 is our inductor, R1 is

our resistor, and D1 is our diode. Note that the diode is oriented backwards from

the typical orientation in the circuit schematic and that this is one of the underlying

causes for the peculiar behavior from the circuit.
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Figure 6: RL-Diode circuit layout used for experiment.

3.2 Why is this Circuit Chaotic?

The reason that this circuit is chaotic is because of the behavior of the diode and

its two phases: conducting cycle and non-conducting cycle. When the diode is in its

conducting cycle it will act like Figure 7 and its non-conducting cycle is shown in

Figure 8. In the conducting cycle, the diode will act with a fixed bias and the voltage

drop is oriented counterclockwise in the circuit. However, in the non-conducting

cycle, the diode will act like a capacitor and is able to store charge while the current

is clockwise. The underlying structure of a diode only allows a sustained current in

one direction (here, counterclockwise). Therefore, when the circuit is in a conducting

cycle, the current will be flowing in the counterclockwise direction, which will cause

the diode to behave as designed and to read a constant voltage at Vd, essentially

acting like a battery. This behavior can be seen in the raw data at Figure 16 in

orange when the voltage is at a flat-line at −0.6V between peaks (note that the

voltage is negative here because of the voltage polarity convention adopted for the

diode in Figure 6). Conversely, in the non-conducting cycle the current is flowing

in the clockwise direction, but, the diode cannot pass a sustained current in this

direction. As a result, the diode will store this charge and behave like a capacitor,

causing there to be peaks in our data. Furthermore, we define recovery time to be

15
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Figure 7: Diode conducting cycle, represented as a battery

the amount of time it takes the diode to completely stop the current and transition

from the conducting cycle to the non-conducting cycle [1].

Before we look at the circuit in chaos, let’s take a step back and examine how Vd

behaves when the circuit has its first period doubling. A small subset of Alam and

Anwer’s data [1] displaying the circuit current and measured diode voltage during the

first period doubling can be found at Figure 9(a) and Figure 9(b) respectively. While

reading these plots, again remember that the voltage and current polarity conventions

adopted in Figure 6 are opposite to those commonly used for forward-biased diodes.

Therefore, when the current is above the t-axis (Figure 9(a)), the current is actually

negative and vice versa. As you can see on the voltage data (Figure 9(b)), there

are two taller peaks and one smaller peak that lies between them. The taller peaks

are representing the non-conducting cycles where the recovery time before them was

small. On the other hand, the smaller peak is smaller because it had a longer recovery

time before it which caused it to enter the conducting cycle later. In Figure 9, the

recovery time delay is represented as interval b and the diode entering the conducting

cycle following the finite recovery time is represented as interval c. The recovery time

depends on the amount of current flowing toward the diode and the time will increase
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Figure 8: Diode non-conducting cycle, represented as a capacitor

as the absolute peak current increases. Therefore, when the absolute peak current is

large in the conducting cycle (interval a), the recovery time will be longer, which will

cause the non-conducting cycle to be delayed by a finite time. This proves that the

change in recovery time between the two cycles will not be simultaneous, but instead,

it will have a delay that keeps the forward peak current smaller than the previous

forward biased cycle. Furthermore, the recovery time will exhibit a snowball effect as

the input voltage is increased and there are more bifurcations. These finite recovery

times will eventually cause the peaks of the non-conducting cycle to vary in heights

greatly and will exhibit aperiodic, chaotic behavior as a result.
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Figure 9: Circuit current, I (a) and diode voltage, Vd (b) [1].
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4 The Experiment Procedure

The equipment used to conduct this experiment is as follows:

• Tektronix TDS-210 Oscilloscope

• Lodestar Function Generator

• Breadboard

• (1) 100Ω resistor

• (1) 18.3 mH inductor

• (1) 1N4003 Si diode

• Various cables, wires, and other basic equipment

General note: these are not the only material specifications that will work for

this procedure. There are many combinations of resistors, inductors, and diodes that

will experience chaotic properties. Other combinations can be found by experimenting

through trial and error. This being said, a slight alteration of one of these components

can cause large changes within the system because as we discussed earlier, chaotic

systems are very sensitive to their initial conditions.

The first step of the procedure was to build the circuit itself on the breadboard. As

stated earlier, this RL-Diode circuit is rather simple, therefore, building this circuit

is quite straight-forward. While building the circuit, it is important to connect the

oscilloscope leads to both the input voltage and the diode voltage so that we have

the data for both voltages with respect to time. An image of our circuit orientation

on our breadboard can be found in Figure 10.

Then, the next step of the procedure was to find the resonant frequency of the

circuit while the input voltage was low. The resonant frequency is the frequency

in which the absolute amplitude of the output voltage is the greatest. Finding the
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Figure 10: Circuit layout on the breadboard

resonant frequency is not crucial to the experiment process, but it’s a good place to

start because the changes in amplitude will be larger and the chaotic behavior will

be easier to identify. In our experiment, we found the resonant frequency to be at

74kHz when the input voltage was at 200mV.

Next, we began to increase the input voltage while keeping the frequency fixed

until we started to find chaotic behavior arise from the circuit. During this portion of

the procedure, we viewed the voltage readings in the oscilloscope’s “XY” view rather

than the “YT” view. The “XY” format is the input voltage on the x-axis and the

diode’s voltage on the y-axis as seen below in Figure 11. As stated earlier, diodes

only pass a sustained current in the forward-biased direction, so that Vd > −0.6V .

This diode characteristic can be seen in these “XY” plots where the plots are cutoff

horizontally just below the x-axis. The first sign of chaos was when the input voltage

was increased to 2.6V where we found period doubling. As stated above in section 1.1,
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Figure 11: Output voltage versus input voltage at 2.2V

period doubling is when an increase in the input voltage causes the output voltage

to be returned with twice the period as the input. An image of our oscilloscope in

“XY” mode at this amplitude can be seen at Figure 12. To relate this back to Figure

9, the period doubling line seen in Figure 12 is just the collection of “smaller” peaks

that were as a result of the finite recovery times.

From here, we continued to increase the input voltage until we found another

period doubling, or period quadrupuling with respect to the original period. We

found the input voltage to be at 3.1V and an image of the oscilloscope’s “XY” view

can be found in Figure 13. Again, we increased the input voltage to 3.5V where the

diode’s voltage appears to be in pure chaos. There were potentially several more

period doublings that occurred between 3.1 − 3.5V, however, they were very hard to

identify on our oscilloscope’s screen. Perhaps with a very sophisticated system and a

high-resolution screen, there would be more period doublings to be found; but, with

our system we found that the system went into chaos shortly after the second period

doubling. An image of the diode’s voltage in chaos where the input voltage is at 3.5V
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Figure 12: Input voltage versus output voltage with first period doubling at 2.6V

Figure 13: Input voltage versus output voltage with second period doubling at 3.5V

and 3.8v can be found below in Figures 14 and 15 respectively.

Through this experiment, we were able to electronically collect 16, 384 data points

in 32.8ms while the diode was in chaos at an input voltage of 4V . To understand
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Figure 14: Diode voltage chaotic behavior with an input voltage of 3.5V

Figure 15: Diode voltage chaotic behavior with an input voltage of 3.8V

what this data looks like, a small portion of the data can be seen in a graph below

in Figure 16. In this plot, the data shown in blue is our input voltage and the data

shown in orange is our diode voltage. As you can notice, the peaks of the diode voltage

23



Scofield

are aperiodic and show signs of chaotic behavior. This plot proves to be helpful by

providing a basic understanding of what the data looks like and by displaying the

aperiodic behavior we will try to predict in the next section.

Figure 16: Visual representation of a randomly chosen subset of data

5 Predicting Chaotic Behavior

To begin applying machine learning techniques to our collected data, we needed to

determine what software language and packages were suitable for the problem at

hand. Packages in programming software refer to the collection of pre-designed code

in a module that can be added to a user’s program to include additional options,

features, or functionality. Specifically, we needed to find a user-friendly echo-state

network package that was going to allow us to manually adjust the free variables to

identify chaotic patterns within the data. As stated earlier, neural networks are still an

active area of research and improved packages and applications are continuously being

developed. This statement is especially true when discussing echo state networks as

they have not been abundantly used in the past. Therefore, there are only a few

packages available that perform echo state network machine learning. The package
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that we found to be the most effective is easyesn in Python [5]. This package allows

the user to select the size of the reservoir N , the leaking rate α, and the number

of input and output nodes in the system while the remainder of parameters and

functions were automatically chosen by the package’s software. As explained earlier,

the size of the reservoir are the number of sparsely connected hidden nodes within

the reservoir.

In addition, the leaking rate is a nice neural network feature that the developer of

this package included to help minimize overfitting of the training data. The leaking

rate is a number between 0 and 1 that represents a percentage of training points that

are disregarded, or left-out of the training of the neural network algorithm during each

training step. Although the leaking rate is somewhat mathematically mysterious on

how it can improve a neural network model, it is a parameter that we played with and

found to be effective in our model. Lastly, the number of input and output nodes are

solely designated by the number of data points that we collected in our experiment.

One adjustable parameter that is missing from easyesn is the ability to designate

which activation function the model is using. By default, this package uses arctan

as its activation function, which is often the most accurate; however, it would have

been interesting to experiment with other activation functions such as the Sigmoid

or ReLu functions.

To attempt to build an accurate machine learning algorithm, we needed to develop

an error metric that we would try to minimize during our prediction step. Because

we only have raw data and no actual functions, it made the most sense to calculate

the error rate point-by-point between the collected data, u and the predicted data, v.

Furthermore, we used a variation of the `2 norm as our error rate. Mathematically,

our error rate, E can be written as,

E =

√∑n
k=0(uk − vk)2

n
, (3)
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where n is the length of the testing set. We divided the `2 norm by n because we

wanted the error rate to be relative to each point rather than the entirety of the

predicted data. Therefore, this error can be thought of as an average error for each

point measured in Volts.

The creators of easyesn developed the package to be user-friendly and there are

only a limited number of steps that need to be executed by the user to train and

predict an echo-state network model. The basic framework steps, or pseudocode,

that need to completed are to (1) create input and output training sets, (2) create

input and output validation (or prediction) sets, (3) build the echo-state network

model and designate parameter values, (4) predict the value of the output validation

set using the input validation set, and (5) calculate the error rate between the output

validation set and the model’s predicted set.

In our pseudocode outlined in the previous paragraph, the first two steps are to

create our input and output training and testing sets. The two training sets are used

to actually build the echo-state network model and highlight the underlying patterns

or tendencies of the data. In contrast, the testing sets are used to predict a network

model and identifying how accurate the model is. In our model, we designated the

input data to be our input voltage data, V1 and the output data to be our diode voltage

data, Vd from our experiment. Because the sampling rate during our experiment was

the same and we were measuring V1 and Vd simultaneously, the number of input nodes

and output nodes are going to be perfectly matched. Furthermore, it is important

that the training and testing sets are sized accordingly and use an appropriate amount

of the input and output data. Typically, the training data will be the majority of

the input and output data because having access to as much data as possible is

advantageous for building the model. As for the testing set, it is essential to designate

just enough information that the model can make a prediction and measure how

accurate the prediction is. For example, with the 16, 384 input and output points
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that we collected, we designated 99% of the data, or 16, 220 points to be our training

set and the other 164 points to be our testing set. This testing/training split allowed

us to numerically and visually examine the accuracy of the model while leaving the

majority of the data to be used for building the model.

The third step of the pseudocode process is to build the echo-state network model

and designate the user-selected parameters. It turns out that this is the most straight-

forward step to implement in the model. Designating the number of input and output

nodes is only dependent on the size of the input and output data because each in-

put/output point is one node in the neural network. Therefore, the number of input

and output nodes in our model is the length of our training set which is 16, 220 points.

Then, once we have the number of nodes designated, the values of the leaking rate

and the size of the reservoir need to be initialized. As we keep mentioning, the values

of parameters such as these in neural networks are an active area of research and there

are not definitive answers on what values these parameters should hold. Therefore,

initializing these values requires the guess-and-check technique while manually trying

to minimize the error rate of the model.

Lastly, we need to predict the value of the output validation set using the input

validation set and calculate the respective error rate. Then, as shown above, we cal-

culated our variation of the `2 norm error rate and plotted a graph of the output

validation set versus our model’s predicted set. It is useful to create visual represen-

tations of the model so that we have more knowledge regarding the accuracy of the

model than just a numerical value. In the next section we will discuss the parameter

values and results that we found from our echo-state network model.

27



Scofield

0 20 40 60 80 100 120 140
Time (2us increments)

1

0

1

2

3

4

Vo
lts

Figure 17: Our model’s prediction versus the actual collected values

6 Analysis and Conclusion

For our first model, we used all unedited raw input data points for our testing and

training sets. For our training set, we used all 16, 220 points and found the most

accurate parameter values to be N = 800 and α = 0.3. This combination yielded an

error rate of E ≈ 0.669V. A visual representation of this combination can be found

at Figure 17 where the orange graph is our raw output data and blue is our model’s

prediction. As you can see, our prediction is doing a mediocre job of following the

general trend of the output data. Furthermore, it appears to us that the model is

the best at every other peak and is missing the trends in between. Because of this

observation, we tried to train our model on the absolute value of the input data

instead. Moreover, we chose this method because as stated before, diodes cannot

conduct current in both directions which causes there to only be peaks in the positive

direction. Therefore, if we take the negative peaks out of the input data, perhaps it

would do a better job of training to the output data. With this new alteration to our

model, we found the most accurate parameter values to be N = 900 and α = 0.4.

This combination yielded an error rate of E ≈ 0.463 which is significantly better than
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Figure 18: Our model’s prediction versus the actual collected values using the absolute
value of the input

before. A plot of this combination can be found at Figure 18. It is apparent that this

model did a better job of predicting the trends of the output data. The magnitude of

the noise between the main peaks is less in most places and it also does a good job of

predicting the locations and magnitudes of the main peaks. We are defining “main

peaks” to be the peaks that have magnitudes greater than 1V. It may be hard to see

in the figure because the orange color is masking the blue color, but there are many

points where the model is predicting the magnitude and location of the peaks very

accurately. For example, from left-to-right in Figure 18, the second, fourth, seventh,

tenth, eleventh, twelfth, and thirteenth main peaks were all quite accurate in the

model’s predictions.

In addition, we found that the accuracy of the model cannot be improved signif-

icantly with the current training and testing sets we are using. Through (educated)

guess and check, we found that the leaking rate was most accurate around 0.4. How-

ever, we wanted to determine the affect of the reservoir size on the error rate of the

model’s prediction. To resolve this question, we looped over reservoir sizes in intervals

of 50 from 0 to 1500 and calculated the error rate at each reservoir size. A plot of
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Figure 19: Visual representation of the relationship between reservoir size and our
model’s error rate

this error rate versus reservoir size can be found at Figure 19.

Strangely enough, the error rate seems to stabilize around N = 400 and bounce

around a value of 0.5V. This observation proves that we would need to find new

methods to improve the accuracy of our model. Whether these new methods include

finding a different way to collect the data, or by changing the structure and architec-

ture of the neural network with the data we have, we are unsure at this point on how

to improve the model from its current state.

It turns out that chaos is a tricky phenomenon to predict. There are many different

specifications of our model that could be tweaked or altered to potentially improve

the accuracy of the model. However, with our current tools of data collection and

analysis, we have made favorable strides in predicting the chaotic behavior in our

electrical circuit. Below are items of further research that could help improve the

accuracy of the model.
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6.1 Future Work

• Fourier Transform: A potential model improvement could result in training

the model in the Fourier space and transforming it back into normal space to

calculate the accuracy. Fourier transforms focus only on the data’s frequency

and amplitudes, therefore, it may be able to make the chaotic properties more

transparent and simple to the model. We tried this method of training our

model but found a higher error rate. Nevertheless, we still find this idea to be

viable and a possible solution to predicting chaotic behavior.

• Train model with each period doubling: An additional idea to predicting chaotic

behavior in a system like ours would be to collect data at each period doubling

until chaos and to train the model on all of the period doublings. Perhaps if the

model could learn the characteristics of each period doubling, it would have a

higher accuracy of predicting chaotic behavior with a higher parameter value.
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