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Introduction

Ever since the adveny of counting man has been toying 

with numbers. He soon learned that some numbers behaved 

differently than did others, and that different combinations 

of different numbers also produced different results. Addition 

and subtraction are the same, whereas addition and multiplication 

are seem to be quite different.

Therefore, it was not very long after starting to 

count that man began to develop a number theory. At first 

this may have been only some deep thinking old men scratching 

in the sand, but soon games grew out of these early number 

theoretic concepts. And shortly thereafter contests between 

persons, cities, and countries were the rage. Of course, 

while this was going on some people were finding that 

number theory had many useful aspects, and with the develop

ment of the other sciences, number theory came into its 

own as a practical study.

One would suspect, as is the case, that much theory 

about numbers was developed because of the games. And as 

it turned out the Arabic system lends itself very well to 

the theory. Among other things that have resulted from 

combining the Arabic numerals with number theory is the 

digital computer.

< Although number theory has many useful applications

does not mean that the study of numbers has become totally 

utilitarian. Even today, and by all appearances for a long
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Jr time to come, mathematicians, professors, students, and others

will he playing with the theory of numbers.

Out of the knowledge accumulated over the past 2000

years and more this paper will present a small portion

of number theory; that of finite congruences. Naturally,

some basic material must first be presented in order to

have a foundation upon which to build. In this paper we

will lay only enough groundwork to develop some basic ideas

of polynomial congruences of arbitrary degree, plus a few

other interesting observations. Also,we will be considering

only polynomials with integral coefficients.

wIt may be defined only by being 
described, just as we may not define, 
but must describe, a giant sequoia.
Mathematics becomes thus independent of 
any other branch of human knowledge. It 
is autonomous and in itself must be sought 
its nature, its structure, its laws of 
being. ... It is itself a living thing, 
developing according to its own nature, 
and for its ovm ends, evolving through 
the centuries, yet leaving its records 
more imperishable than the creatures of 
geology.” *

This is mathematics and number theory is called the 

•’queen of mathematics”.

* James Byrnie Shaw, Philosophy of Mathematics, pp. 7-8
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Chapter One

Divisibility and Other Properties of Integers

*

Number theory is primarily concerned with integers 

and properties of integers, One of the most important 

properties is that of divisibility; another is that of 

a number being prime. Also, number theorists are 

interested in properties which hold for a complete class 

of integers which differ from each other by multiples 

of some integer. For example, the square of an odd 

integer when divided by 8 leaves a remainder of 1. This 

is a property of all odd integers - a class of numbers 

differing from each other by 2. It can also be shown that 

if the last digit of a number in decimal notation is 7, 

then its cube will have as its last digit the number 3*

Here again we deal with integers which differ by a common 

multiple of an integer, namely 10.

The study of these numbers which differ from each 

other by some common multiple leads in a natural way to 

the idea of congruence; however, before beginning the 

consideration of congruences we should first lay some 

of the groundwork.

Our considerations will be primarily from the stand- 

/ point of the postulates of a commutative ring. All eight

of the commutative ring postulates, and except for a special

case, only these eight hold for congruences. Following is
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F * a definition of a commutative ring and a list of the 

postulates. We shall present the postulates as they apply 

to equalities, but their application to congruences will 

become evident as the development procedes. The special 

case for which congruences have a cancellation law, 

thereby forming an integral domain, will be treated in 

Chapter Two as a theorem.

Definition 1-1 : Given a set, R, of elements a, b, c, ... 

for which the sum and product of any two elements are 

defined (the sum and product need not be distinct), then 

R is called a commutative ring if the following eight 

postulates hold :

1) . Closure. If a and b are in R, then the sum a + b and 

the product ab are in R.

2) . Uniqueness. If a = a' and b = b’ in R, then 

a + b = a’ + b’ and ab = a*b*.

3) . Commutativity. For all a and b in R, 

a + b s= b + a and ab « ba.

4) . Associativity. For all a, b, and c, in R, 

a+(b+e)=(a+b)+c and a(bc) = (ab)c.

5) . Distributivity. For all a, b, and c in R, 

a(b + c) « ab + ac.

41 6). Zero. R contains an element 0 such that

a + 0 = a, for all a in R.

7). Unity. R contains an element 1 / 0 such that

a1 = a, for all a in R
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4 8). Additive inverse. For each a in E, the equation

a + x = 0 has a solution x in E.

Definition 1-2 : An integral domain is a commutative ring 

in which the following additional postulate holds :

9). Cancellation law. If c / 0 and ca = cb, then a = b. 

Definition 1-3 : An integer greater than 1 is prime if it 

has no divisor other than itself and 1 which will yield 

an integral quotient.

Definition 1-4 : If a is a multiple of bj that is to say, 

if there exists an integer c such that a = be, then b is 

a divisor of a, written bja. If b divides a then -b will 

also divide a. Thus, usually only positive divisors are 

considered.

Several properties of divisibility follow directly 

from the definition and will be listed here in the form 

of a theorem, but no proof will be given.

Theorem 1-1 :

1) . If a / 0, then ajo and aja.

2) . If cja, then cjab for any b.

3) . If a Jb and ajc, then a|(b + c) and a|(b - c).

4) . If a|b and b|c, then ajc.

5) . If a, b, c, m are any integers divisible by n,

# and A, B, C, ..., 1/ are any integers, then

nj(aA + bB + cC + ... + mM),

A question that directly arises is; given an integer,

how many divisors does it have? For very large numbers
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4 this can be quite a problem, and property 5 is very helpful

in solving it. We shall demonstrate how this question may 

be answered after presenting a related problem, and then 

proving two theorems which will justify the method to be 

used.

The second problem is that of finding all the common 

divisors of a set of integers. This problem can be reduced 

to finding all the divisors of each integer in the set 

and then comparing them to determine which are the same.

Among all the divisors to a set of integers there 

can be found one common divisor that can be divided by 

all the other common divisors. The divisor that has this 

property is called “the greatest common divisor”. It is 

denoted by the group of symbols d = (a,b) which means 

that d is the greatest common divisor of the integers 

a and b.

Theorem 1~2 : The division algorithm.

Given any two integers a and b such that a / 0, there 

exist integers q and r such that b = qa + r where

-a 4 r < a .

proof : Consider the progression

..., b - 3a, b— 2a, b - a, b, b + a, b + 2a, b + 3a, ... 

Select the smallest positive member of this progression 

and call it r. Since the integers are well ordered we 

can do this. (cf. any number theory text. )

Thus -a<r <a. But r is of the form b - qa, and the 

proof is complete.
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Theorem 1-3 : If g is the greatest common divisor of 

♦ a and b, then g is a positive integer of the form

ax-j + by^ where x^ and y^ are integers, and g is the 

smallest member of the set of all positive integers of the 

form ax + by.

proof : Consider the set of all integers of the form 

ax + by.

Choose the smallest element of this set and call it h. 

h = ax + by .j.

Now we must prove that hja and hjb.

Assume h a (h does not divide a).

Then there exist integers q and r such that a = hq + r 

where 0<r<h (the strict inequality follows from the 

assumption that h a).

Thus r = a - hq

= a - q(ax1 + by1)

« a( 1 - qx1) + b(-qy<|)>

Thus r is in the set of integers of the form ax + by. 

Since by the assumption rjh, h cannot be the smallest 

element in the set ax + by if r £ 0.

But h was choosen as the smallest element of the set; 

therefore, r = 0.

Then, since g is the greatest common divisor of a and b, 

g|a and g|b.

Or a = gA and b = gB



(8)

4
♦

But h = ax1 + by1 

Thus h = gAx. + gBy^

= g(Ax1 + Byp 

Therefore gjh, so g^h.

But g is the greatest common divisor of a and b; therefore, 

g < h cannot be true•

Thus g = h = ax^ + by1 which is the smallest element in 

the set of positive integers of the form ax + by.

Theorem 1-4 : g = (a,b) if and only if g^o, gja, gjb, 

and djg where d is any other common divisor of a and b. 

proof : g > 0 since division by 0 gives an undefined 

result.

Suppose g = (a,b), then gja and gjb.

By Theorem 1-3, g = ax + by

Now if d|a and djb then djg by property 5 of Theorem 1-1. 

Next, suppose that gja and gjb.

Then g is a common divisor of a and b. Also assume djg 

where d is any other common divisor of a and b. Then by 

definition, g is the greatest common divisor of a and b. 

Definition 1-5 : a^,a2,...,an are called relatively 

prime if (a^,a2,...,an) ® 1.

a^ ,a2,... ,a are relatively prime in pairs if

(aifap » 1 for i / j and i = 1, 2, ..., n, and

J ® 1, 2, •«., n.

Using the preceeding information we are able to devise
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a method for finding the greatest common divisor of two
4ft non-zero integers. This method is called the Euclidean 

Algorithm and is the repeated application of the 

division algorithm to the two integers. Once the greatest 

common divisor has been found we can check divisors of 

the greatest common divisor to find all the other common 

divisors of the two integers. If the greatest common 

divisor of more than two integers is desired the method 

can be applied to the integers in pairs, and then the 

method applied to the resulting set of common divisors - 

again in pairs - to find the common divisors of this set, 

etc. until the greatest common divisor of the original 

set is found.

First we divide a by b and obtain a remainder r^, 

such that Oir^-b. Then we divide b by r^ and obtain a 

remainder r2, such that Olr^-r^.

The process is continued until rj+p the remainder 

received, is equal to zero.

Then r., such that O^r.^r. is the greatest common 

divisor of a and b.

And by applying the method backwards to remove the 

remainders we can obtain r^ as an integer of the form

ax + by
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< Example : Find the greatest common divisor of 572 and 516

and express it in the form ax + by.

572 » 516 <1 + 56 

516 « 56-9 + 12 

56 « 12-4 + 8 

12 = 8-1+4 

8 = 4‘2 + 0

Thus 4 is the greatest common divisor of 572 and 516.

Row 4 = 12 - 8

- 12 - (56 - 12-4) 

sa 12 • 5 - 56

« (516 - 56-9)5 - (572 - 516)

» 516-6 - 56-45 - 572 

= 516-6 - (572 - 516)45 - 572 

« 516*51 - 572-46

Thus ax + by = 516-51 - 572-46, or x = -46 and y = 51. 

This algorithm can be used to solve other problems.

How it is done will be shown later.

In order to show that r^ is the greatest common

divisor we must notice that the method of the Euclidean 

Algorithm is as follows : 

a « bq, ♦ r, 0 < r, < b

* b . riq2 ♦ r2 0<r2<r,

r1 " r2«3 + r3
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4
4

rj-3 = rj-2*j-1 + rj-1

A zero remainder must eventually result since each 

remainder is smaller than the one before it, there can be 

at most b remainders, and the largest remainder is less 

than b.

Now if d is any other common divisor of a and b, ie., 

dja and djb, then d also divides r .

Since d divides b and r^, it must also divide r2.

Continuing this reasoning we find that djr., thus r. must 

be the greatest common divisor.

To conclude this chapter we shall prove two theorems 

on divisibility that will be needed in the following 

chapters. Some of the steps will need further clarification, 

so we shall first prove two lemmas to take care of these 

steps.

Lemma 1-1 : If a is relatively prime to a set of numbers 

b^, i - 1» 2, ..., n, then a is relatively prime to their 

product. That is to say, if (a^) « 1 for i = 1, 2, ...» n, 

then (a,b1b2...bn) = 1.

proof i If (^,b^b2...bn) = d, d>1, then there exists a 

prime p such that pjd. If d is prime, let p = d.

But dja and djb1b2...bJl.

Since pjd, then pja and p|b^b2...bn
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« But then pjb^ which contradicts the statement that 

(a,bp = 1. Thus d = 1 as desired.

Lemma 1-2 : If ajc and bjc and (a,b) » 1, then abjc. 

proof : ajc and bjc.

Therefore, there exist integers q and r such that 

c = aq and c = br. 

b|c thus b|aq

But (a,b) = 1, so by Theorem 1-5 below, bjq.

Thus q = bs for some integer s, and c = abs.

Therefore, abjc.

Theorem 1-5 : If ajbc and (a,b) « 1, then ajc.

proof : (a,b) = 1

Therefore, there exist integers x and y such that 

1 = ax + by.

Multiplying by c we obtain c = acx + bey.

But ajac and by hypothesis ajbc,

Thus ajc.

Theorem 1-6 : If m = m.mo...m and if (m.,m.) = 1 12 n i’ 3'
for i / j such that i = 1, 2, ..., n and j = 1, 2, ..., n, 

then mija implies mja.

proof : If n = 1 the statement is clearly true.

Assume it to be true for n = k, ie., if m’ = m1m2...mk 

and mij a, then m* ja . i = 1, 2, ...» k.

Since m^ ja, rn’m^ ja

Now m*mk+1 = m1m2...mk+1 so the theorem is proved for all 

integers, n, such that n / 0.
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Chapter Two

yr Congruences: Definition and Properties

«
The idea that the members of a certain class of 

integers, when divided by some integer, would all leave 

the same remainder occurred so often and became so 

important to number theory that Carl Gauss introduced 

special terminology and notation to indicate the relation 

ship. Gauss's idea, which shows how a careful choice of 

notation can simplify mathematical discussion, can be 

stated as follows: a is congruent to b modulo m, written 

a = b (mod m), if a and b yield the same remainder when 

divided by m. a, b, and m are integers under this system 

and will be considered as such, along with all other 

algebraic terms, through the remainder of this paper 

unless otherwise stipulated. This notation provides a 

powerful tool for attacking many divisibility problems 

as well as leading to many other investigations which 

could not even be considered without the notation. The 

notation used in congruences is as important to number 

theory as is the notation used in differential and 

integral calculus.

Gauss's idea can be equivalently defined without 

using the remainder idea as follows:

Definition 2-1 : If m is a positive integer and mj(b - a) 

we say that a is congruent to b modulo m. This is written 

a = b (mod m). Unless otherwise noted the letter m will
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*' designate a positive integer thruoghout the remainder of
* this paper.

Further, if we divide a by m to obtain q and r such 

that a = mq + r, O£r<m, then m|(a - r) and a~r (mod m). 

Therefore, we see that a is congruent to its remainder 

when divided by m.

Definition 2-2 : If a = mq + r with OSr^m, then r is 

called the least residue of a modulo m. In general, if 

asb (mod ®), b is a residue of a modulo m.

Theorem 2-1 : a = b (mod m) if and only if a and b have the 

same least residue modulo m.

proof : Let r and r^ be the least residues of a and b 

modulo m respectively.

Then there exist integers q and q^ such that a = qm + r 

and b « q^m + r^ where 0 f r m and o ±r^ < m.

By definition, a = b (mod m) if and only if mj(b - a).
Since b - a = m(q^ - q) + r1 - r, m |(b - a) if and only 

if m|(r1 - r).

But -m < -(m - 1) £ r^ - r S(m - l)^m.

Since zero is the only multiple of m which is larger than 

-m but smaller than m it follows that m^r^ - r) if and 

only if“r1 - r « 0 or r « r^ Therefore, a=b (mod m) 

if and only if r = r^ as was to be proved.

The symbol M = ”, meaning concruence is very similar 

to the symbol “=w used for equality. This would lead to

the conjecture that the properties of the two symbols are
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also similar. Actually, both **=** and '•=“ are part of a 

4 more general concept, the Equivalence Relation.

Definition 2-3 : An equivalence relation is a relation E, 

involving two objects, defined for every pair of elements 

of a set A and having the following properties:

1) . a E a for any a in A.

2) . If a and b are in A and a E b, then b E a.

3) . If a, b, and c are in A and a E b and b E c, then 

a E c.

These properties are called the reflexive, symmetric, 

and transitive properties, respectively.

Prom the definition of congruence it is easy to 

prove that the congruence^is an equivalence relation, 

ie., a= a (mod m).

If a = b (mod m), then b = a (mod m).

If a=b (mod m) and b = c (mod m), then asc (mod m).

Also, since the congruence is an equivalence 

relation, it divides the set of all integers into 

mutually exclusive equivalent classes; also called 

residue classes. Any integer in a given residue class is 

congruent modulo m to any other integer in the same class, 

and is not congruent modulo m to any integer not in the 

class.

Since every integer is congruent modulo m to its 

least residue and since the only least residues are
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*

0, 1, 2, ..., m - 1, every i ^eger must be congruent to 

one of these numbers. Since no two least residues are

congruent modulo m, it follows that there are exactly 

m residue classes modulo m. Each of the numbers 

0, 1,-2, ..., m - 1 may be said to classify or represent 

one of the m residue classes. When solving problems in 

congruences it is customary to give only the incongruent 

solutions, in other words, the solutions which are 

numbers belonging to the set of least residues. For 

example, 8=3 (mod 5), 13 = 3 (mod 5), 18=3 (mod 5),etc.

Thus 8 would be the solution to a problem that yielded 

the above set of solutions.

Many of the operations in equalities also hold for 

congruences.

If a=b (mod m) and c = d (mod m), then a + c = b + d (mod m) 

and ac=bd (mod m).

If a=b (mod m), then a + c = b + c (mod m).

If a = b (mod m), then ac = bc (mod m).

The first two of these we shall prove, and since c = c (mod m) 

the two remaining follow directly.

Theorem 2-2 : If = bi (mod m) for i = 1, 2, ..., n, 

then £b. (mod m) and^a.5 fb, (mod m) where the
A A /-« A A

Jai = a1a2***an*
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r
*

proof : bi (mod m),

therefore ai - = mq.^ where qi is some integer.

Then £ a. - £b. « £mq. , and by dividing out the
A, * A, 1

Z? Z?
constant m we have £.a. - -£b. « m -^q. .

Therefore m|( £ a. - ^b.) and by the definition of
C'l 3. /-z i

congruence £a.= £b. (mod m).
<■/ 1 Zs, 1

Part two of this theorem is easily proved by mathematical 

induction.

Jfa.= Jb. (mod m) is clearly true for n = 1.

Assume it to be true for n = k, ie.,

A- k k
JJa.S j[b. (mod m) and Ka. - 1Tb. » mq where q

t’-i 1 1 i-i 1 txz 1
is some

integer.

Next we want to show the validity of the statement for

/<>< ktl

n = k + 1, ie., prove (mod m),''

/x^f kt/ k+t K. k

- Jbi = ITai - \+1 2 a ♦ bk+1 ffa - Jb
L~-l I ~l i-l l-l <■'> L -(

= ®k+1 2ai “ bk+1 JJai + bk+1 tai " bk+1 bi 

Factoring this yields

/</■/ k /X ft-

Ia1 - J[b . (a* , - bk+1).ffai .
c-Z i-Z i-l <-Z t'l
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Therefore

K

= m9k+1 #ai * raqbk+1 where qk+1 is some

integer. Since

tfa.~ Jb. (mod m)

It also follows from this theorem that for a^ = a and

b^ « h for each i the congruence an=bn (mod m) is true 

Example : Find the least residue modulo 7 of f(2) if 
f(x) » 23x4 + 9x3 + 5.

f(2) = 23-16 +9-8+5

We can readily see that 16=2 (mod 7)» and that 23=2 (mod 7) 

Combining these two we obtain 23-16=4 (mod 7).

Also, 9=2 (mod 7) and 8 — 1 (mod 7).

Combining again we obtain 9*8=2 (mod 7).

Finally 5=5 (mod 7).

Combining all these results gives us:

23-16 + 9-8 + 5 = 4 (mod 7). Thus 4 is the least residue. 

Dividing 23-16 + 9*8 + 5 by 7 yields 63 remainder 4 so 

we see that our answer is correct.

Checking an arithmetic problem by *casting out nines* is 

another example of the above theorem in use.

Example : Find 364 + 437 + 382 + 196 + 552 and check the 

result by "casting out nines".

364 + 437 + 382 + 196 + 552 = 1931. 1931=5 (mod 9)

364 = 4 (mod 9); 437=5 (mod 9); 382=4 (mod 9)

196 = 7 (mod 9); 552 =3 (mod 9);
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• Adding these results gives: 4 + 5 + 4 + 7 + 3 = 23 = 5(mod 9).

> Thus by Theorems 2-1 and 2-2 our answer is correct.

Although the similarity between congruences and 

equalities exists for all the cases mentioned above, it 

does not extend to division. That is to say that if 

ac=bc (mod m) it is not necessarily true that asb (mod m). 

For example, 15s6 (mod 9) but 5 0 2 (mod 9).

The reason that this is so is that acsbc (mod m) 

means mj(b - a)c; but it does not necessarily follow that 

m|(b - a), m could divide only c or part of m could 

divide-c and the remaining part divide (b - a). However, 

using the above example, we can see that although 

5 0 2 (mod 9), 5 = 2 (mod 3) which leads us to the next 

theorem.

Theorem 2-3 : If na = nb (mod m), then a=b (mod m/g) 

where g is the greatest common divisor of n and m. 

proof : n s gh and m = gk where h and k are relatively 

prime, ie., (h,k) = 1.

Since m|n(b - a) we can say mjgh(b - a), 

m » gk; therefore, gk|gh(b - a). Thus k|h(b - a).

Therefore, kj(b - a) by Theorem 1-5.

Since k = m/g, a = b (mod m/g)

ft The case for which g = 1, which is to say that n and

m are relatively prime, yields the following important 

theorem.
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w Theorem 2-4 : If nasnb (mod m) and (n,m) = 1, then

a = b (mod m).

The preceding observations, definitions, and theorems 

will fora the basis for extending into conditional 

congruences, both of degree one and of degree higher than 

one. Any theorems or observations which are not included 

in this chapter but which will be necessary will be 

introduced and developed as they are needed.
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Chapter Three

Linear Congruences

In this chapter we shall consider linear congruences 

which, as in many other aspects of congruences, are 

analagous to linear equations. In general, we shall be 

considering conditional congruencesof the form 
f(x)=O (mod ra) where f(x) = aQxn + a.jxn"”1 + ... + a .

Our problem shall be to find integral solutions to 

conditional congruences where f(x) is a polynomial with 

integral coefficients. That is to say, we must find all 

integers xQ which, when substituted for x into the 

function f(x), f(xQ) = O (mod mJ.Such integers are 

called the roots or zeros of the congruence.

As with equations, the congruence f(x)=O (mod m) is 

said to be linear if the polynomial f(x) is of the first 

degree. In this chapter we will deal only with linear 

congruences.

Theorem 3-1

where aQ, a^, a2, ..., an are integers, and if

c = d (mod m), then f(c) = f(d) (mod m).

If f(x) = aQ + a^1 + a2x2 + ... + anxn

proof : By the observation following Theorem 2-2 

c sd (mod m) if c = d (mod m) where k = 0, 1, 2, ..., n. 

Then by Theorem 2-2, a^c s^d (mod m) for each k. 

Therefore, by part one of the same theorem,

a,.ck = a,„dk (mod m).
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> But a^c^ = f(c) and a^d^ * f(d)»

so that f(c)=f(d) (mod in) as required.

Prom this theorem it is clearly evident, by 

referring to the previous chapter, that if xQ is a root 

to a given conditional congruence, then all the members 

of the residue class to which xQ is a member (ie., 

xQ + nm, where n = 0, 1, 2, ...) will also be solutions. 

Therefore, unless there is reason for doing otherwise, 

all the solutions to a linear conditional congruence can 

be given by giving the representative of the residue 

class of xQ. As explained in Chapter Two, all incongruent 

solutions to the conditional congruence can be found in 

the least residue system, 0, 1, 2, ..., m - 1. We shall 

list only solutions from this least residue system.

Before actually studying the methods for solving 

linear congruences (congruences of the form axsb (mod m)) 

we shall consider conditions under which the congruences 

will have solutions and how many solutions we may expect 

for any given congruence.

Theorem 3-2 : Given tie congruence axsb (mod m) in which 

(a,m) * d. This congruence is solvable only if d also 

divides b, and there are exactly d incongruent solutions 

if d does divide b.

proof : ax = b (mod m) is equivalent to ax - b = km 

where k is an integer.
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< (a,m) = d

> Assume d^b

Since d|m and dja there is no integer x such that 

ax - b = km since a, b, k, and m are all integers and 

the x to be found must also be an integer. Therefore 

the congruence can not have a solution if dj'b.

Next, suppose that djb.

Then rd = b for some integer r.

Since (a,m) = d there exist integers s and t such that 

d » as + mt.

Then b *= asr + mtr, so asr - b = -rotr.

Thus asrsb (mod m), where rs is the required solution and 

k as defined above is equal to -tr.

Finally, if xQ is a solution and (a,m) = d all the 

solutions to the congruence ax=b (mod in) can be 

represented by x = xQ + mh/d where h = 0, 1, 2, ..., d - 1. 

How many of these solutions are incongruent? Since, in 

order to be incongruent, no two of these solutions cam 

differ by a multiple of m, there are at least d solutions,

xo> xo + m/a........... xo + (a - h)®/a which are incongruent.

Further, for any h, xQ + hm/d is congruent to one of 

these d solutions modulo m. To see this, note that for 

any h there exist two integers g and u such that 

h = gd + u where Oiu^d.

Therefore, xQ + hm/d = xq + (gd + h)m/d 

= xq + gm + um/d

and xQ + gm + um/d =xQ + um/d (mod m)
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+ But this is one of the above listed solutions. Thus there

< are exactly d incongruent solutions.

An important theorem that follows obviously from

Theorem 3-2 is the following:

Theorem 3-3 : Given the congruence ax = b (mod m) in 

which (a,m) « 1. Then there exists only one incongruent 

solution.

Example 1 : Solve the congruence 111x—75 (mod 321).

By the Euclidean Algorithm 

321 « 111-2 + 99 

111 « 99-1 + 12

99 * 12-8 + 3 

12 = 3-4 + C.

Therefore, (111,321) « 3 and 3|75» thus there will be 

three incongruent solutions.

We know that 111x=75 (mod 321) is equivalent to 

111x - 75 = k321 where k is some integer. Therefore, 

by working back up the algorithm above to solve for x 

and k, we obtain:

3 = 99 - 12-8 

= 99 - (111 - 99)8 

= 9-99 - 8-111

< » 9(321 - 111-2) - 8-111

• 9-321 - 26-111 or 75 = 9-25-321 - 26-25-111

Thus k = 9-25 and x = -26-25
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• Now -26*25 —313 (mod 321); therefore, 313 is one of the

required solutions.

m/d as 321/3 = 107, thus 313 - 107 « 206 is another 

solution, and 313 - 107-2 = 99 is the third solution.

This problem yields the same results if we use 

Theorem 2-3 to obtain the reduced congruence 

37x = 25 (mod 107).

Solving this congruence yields x « 99, and the other two 

solutions are 99 + 107 and 99 + 2-107. Or 206 and 313, 

as previously found.

Example 2 : Find all integral solutions of 15x+7y = 110. 

Integral solutions to this equation will exist if and 

only if 15x=110 (mod 7) and 7y=110 (mod 15). Therefore 

we can solve the linear congruence 15x=110 (mod 7), Or 

7y=110 (mod 15) and then substitute into the original 

equation to solve for the remaining unknown.

Using the congruence 15x=110 (mod 7) since it has 

the smaller modulus:

(15,7) - 1, so there is one solution.

15x = 110 (mod 7)

15 =1 (mod 7), 

so 15x~x (mod 7).

* Then x = 110 (mod 7).

But 110 = 5 (mod 7), so x=5 (mod 7)» and the linearly 

independent solution is x * 5.
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* All x would be given by the formula x = 5 + 7k,

> k = 0, ±1, ±2, ...

Substituting into the equation 15x + 7y « 110 we obtain 

75 + 7y = 110, or 7y « 35.

Thus y = 5.

All the y’s are given by the formula y = 5 - 15k, 

k=o, il,i2, ...

An equation of the form exemplified above (one which 

is to be solved in integers) is called a Diophantine 

Equation, after the famous Greek mathematician who lived 

about 250 A.D.

Theorem 3-4 : The linear Diophantine Equation ax + by = r 

is solvable in integers if and only if d|r where d = (a,b) 

If xQ, yQ is any solution, then every solution is given 

by x^ = xQ + kb/d, yfc » yQ - ka/d where k = 0, ±1, ±2, ... 

proof : Prom the preceding example, we have shown that 

the solution to the Diophantine Equation is equivalent 

to the solution of ax = r (mod b) or of bysr (mod a).

By Theorem 3-2 we know that ax + by = r has a solution 

if and only if djr, where d » (a,b).

If xQ is a solution of axzr (mod b), then every solution 

is given by xk « xQ + kb/d where k » 0, ±1, ±2, ...

Prom this we can calculate yQ = r - axQ/b.

Or yk = r - a(xQ + kb/d)/b

» r - axQ/b - akb/bd
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# « r - axQ/b - ak/d

> yk - y0 - «k/a.

Thus the theorem is proved.

If the modulus of a given linear congruence is a 

prime number, the method of solution is a direct method. 

However, if the modulus is not prime it is often easier 

to solve the congruence by factoring the modulus into 

numbers which are relatively prime in pairs. In a case 

like the latter, solving the congruence is equivalent 

to solving a simultaneous set of congruences ax=b (mod nr), 

i = 1, 2, ..., k, such that (m^,©^) « 1 and i / j.

The problem still remains; however, to solve this 

simultaneous set. The Chinese mathematicians of ancient 

times studied this problem and arrived at the solution 

called the Chinese Remainder Theorem which we shall prove 

shortly. But first, let us prove the statement that 

solving a simultaneous set of congruences ax=b (mod mi) 

is equivalent to solving ax = b (mod m).

Theorem 3-4 : If m = m1m2...mr and (m^,®^.) » 1 for i / j, 

i = 1, 2, r and j « 1, 2, r, then any solution

of f(x)=O (mod m) is the simultaneous solution of the 

system:

f(x)= O(mod ) 

f(x) = O(aod Bg)

f(x)=o(mod mr) 

and conversely.
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proof : Assume f(xQ)=O (mod m). Since nujm..,

f(xQ)=O (mod for i « 1, 2, ..., r.

Therefore, any solution of f(x) = O (mod m) is a solution 

of the system. Now, if x is a solution of f(x) = O (mod m. )

f(xQ) for each i.for i « 1, 2, ..., r, then 

Since (m^mp « 1, m f(xQ).

Thus, xQ is a solution of the congruence f(x)20 (mod m). 

Chinese Remainder Theorem i Let m^, m^, mr denote r

positive integers that are relatively prime in pairs,

and let a^, a2, • •••,» denote any r integers. Then the

congruences x = ai (mod mi), i = 1, 2, ..., r, have common

solutions. Any two solutions are congruent modulo m1m2...mi>.

proof : If we let m = m4mo...m , we see that m/m. is an 1 £. r 3
integer and that (m/m .,m.) « 1.

Therefore, by Theorem 3-3 the congruence ax = b (mod m) 

has a solution.

Prom this it follows that there are integers b^ such that 

( m/m.)b.= 1 (mod m.)«V J V
Also, if i /j, (m/nu)b.. = O (mod ®i).

If we define x = ^.(m/m.)b.a. we have 4 tJ J 3
r

X- 8= / (ra/m . )b .a . (m/m. )b. a. h a. (mod m.), so that
O d--/ j J J i i I i 1

xQ is a solution of our original set of congruences.

Now, if both xQ and x^ are solutions of x=ai (mod m.^), 

i = 1, 2, »«., r f
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then x0=3K| (»od sn), and hence xQ= x^ (mod a) by 

Theorem 3-4.

Example : Solve the systems

x=a1 (mod 4), x = a2 ®od ^)» x~a3 ^Eod

4*57 • 4-35 = 5-28 = 7 20.

So 35^ = 1 (mod 4), 28bg=1 (mod 5), 20b3=1 (mod 7). 

Solving each of these we find that 

b, « 3, b2 » 2, b3 » 6?

therefore, x « 35*3^^ ♦ 28-2a2 + 20-6a^.

* 105a.| + 56a2 + 102a3»

which can also be described

xsi05a^ + 56a2 + 120a3 (mod 140).

Setting a<j • 1, a2 » 3, a^ » 2 solve x = 1 (mod 4), 

x=3 (mod 5)» x = 2 (mod 7). Substituting into the above 

congruence obtain xs 105*1 + 56-3 + 120-2=93 (mod 140).
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Chapter Pour

Congruences of Degree Greater Than One
W

*
In this chapter we shall consider general polynomial 

congruences of arbitrary degree. At first we shall 

study congruences with prime moduli, then those 

which have composite moduli, and finally those whose 

moduli are a power of a single prime.

We shall again define a function f(x) such that 
f(x) = aQ xn + a^ xn_1 + a^. p shall designate a 

prime number. aQ, we shall assume, is not congruent 

to zero modulo p.

Lemma 4-1 : Fermat’s Theorem 

Let p denote a prime number.
If p | a then a^"^s1 (mod p).

proof : If we use the Euler (J) function, 4>(p), which is 

defined as the number of positive integers less than or 

equal to m such that (m,p) = 1 and if pja then (a,p) as 1 

and (mod p).

Since all integers relatively prime to p that are 

less than p are p-1 in number, <|>(p) » p-1.
Then a**""1 =1 (mod p) by the Euler-Fermat Theorem, which says, 
if (a,m) « 1, then a^®^ =1 (mod m).

Theorem 4-1 : If the degree n of f(x)=0 (mod p)

is greater than or equal to p, then every integer is a solution

of f(x)=0 (mod p) or else there is a polynomial g(x)

having integral coefficients such that the first coefficient-
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the one associated with the unknown of the highest degree- 

is equal to 1, and such that g(x) =0 (mod p) are the 

solutions of f(x)=0 (sod p).

proof : If we divide f(x) by xp - p we obtain the result 

that f(x) • g(x)(xp - x) + r(x) where g(x) is a polynomial 

with integral coefficients and r(x) is either zero or a 

polynomial with integral coefficients and is of degree 

less than p.

By Fermat’s Theorem : up - u=0 (mod p).

Thus f(u) = r(u) (mod p) for every integer u.

So, if r(x) is zero, or if every coefficient of r(x) is 

zero, or if every coefficient of r(x) is divisible by 

P, then every integer is a solution of f(x) = 0 (mod p).

If r(x) is not zero, then
r(x) =s brtxm + b.xffi“1 + ... + b where

m <p and (bQ,m) « 1.

Then by Theorem 3-3, there exists an integer b such that 

bbQ=1 (mod p).

Thus, r(x) = 0 (mod p) and br(x)=0 (mod p) have the same 

solutions.

If we define g(x) = br(x) the proof is complete.

From the proof of this theorem we see that

g(u) = bf(u) (mod p) for ivery integer u. But this is not 

to imply that g(x)~f(x) (mod p). However, it does mean 

that each coefficient of g(x) is congruent modulo p to 

its corresponding coefficient of bf (x).
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Polynomial equations of degree n have, as we know, 

at most n solutions. However, as shown in the previous 

chapter, polynomial congruences of degree n, n = 1, have 

more than one solution. The same will be true of polynomial 

congruences of degree n such that n 1. But, similar to 

the congruence ax~b (mod m) in which (a,m) = 1, which 

has only one solution, we shall show that polynomial 

congruences of degree n^=»1 which have prime moduli will 

have no more than n solutions.

Theorem 4-2 : Lagranges Theorem.

The congruence f(x)S-0 (mod p) of degree n where n^1 

has at most n incongruent solutions. 
f(x) . aQxn + a,*"1'1 ♦ ... + an.

proof s If n » 1 there is exactly one solution, by 

Theorem 3-3.

Assuming the theorem to be true for all congruences of 

degree k such that k = 1, 2, ..., n, suppose that there 

are more than n solutions to the congruence f(x) = O (mod p) 

where f(x) is of degree n. Say there are at least n + 1 

solutions. Let aQxn be the first term of f(x) and let s 

be one of the solutions. Then dividing f(x) by (x- s) 

we obtain : f(x) = (x - s)q(x) + r, where r is an integer 

and q(x) is a polynomial with integral coefficients and 

of degree n - 1.
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Since q(x) is of degree a - 1 it has at most n - 1 solutions 

by the induction assumption. These n - 1 solutions are 

incongruent modulo p.

But f(s) = (s - s)q(x) + r = 0 (mod p), thus r = 0 (mod p). 

Therefore, f(x)s(x - s)q(x) (mod p).

Now if u is any one of the incongruent solutions of 

f(x)=O (mod p) other than a, then 

(u - s)q(u) = f(u) = 0 (mod p).

Since u^s (mod p), this implies that q(u) 0 (mod p).

But there are, by assumption, at least n + 1 solutions to 

f(x) = O (mod p). This, however, contradicts the fact that 

q(x)=O (mod p) has at most n - 1 solutions.

Thus, the assumption that f(x) = O (mod p) has at least 

n + 1 solutions must be false.

Corollary 4-1 : If f(x) = aQxn + + ... + a^ and

f(x)so (mod p) has more than n solutions, then all the 

ai, i = 0, 1,2, ..., n must be divisible by p. 

proof : f(x)so (mod p) can have at most n incongruent 

solutions. Again suppose f(x) has at least n + 1 solutions, 

not incongruent, however.

Let x^, x2, ..., xn_1, xJ1 be the least residues of these 

solutions.
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Then we can write f(x) « a(x - x^(x - x2)...(x - xn) +

b(x - x^)(x - x2)...(x - + c(x - XjJCx - x2)...

(x - Xn-2J + •••+ “•

If we develop each of these summands into a polynomial

we can choose h so that the sum of the coefficients of
*r> *1

the x terms in the first two polynomials is equal

to a.j, and knowing b choose c so that the sum of the

coefficients of the x terms in the first three

polynomials is equal to a2, etc.

Putting x = x^, x2, ...» xn+1 successively into f(x)

as defined directly above, we see that all the numbers

m, 1, k, .c, b, a are multiples of p.

Therefore, aQ, a^, a2, ..., a^ are multiples of p.

Theorem 4-3 : Wilson’s Theorem.

If p is prime, then (p - 1)! + 1=0 (mod p).

proof : Let f(x) = (x - 1)(x - 2)...[x - (p - 1)] - (xp"1 - 1), 

thus f(x) = ep_2xp-2 + cp_3xP_3 ♦ ••• + <=,x + %.

Then, from Fermat’s Theorem,

f(x)=0 (mod p) has the p - 1 incongruent solutions :

1, 2, »»., p — 1.

Since, by Theorem 4-2, f(x) can have at most p - 2

incongruent solutions, it must be the case that

cp-2scp-3= Sc1~ co^° (mod p)’
Therefore, (x - 1)(x - 2)...[x - (p - 1)] - (xp_1 - 1)=O (mod p)

Setting x = p, we obtain :
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(p-1)(p-2)...(2)(1) - (pP“1 - 1)=O (mod p),

and since pso (mod p),

(p-D(p-2)...(2)(1) - (0-1 )=0 (mod p).

Thus (p-1)! + 1=0 (mod p).

Solving congruences of degree greater than one 

which have composite moduli is exactly analagous to 

solving linear congruences with composite moduli.

Theorem 4-4 : If m = m1m2...mk such that (m^mp • 1 

for i / j and i = 1, 2, »•», k, and 3 • 1, 2, »»*, k, 

then the congruence f(x) =0 (mod m) is equivalent to the 

system.

f(x) = 0 (mod m.j)

f(x)=0 (mod m2)

f (x)=0 (mod mk)

The proof of this theorem is almost the same as that 

of Theorem 3-4 so it will not be presented here.

Sow we shall consider the solutions to polynomial 

congruences of degree greater than one which have 

moduli that are powers of a prime.

Theorem 4-5 : If f(x) * aQ , + a<j x ♦ ... + an xn 

where aQ, , a2, ..., an are integers, then f(a+b) « 

f(a) + bf‘(a) + b q, where a, b, and q, are integers,

and f’(a) is the first derivative of f(x) evaluated at a.
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proof * Bj the Binomial Theorem.
(a + b)k = ak + kbak“1 + b2qk,

where qk = k!ak_2/2! + k!ak"3b/3! + ... + bk“2 and is 

an integer depending on a, b, and k.

Thus f(a + b) ^ak^a + b)k«

h i- *

= -£ak(aK + kbak"1 + b^qk) + a^a ♦ b) + aQ 

£a. ak + b £ka, ak“1 + b2 £a. q,
/f7e K K /r:jK K

« f(a) + f’(a) + b2q where

« and is 3X1 integer.

Let f(x) be a polynomial with integral 

let p be prime, and let A >2 be an integer.

q

Theorem 4-6 : 

coefficients,
Then xQ is a solution to f(x)sO (mod pA) where a is a 

A—solution of f(x)=O (mod p ) and yQ is a solution of

f(a)/pA”1 + yf‘(a)=O (mod p). There will be no loss of 
A—1generality if we take 05a<p and O-yQ^p.

A—1 i Aproof : p P » therefore, if xQ is a solution to
f(x)=O (mod pA) it will also be a solution to

f(x)^O (mod pA“1).
A—1This, xQ = a + yQp ,

a

where a is a solution of
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A 4
f(x) = O (mod p ) and yQ is an integer.

A-1Then by Theorem 4-5» a + yQp will be a solution of
f(x) = O (mod pA) if and only if f(a + yopA”1) =0 (mod pA). 

f(a + yoPA”1) = f(a) + y0PA~1f*(a) + q(y0PA”1)2 Where 

q is an integer and 2A - 2-A since As2.
Now a + yopA_1 is a solution to f(x)=0 (mod pA) if and 

only if f(a) + yopA"1f*(a) + q(yQpA~1 )2so (mod pA).

But (pA-1)2==0 (mod pA).

Thus a + y0PA_1 is a solution to f(x)=0 (mod pA)if 

and only if f(a) + yQpA“1f • (a) =0 (mod pA).

Also, pA”1jf(a) since a is a solution of f(x)=Q (mod pA_1). 

Then, by Theorem 2-4 f(a)/pA“1 + yQf'(a)=0 (mod p), 

since any solution modulo p will also be solutions

modulo p .
_ . _ A— 1a + yop is a solution of f(x)=0 (mod pA) if and only

if yQ is a solution of f(a)/PA_1 + yQf'(a)=0 (mod p). 

The number of incongruent solutions will be 0, 1, or p 
respectively if pjf'(a) and pA f(a), if p j f’(a),

or if p f•(a) and p f(a).
Example : Solve 5x^ - 2x + 1=0 (mod 25).

By direct substitution of the least residues modulo 5,

it is evident that x = 3 is the only solution of f(x) = 0 (mod 25). 

Take a = 3, P = 5, and A = 2.
a + ypA”1 will be a solution to f(x) = 0 (mod 25) if
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4 0

y is a solution to

f(3)/5 + yf’(3) =0 (mod 5).

f(a) « 130 and f*(a) = 133.

Thus we must solve; 26 + 133y — 0 (mod 5).

Again substituting the least residues modulo 5» we obtain 

the solution y = 3.

Thus x=3+3‘5«18, so that 18 is the only solution 
of 5x3 - 2x + ISO (mod 25).

This paper by no means exhausts the tipic of 

congruences, but vie feel that there is enough basic 

material here so that an interested reader could, 

on his own, pursue the the topic in almost any direction 

he might desire.
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