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CHAPTER I

INTRODUCTION
This thesis deals with an introduction to the functionals
in the calculus of variations. Since calculus of variations

is a relatively advanced topic in mathematics, this thesis is

written with the attempt to introduce some of the oasis
notions with regard to what the calculus of variations is.

To do this, an attempt is made to try to draw an analogy
between the calculus of variations and ordinary maximum and
minimum theory of functions which a reader may be very familiar
with, and see how some of the ideas and methods used in
ordinary maximum and minimum problems are carried over to the
calculus of variations.
The thesis begins with the consideration of maximum and
minimum theory of functions. This is done by two examples.

This is followed by a consideration of a problem that is

caused by the point of inflection in ordinary maximum and
minimum theory. With all these considerations, one hopes to
shed some light as to how some of these ideas are used in

the calculus of variations. Next one shall see what the
calculus of variations is and see how a problem in calculus

of variations is dealt with. To do this, an example concern
ing the finding of a shortest distance curve Joining two
given fixed points in a two dimensional Euclidean space
is considered.In this example, one shall see in fact how

one can change a problem in the calculus of variations
into an ordinary maximum and minimum problem, and try to
draw some analogy between the two. •

Following this, one shall see how the Euler’s differential
equation is derived in general for a fixed end points problem
in two dimensional Euclidean space. Here because of the
limitations of this thesis, only some specific functions,
namely, functions that are continuous and twice differentiable
are dealt with. Some remarks about Euler’s differential
equation will be given. The form of Euler’s equation for
n dependent variables and one independent variable will be

stated without proof here. A simple application of Euler’s
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equation to physics problem will be given. Finally this thesis
will be concluded with an invitation to more and deeper studies

of the calculus of variations.
Because of the limitations of this thesis, no attempt has
Mr

been made to deal with other necessary conditions other than
Euler’s differential equation. Also no attempt has been made

with regard to the consideration of existence and sufficiency
proof. The notion of strong variations and second or higher
variations are also not considered here. However, a list of

bibliography is given at the end of this thesis for the
interested reader who wants to go deeper into the theory of

functionals in the calculus of variations.
The reader of this thesis is expected to have as part of
his permanent knowledge most of the concerts and techniques

learned in his first year calculus course. Knowledge other than
this will be given in the thesis. All the mathematics has been

reduced down to an elementary level. The central idea of this
thesis is not to present a complete theory of functionals

in the calculus of variations, but to try to give the reader
some notions of the calculus of variations and to get him

interested in the subject, and to see how come of the concepts

and techniques that he learned in his first year calculus
course can be carried over to the studies of the calculus of
variations.

4
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CHAPTER II

EXTREMA

One of the most interesting problems in calculus is the
determination of extrema, that is the maximum or minimum

value of a function. Newton and Leibniz -were perhaps two

of the earliest mathematicians who examined the conditions
necessary for the determination of extrema. In a paper first
published in 1736, Newton argured that a function is increasing
when the rate of change is positive, and decreasing when

the rate of change is negative, so that at maximum or

minimum, the rate of change of a function must be zero.
Leibniz, on the other hand, in a caper published in 1684,
looked at the problem geometrically. He concluded that at
a maximum or minimum point of a curve, the tangent must be
horizontal and the slope of the tangent must be zero. To-day

we know that actually both of their arguments are identical.
The derivative of a function, say

y'= lim f(
4X-* 0

y=f(x)

is given by
X )

A x

This represents both the rate of change of f(x) with respect
to x as well as the slope of the tangent to the curve at a
point on the graph of f(x).

To show this is true, consider the following example.
Suppose one wants to find the dimensions of the rectangle

of greatest area that can be inscribed in a circle of radius
5 inches.

Consider any rectangle inscribed in a circle of radius 5
inches as shown in figure 1.

Figure 1
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Let CD=x. One gets therefore for DE= (100-x2The area of
the rectangle A will be given by

A=x(100-x2 )1//2
Before we consider the problem,one must make sure that a
rectangle of maximum area exists. To see this, let CD increase

to 10 inches ( the diameter of the circle); then DE will
decrease to zero, and the area of the rectangle will be zero.
Now if one let CD to decrease to zero, then DE will increase

to 10 inches, and the area will again be zero in this case.
Intuitively, this means that a rectangle of maximum area

exists.

In order to find the value of x such that A is maximum, one
can plot the graph of A verses x, and study the behaviour of

this graph. One constructs a table of values and clots the

0
1
2
3
4
5
6
7
8
9
10

0
9.9
19.6
28.6
36.6
43.0
48.0
49.7
48.0
39.6
0.0

Ifone drave the grach carefully, one can read out the value
of x where A is a maximum. The ordinates HT from its point
of contact H with the curve is greater than any other ordinates.
Hence this means that one of the inscribed rectangles has

evidently a greatest area than any of the others. Further
one should notice that the tangent RS at H is horizontal,

as argued by Leibniz.

One can also calculate the maximum value easily from calculus.
The necessary condition is that the rate of change of A is
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zero, in other words, the derivative of A with respect to x is
zero. One gets therefore

A=x(l00-x2 )1//2

♦

.

.

^(100-x2)1/2 - x2/(100-x2)l/2

= (100-2x2)/(100-x2)1//2
The necessary condition for maximum requires that

dA
= 0
dx

Therefore

(100-2x2)/(100-x2)1/‘ = 0
(100-2x2)

Or

= 0

= 5(2) 1/2
In other words, one gets,
CD=x
=5(2)1/2

and

DEsflOO-x2)1/2
=5(2)1/2

Hence the rectangle of maximum area inscribed in the circle
of radius 5 inches is a square with area given by

A= CD x DE
= 50 sq. inches.

Now consider still another example. A wooden box is to be

>

built to contain 108 cu. feet. It is to have an open top
and a square base. What must be its dimensions in order that
the amount of material required shall be a minimum. This is
a very practical problem because if the amount of material

required is a minimum, it means that the cost of building

such a box is least.

6
Denote the length of the square base by x feet, and the

height of the box by y feet, the volume of the box V is then

given by
V=x2y
Since the volume of the box is given to be 108 cu. feet,
so one have,

V=x2y
=108

y=108/x2

Or

Denoting the area of material required to build the box by M,
one gets therefore,
M= area of base + area of 4 sides
= x? + 4xy
= x2 + 4x(108/x2)
= x2 + 432/x

As in the -previous problem, one can plot the graoh of M as a
function of x as

x

1
2
3
4
5
6
7
8
9
10

As before, one may measure from the granh the ordinate corres

ponding to any length x. of the side of the square base and so

determine the amount of materials needed in square feet. Notice
in the granh, there is a horigontal tangent RS. The ordinate of
its point of contact T is less than any other ordinates.
Hence we can say that one of the boxes evidently takes less

material than any of the others. One may read off this value

7

from the graph if it is carefully plotted. Or one may use

calculus to find this value. Taking the derivative of M with
respect to x, one finds readily,
= 2x-432/x

for minimum value of M, this derivative must be zero, therefore,
2x-432/x2 = 0
(2x3-432) / x2

= 0

x3

Here

one

= 216

shall take only the positive root of x since one is

dealing only with the positive x-axis. One gets
x = 6
To find the amount of materials recuired, one substitutes this
into the equation for M, and gets

M = x2 + 432/x

= 108 so.feet
It was indeed not easy for the mathematicians in the seventeenth

century like Newton and Leibniz to deduce the simple necessary
condition that the derivative of a function must be zero at

a maximum or minimum. They had to examine the behaviour of

numerous specific problems in order to come

up

with such a

necessary condition. It was perhaps even more difficult for them
to discover the connection between the second derivative of
a function with the distinction of maximum and minimum value.

In 1684, Leibniz published his paper on giving such connections.
To-day one knows that the condition that in order for a
function
are

f(x) to have a minimum at x=a, the necesary conditions

*

x=a

0

But these are by no means sufficient conditions. The sufficient

condition requires that
df(x)
= o
dx
x=a

and

d2
dx

> 0

8
In the calculus of variations, one has a very similar situation

as

one shall see later.
The case when both the first and second derivatives at a

point

x=a requires special attention. In calculus, this leads to the

finding of the so called point of inflection. This is the point
where the curve changes the direction of its concavity from

downward to upward or vise verse as shown in figure 4 below.

The inflection point occurs at the origin (0,0). This is
characterized-by the change in sign of the second derivative.

Such a change occurs when the second derivative is zero at
the point of inflection, or the second derivative fails to
exist, such as, it may become infinite at the point of

inflection.
In order to examine such behaviour, consider the following
function f(x)=X'L//^ . The curve is shown in figure 4. Taking

the first and second derivative with respect to x, one gets

=1/3(x)-2/3

= -2/9(x)-5/3
Here one notices at once that both

dx*

—> co

as x
dx?

■> oo

0

9

Note that one can also write "the first derivative as

= l/(3x2A
= i/(3y2)

*

since y^x^^. This is always positive for all choices of x,

either positive or negative, so the curve is always rising
and has a verticle tangent at (0,0).
The second derivative can also be written as
4^=-2/9dA1/3)5

=-2/9y5

This is

positive

when x is negative and negative when x is

positive, so at (0,0), there is a point of inflection.

Now consider still another example where the second derivative

is zero at the point of inflection. In this problem, one shall
examine the points of inflection and the direction of bending
of the following fimction:

f(x)=3x^-4x^+l
The first and second derivatives are given respectively by:
3
2
12x -12x
dx

d2f(x)
""dx^ ' ~

2

36x -24x

At the point of inflection, the second derivative must be zero,

therefore

36x2-24x = 0
12x(3x-2) = 0
This gives

*

or

x = 0
x = 2/3

In other words, points of inflection occur at x=0 and x=2/3.
Note that the second derivative can also be written as

36x(x-2/3)
Now if x is less than zero, it is obvious that the second

derivative is greater than zero. If 2/3>x>0, then the second

derivative will be negative. In other words, the curve is concave
upward to the left and concave downward to the right of x=0 at

A as shown in figure 5 below.

In case when 0<x<2/3, the second derivative of f(x) will be
less than zero; and when x>2/3, the second derivative will be
greater than zero. In other words, the curve concave downward

to the left and concave upward to the right of x=2/3 at B in
figure 6. Therefore the points of inflection occur at both
x=0 and x=2/3.

Corresponding problems in the calculus of variations offer
great difficulties and in fact have never been solved completely
yet.

Calculus of variations has a long history, dated back to
the time of the ancient Creeks. They knew that the circle is
the curve of given perimeter which encloses a maximum area.

In the seventeenth century, when science and mathematics
really began to advance, there was people like Galileo who

in 1630 attempted to formulate the brachistochrone problem.
He first suggested that the curve of quickest descent is an
arc of a circle since there seems intuitively some justifica
tion for thinking that steepness and high velocity at the

beginning of a fall will conduce to shortness in time of
♦

descent over the whole path. He compared the time of descent
on a circular segment with the corresponding tildes on inscribed

polygon and other arcs joining its ends (1),(2).

In 1686, Newton proposed his problem of the surface of
revolution of minimum resistance and gave without proof
a characteristic property of curve which is its solution(3).

11
A systematic development of the theory of the calculus of

variations really began when John Bernoulli in 1696 reoro-

posed the brachistochrone problem (4). His solution to this
problem was not widely applicable to other problems. But in
the same year, his brother James Bernoulli proposed a method

for solving the same problem, but at the same time, his
method can be applied to a great variety of other maximum

and minimum problems as well(4).

In 1744, Leonhard Euler first published a theorem that
is basic in the theory of the calculus of variations. The
result of this theorem is applicable for very general

class of problems(4). One of the most important things
which he discovered is a differential equation which bears

his name. This differential equation’s importance is just
like the condition that the first derivative of a function

must be zero in ordinary maximum and minimum theory of a
function.
As the problems of more and more difficult nature arose,
the methods used by Euler became more and more complicated.
Lagrange, in 1762-1770, devised an analytic method which

made it possible to deduce readily the differential equations
of the minimizing curve of very general problems of the
calculus of variations which have as instances an amazing
variety of maximum and minimum questions in mechanics and
physics which sometimes known as Lagrangian mechanics(4).

The condition discovered by Euler is only a necessary
condition. This condition holds the same for both maximum

and minimum. In 1786, Legendre undertook the examination
of the so called second variations of an.integral. In this
he found, though he did not justify conclusively, the

conditions for maximum and minimum(4). In 1837, Jacobi
reexamined Legendre’s conditions and found out how to dis

tinguish between the case when it would failed or be effective
Up to this time, students of the theory of calculus of
variations seemed to have tacitly assumed that after the
discovery of each new necessary condition, that the conditions
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then known were sufficient for maximum or minimum. The fact
that new conditions had appeared one after another led Weierstrass

to establish in 1879 a sufficient condition to determine

wheter or not a particular arc would furnish a maximum or
minimum value.
In this century, Hilbert has made numerous contributions

to the theory of the calculus of variations. He derived
the so called Hilbert’s differential condition and he
modified the sufficiency proof of Weierstrass by introducing
an integral called Hilbert’s invariant integral (5). He

also proved an existence theorem for minimum (6).
For more contemporary contribution to the theory of the

calculus of variations, this is perhaps given by Bolza

who ingeniously deduced the fifth necessary condition
for a minimum (7).
Calculus of variations has numerous important applications
to-day. It is being used in physics, economics, sociology
and the theory of probability and statistics.
Calculus of variations orginated from the quest for
extrema. Its object however is to, find extrema of functionals
rather than extrema for functions of a finite number of

independent variables. By functional ■, here it means a
quantity or function which depends on the entire course of one
or more functions rather than a number of discrete variables.

The domain of a functional is a set of admissible functions
rather than a region of a co-ordinate space. For example,

the simplest problem in calculus of variations is to find
the shortest length L of a curve joining two given points

x=a and x=b in a two dimensional Euclidean space. From
calculus one knows that the length of such a curve is

given by the following equation
( 1 +(dy/dx)2)1'/2dx

Here one should notice that the length L depends on the

course of the "argument function" y(x) which may be taken
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to be an arbitrary smooth continuous function with continuous

derivative. This problem will be considered later. Another
thing that one should notice here is that a region of definition
is needed for a finite number of variables, but here one must
define the domain of admissible functions from which the
argument function can be selected.

Unlike the theory of maximum and minimum of functions,
the existence of extrema is garenteed by Weierstrass theorem

which states that every function which is continuous in a
closed region R of the variables possesses a maximum and a
minimuia in the interior or on the boundary of R. In the

calculus of variations, there are many problems that can be
formulated easily, but they may not have a solution. For

example, consider the following problem: Two points on the
x-axis in a two dimensional Euclidean space are to be
connected by the shortest possible curve of continuous

curvature which is perpendicular to the x-axis at the end
points. Obviously there is no solution for the length of

such a line since it is always greater than that of the

straight line connecting the two end points, but it may
approaximate thio length as closely as desired. Thus in

general, the existences of extremum cannot be taken for
franted in a particular problem in the calculus of
variations.

The treatment of many problem in the calculus of variations
is analogous to the treatment of maximum and minimum problems

through the use of the first derivative only. Very often one
merely derives a set of necessary conditions for a minimum
and relies upon geometric or physical intuition to establish

the apnlicability of the solution. As an example, consider

the following problem: Given that there exists a twice

differentiable function y=y(x) for x]$x$x2 , and two given
points
,yq),(x2,y2), find the equation of the shortest
curve that joins these two given points, as shown in figure
6 below.

14

~tx2,y2)
*

Figure 6
Here one shall consider the case when xi

x2 only. There

are infinite number of curves that join these two given
points. The problem is then to find among these curves ,

the one that actually furnishes the shortest distance.

From calculus, one knows'that the length 1 of any curve
joining two given points is given by

L=

J

X2

( 1 + y^)

dx

X-,

where y’=dy/dx. For convenience, one can rewrite this equation
as follows:

(1)

where

-J

L= 1

f(y’)= (1+y’2)

X2

f(y’)dx

X-,
1

1/2

In order to solve this problem, let one denote the actual
minimizing curve by y=y(x) and proceed to form a one-parametric
family of admissible functions Y(x) defined by

(2)

Y(x)= y(x) + en(x)

where n(x) is an arbitrary continuously differentiable function

for which n(x-^ )~n(xo)=0, and e is the parameter of the family.
Thus for each function n(x), one has a single one-parameter
family of the form (2); with n(x) given, each value of e

designates a single member of the one-parameter family. This

condition assures that Y(x1)=y(x^)=y1 end Y(x^)=y(x^)=y?.

In other words, all admissible functions possess through the
required end-point values of the function with respect to

which the minimization is carried out as shown in figure 7.

By suitable choice of n(x) and e it is possible to represent

any differentiable function having the required end-point
values by an expression of the io r.

(2). The essential im

portance if the form (2) lies in the fact that no matter which
family Y(x) one happens to deal with, that is, which function

n(x) is chosen, the minimizing function y(x) is a member of

that family for the choice of parameter value e-0.
Another thing one should notice here is that the function
n(x) is completely independent of e. Therefore en'(x) will

approach zero as e approaches zero. In other words, as e
approaches zero, the curve Y(x) will approach the curve y(x)
and also the slope Y (x) of Y(x) will approach the slope

y’(x) of y(x). Such kind of minimum is known as weak minimum.
Now on differentiating (2), one gets
Y*(x)=y*(x)+en*(x)

Substitute this into (1), one has
f (Y’)dx

(3)

f(y’(x)+en*(x))dx
X1

One can look upon (3) as a function of e. One sees here if

one sets e-0, it is equivalent to replacing Y’(x) by y'(x)
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Thus the integral will be a minimum with respect to e for the
value e=0. This fact holds for any choice of n(x).

The problem is now reduced in this way to an ordinary

minimum problem of the differential calculus with respect
to the single variable e. But unlike most ordinary minimum
problem, one knows in advance that the value of the variable
for which the minimum is achieved, namely at e=0. The

necessary condition for a minimum is that the first derivative
of L with respect to e must vanish at e=0.
Recall from calculus, the formula one uses to take the
derivative of an integral of two variables is given by

Leibnitz’s rule (8), stated as follows: If f(x,y) and
df(x,y)/>x exist and are continuous on the closed rectangle
A: asx<b, c«x<d, then the function
F(x)=

ra

f(x,y)dy

Jc

is diff erentic-ible for a$x«b, and

rd

P’(x)=J

Here one see;

the

&f(x,y)Ax)dy

:his rule is

■pli<

.e to the integral L,

Since y(x) i:

given to be twice differentiable on x^x^x^,
therefore y*(x) is continuous on x-^xsx,-,. In other words ,

Y* (x) is also continuous. Since a function of a continuous
function is continuous, it fellows therefore f(Y’) is
continuous on x^<x$xo. Since Y’(x)=y’(x)+en*(x), therefore
Sf(Y’)/>e is also continuous. On applying this rule to L,
one gets

L’(e)=j
(3f(y*+en’)Ae)dx
J x,
y

J

(df (y '+en' )/dY’) (dY’/a-e )dx

2

J

(df(y’+en*)/dY*)n*dx
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On setting e=O, one gets

L*(O)= 0

One should notice here that
df(Y')
= af(y')
dY’
e=O
dy •
Therefore one gets

(4)

L*(O)=

J

X,

dy*
x

n* ax

1

=0
At this point, one shall use a very famous lemma, called

the Du Bois Raymond Lemma(9) which io stated as follows:
Let 0(x) be a continuous function on the interval x^x^x^
and

(5)

JrX2 0(x)n*(x)dx=0
X1

for all admissible function n(x) having continuous first

derivative, and n(x^)=n(x9)=0, then 0(x) is a constant on
X-ji xsx,?.
One should notice here that 0(x) is not any arbitrary function,

but a fixed function such that this lemma would hold.
prove this lemma, one first notes that since n*(x) is

To

continuous on x^< x<y^, and vanishes at x^ and x , one must

have

xo

J”

cn’ (x)dx-0

where c is an arbitrary constant. Row let one consider the
following integrals:

X
f 0(x)n*(x)dx-f cn’(x)dx = 0
J X-,
''x.

f

(6)

2
1
(0(x)-c)n*(x)dx = 0
J X-,

18

In other words, the vanishing of the integral in (5) implies
also equation (6). Next one defines the particular function
n(x) given by

A

rx
n(x) = I

0(x)dx - c(x-x^)

Evidently this has value of zero at x=x-j_. If one chooses c in

such a way that it satisfies the condition

r

Az
0(x)dx-c(x2~x )=0

X-,

theh n(x) will vanish at x=xo. Differentiating n(x) with

resnect to x, one gets
n’(x) = 0(x) - c
Now if one substitutes this back to (6), one gets

c

(0(x)-c) ax = 0

1

Since the integrand is always greater than or equal to zero,
but the result of this integral is zero, one can conclude
therefore 0(x) must be a constant.

Returning back to equation (4), one notices that both
df/dy’ and n’(x) are continuous. Therefore one can apply

this lemma to (4):

.x^

I

(df (y’.)/dy ’ )n* (x)dx=O

and one must have then

t

df(y»)
—constant

along y=y(x). Recall that
f(y’) = (1+y’2

19

therefore

- r/d+y'2)1/2

= c
where C is a constant.
y,2= c2(i+y’2)
y*2(l-C2) = C2

y’ = (C2/(l-C2))

1/2

= K
-2
? 1/2
In other words, dy/dx = K where K=(C /(l-C*1))
Integrating this with respect to x, one gets

y = Kx + B
where B is a constant of integration. Prom algebra, one knows
this represents the equation of a straight line. One therefore

actually found that the shortest curve joining two given points
is a straight line.

Now one must show that y=y(x) is in fact the shortest curve by
comparing it to other members of the family of admissible curves.

Recall that the family of admissible curves is given by
Y(x)= y(x)+en(x)
for x^< xsx£ and n(x^)=n(x£)=0. Now denoting the length of y=y(x)
by l(y) and the length of Y(x) by L(Y), if y is the shortest

curve, one must have

L(Y) - L(y) >

0

The straightly greater than sign here means that the case when
y=Y is excluded.

X
-X z-\
L(Y)-L(y)=j f(y*+en’)dx - J f(y’)dx
xn

x.
L1

Recalling Taylor’s series for two variables is given by the following
expression^) •

f(a+h,b+k) = f(a,b)+((hV>x+ki/&y)f(x,y)) x=a
y=b
+i/2( (hV^x+kVay) f)fx=a+eh
ly=b+9k

20
where h and k represents the increment x-a and y-b respectively

and 0<©<l.
Now if one expands the integrand of the first integral on
the right by using Taylor's formula at y'=y' and n'=0, one
gets
f(y’+en* )=f (y’ )+(}f/jn' jn»=on’'+1/2(^2fAn’")|n'=©n’ n’"

where O<0<1. One can evaluate the coefficients of n' and n’

2

as follows:

and

2fJ
3n*c:n*=0n'

} K

in'in' n'=0n'
an'

df (y' + en'
d(y*+en'

n'=©n'

=e ^2.{.(y.;.ten.;.)o a(y' + en'J„
d(y *+en* )c
Jn'

n’=©n*

= e2 d2f(y'+e©n'
Ty* + e©nrr2
'
Substitute back, one gets
f(y'+en-)=f(yO+e^ain.424^niinie^ n,2
w
'
dy'
2 d(y'+en'©)
Substitute this back into the integrals, one gets therefore

1

L(Y)-L(y> \ ~2

2

f
2 J

x9

n'dx + |

?
d i(y'+e©n') „.2
d(y* + een> )4n
dx

X-,

Here one should notice that the first integral on the right

vanishes because df(y’)/dy' is a constant along y=y(x), and
n(x-L)=n(x2)=0.
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Recall that

*

Therefore

d2f/dY*2 = (1+Y* 2-Y’2)/(l+Y’2)3/2

= 1/(1+Y’2)3//2
Notice that this is always positive for all choice of Y’.

Therefore the second integral on the right must he positive.

That is

Therefore one must have
L(Y)-L(y) >

0

The integrand in the second integral on the right is very
important. It is this.term that determines whether the functional
is a maximum or minimum. It plays the same part as the
second derivative of a function in ordinary maximum and minimum

theory. In the calculus of variations, this leads to the

study of the so called second variations. Because of the
limitations of this thesis, second variations will not be
dealt here.
Prom the above example,one sees, how some of the ideas and
methods that one uses in ordinary maximum and minimum problem
are carried over to the calculus of variations. Most problems
with fixed end points can be treated in a way that is very
similar to the way used in the above example. One has

seen how the value of d f/dY’

is of great importance in

determining whether a certain curve gives the functional
a maximum or minimum. This is analogous to the principle
that the sign of the second derivative of a function determines

a maximum and minimum of a function. Actually this idea is
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made used of by Legendre who actually developed a theorem on
the connection between d‘'f/dY*

and the distinction of maximum

and minimum. The interested reader should refer to the bibli

ography section for articles and texts on this topic.
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CHAPTER III

EULER’S

EQUATION

t
In this chanter, one shall derive the Euler’s necessary

condition for minimizing (or maximizing) a functional. Recall
in ordinary maximum and minimum theory, the necessary condition
for finding extrema of a function is that the first derivative

of the function must he zero at the point where a minimum or
maximum value is to be founded. Here in the calculus of
variations, one too has a necessary that is very similar to

that of ordinary maximum and minimum theory, except this
condition is represented by a more complicated differential

equation called the Euler’s differential equation.
One shall derive the Euler’s equation here under the
following conditions : Given there exists a continuous,twice
differentiable function y=y(x) in a two dimensional Euclidean
space, and the condition that y^=y(x^) and y2=y(xo), which
minimized the following functional:
(1)

J =

J

f(x,y,y*)dx
*1

Here one asks what is the differential equation which this

function must satisfy ? The constants (x^,y-,) and (x2,y2)
are given. They represent the co-ordinates of two fixed
points in a two dimensional Euclidean space. One further
imposes the condition that f(x,y,y’) is a given function

of x,y,y’, which is twice differentiable with respecto any of
them or any combination of them.

Let one denotes the function that minimizes (1) by y=y(x)
and proceeds as in the former example of finding the shortest
curve to form a one-parameter family of admissible curves
Y(x) given by

(2)

Y(x)=y(x)+en(x)

where n(x) is an arbitrary continuously differentiable function

for which n(x£)=n(x^)=0, and e is the parameter of the family.
As one has seen before, the essential importance of Y(x) given

by (2) lies in the fact that nc matter which family Y(x) one
happens todeal with, that is, no matter which n(x) is chosen,
the minimizing function y=y(x) is a member of that family for

the choice of parameter e=0.

Now substitute Y(x) into equation (1), one obtains J as a
function of e :
J(e)=

f(x,Y,Y»)dx

f

X1
Using Leibnitz’s rule, one obtains on differentiating J,

J’(e)=
X1

x2

(„.+ *h*,*.n n )4z

Since the necessary condition for minimizing is that

J’(o) = 0

and that
3f(x,Y,y)
e=0
e y»

3f(x,y,y»)
ay’

and also
3f(x.Y,Y>)[
e=0

d y

therefore one should get on setting e=0:
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J.(o)=f (.

)ix

X-,

= 0
Next, if one integrates the second term on the right by parts

one should get

j 2n(

j af (y >y' )dx)
x,

X1

x=xr

x

=n

j

X

ay

X=X-,

1

X
2
x
J ( J

—L dx)n*dx

xi

The first term on the right vanishes since n(xQ)=n(x^ )=O.
So on putting this result back to the Previous eo±uation, one
gets

x
_ J «

rx2

J’ (O)=

«y

x<

xl

= o

No?/ if one applies the Du Bois Raymond Lemma, one should get

ilUiitlll _ f*
5>y*

<

af(x,y,y.'.)d
ay

_ constant
“

On differentiating this equation and using Leibnitz’s rule on
the second term on the left, one should get

ey»>

af(*,y,y*)
ay

= 0
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This equation is the famous Euler’s differential equation.

In general this is a second order differential equation. This
equation is equivalent to the condition that in order for a fun
ction f(x) to have
ft

a

minimum or maximum at a point say x=a, the

first oerivative of that function at x=a must be zero. So one
should note that Euler’s differential equation is not a

sufficient condition for a minimum of J(e) for e=0. In fact
the relation J’(0)=0 may also indicate even a maximum for
J(e) for e-0. Further the relation J’(0)=0 may also indicate

. the existence of what corresponds in the ordinary differential
calculus to a point of inflection at e=0. A detailed investigation

as to which of the three situations, namely maximum, minimum or

point of inflection,is in general beyond the scone of this
thesis.
Next thing one should notice is this. Recall from ordinary

maximum and minimum theory, that a minimum or maximum characterized

by the vanishing of the first derivative is merely a relative

minimum or maximum with respect to values of the independent
variable in a neighborhood of the value for which the first
derivative vanishes. Thus, if J(0) io a minimum or maximum

achieved from the function y=y(x) which renders J*(0)=0, it
must be a minimum or maximum only relative to values of e in
the neighborhood of zero. In other words, the function y=y(x)

minimizes the functional J if and only if there exi S ”fc S Q. neig
hborhood of y=y(x) such that every arc y=Y(x), with Y(x)^y(x)

satisfying the required end point conditions and lying entirely

within the neighborhood of y=y(x), renders the value of J
larger than J(0). Thus eventhough J(0) is a minimum for which

J’(0)=0, there may be functions Y(x) for which y=y(x) lies
outside the neighborhood described, which renders the integral
J even smaller than <J(Q), The kind of variations that is dealt
here is known as weak variations. Although this fact plays
ft

no role in this thesis,- it is mentioned here topoint out
a limitation of the ideas that is developed here.

The Euler’s equation that is derived above can be easily gen
eralized to the case of n dependent variables yn,...y and
-1 ’
dn
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an independent variable x. Without going into detail, one shall
state the result for this. In order that trie functional
J

has an

2

extreme

f(x,y1,y2,...yn,y£,y*...y^)dx

value, the conditions

dx k ay!'

must

be

dy±

u

i—1,2,•..n

fulfilled (l)i,(.2).
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CHAPTER IV

APPLICATIONS

The importance of the calculus of variations oerhans lies in
its applications to a large variety of problems, ranging from
problems in mathematics, physics, ecomonics, sociology and

probabi .ity and statistics. In a lot of practical circumstances
one would be interested to know the maximum and minimum value
of certain problems. Ordinary maximum and minimum theory can handle
a lot of these problems. But the calculus of variations can handle

a larger variety and more complicated problems. Owing to the
limitation of this thesis, one shall in the following consider
only one problem in physics which can be solved easily by

using calculus of variations.
Consider the motion of a particle on a smooth horizontal
table under the action of a spring. A string attached to
the particle passes through a hole in a smooth horizontal
table and is fastened to a light spring with spring constant

equal to k, as shown in figure 1 below. The point to which
the lower end of the spring is rigidly attached is so placed

that when the particle is at the hole, the spring is unstretched

Figure 1
With reference to the figure, let one denotes the mass of
the particle by m, and the kinetic energy of the system by

T. From physics, one knows that T in polar co-ordinates is

given by
T = 1/2( f2 + r2©2 j m

where a dot over r and © means derivative of r and © with

respect to time t. Also from physics, the potential energy

V of the system under consideration io given by
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V = -1/2(kr2)

By the Hamiltonian Principle, this requires that the time
integral of the difference between the kinetic energy and
■potential energy be a minimum, in other words, the integral
r2
J
(T-V) dt

must be a minimum. Here one sees that one can apply the

calculus of variations. Since the integrand (T-V) has one
independent variable t, and two dependent variables r and 0,

One should get two differential equations, namely

(1)

d_f 3 (T-Vh _ 3(T-V)
dtk '
3r

(2)

d_f a(T-Vh _ 3(T-V) = o
dt1
90

0

First, one can see that (T-V) is given by
(T-V )=l/2 (mfz-+mr20''+kr2)
Therefore, one gets

3(T-V) - mr
Sr
a(T-v)
dr

mr©+ kr

3(T-V)

?•
mr ©

3©
^(T-V)
a©

X)

On substituting these quantities into equations (1) and (2),
one gets
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(3)

m* - mr© + kr = 0

(4)

£-( mr©) = 0

From equation (4), one gets
mr© - c
© - c/mr

where c is a constant. On substituting this into (3),

mT - (mr)c/(mr) + kr = 0

or

T + (k/m)r

= c

Prom the theory of differential equations, one knows that
the solution of this differential equation is given by

r = Asin wt + Boos wt + (cm)/k

where w=(k/m) l/'
■ 5

A and B are arbitrary constants depending

on the initial conditions.
Now, if one substitutes this result into the expression for ©.,

one should get
© = (c/m)(l/(Asin wt + Bcos wt + (cm)/k ))
Therefore

dt/(Asin wt+Bcos wt+(cm)/k)) + D

Where D is a constant of integration.

There are many other interesting problems in physics like
this. In most of these problems, one can formulate the problem
easily using Euler’s differential equations. However, very
often, a lot of these do not even have a solution now, such

as the problem of the three bodies(?), The interested reader
should refer to the bibliography section for further study
with regard to the applications of the calculus of
variations.
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CHAPTER V
CONCLUSION

Now one must conclude this thesis. In this thesis, one has

♦

seen some of the most basic, but very important concepts and
techniques used in the calculus of variations, and also as to

how the calculus of variations can be applied to some problems.
Though the amount of examples given in this thesis is limited,
a reader must be able to realize that the calculus of variations
is in f^ct a very useful concert in mathematics. It can be applied

to a very large variety of fields of studies. In this thesis,

one also sees some of the ideas that can be carried over from
ordinary maximum and minimum theory to the calculus of
variations.

Because of the limitations of this thesis, one has only dealt
with one necessary condition, namely, the Euler’s necessary
condition . Actually, in the calculus of variations, besides

Euler’s necessary condition, there are four more necessary

conditions, namely, the necessary conditions of Weierstrass,
Legendre, Jacobi and Bolza. Also one has not dealt with the

existence and sufficiency proof of Weierstrass. The interested
reader is strongly advised to refer to the bibliography section
for further studies.
This thesis is only an invitation to the study of the calculus
of variations. If a reader is interested in the calculus of
variations after reading this thesis, then the purpose of this
thesis is attained. However, one word of advice for those who

want to go further in the study of the calculus of variations,
the calculus of variations is by no means a simple subject. A

student must be patient and at ohe same time must have a very
clear mind when he is learning the calculus of variations,
otherwise he would be confused very easily.
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