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Introduction

This paper will trace the history and development of a useful 
stochastic method for approximating certain analytically 
intractable integrals, the Monte Carlo method. It will begin with 
simple explanations and examples of the method and proceed to 
develop the tools and techniques necessary to allow its 
application. It also offers the reader a number of numerical 
examples which serve to illustrate the method and looks into 
subtle modifications like variance reduction and stratified 
sampling that help to improve the estimation.

An integral part of the Monte Carlo method is the sequence of 
the random numbers used in the calculation. Random numbers and 
their generation are examined in detail since various uses of the 
numbers and the type of generator used to produce these numbers 
largely determines the success of the Monte Carlo calculation.

To provide balance, an account is given of one attractive 
deterministic alternative to Monte Carlo, the method of uniformly 
distributed sequences modulo one. This method has the advantage 
of dispensing with the apparatus of quasi-random number 
generators required by Monte Carlo. Moreover, it offers error 
bounds that behave like c/n, where c is a constant and n is the 
sample size. This is important since Monte Carlo's error bounds 
are only guaranteed to be on the order of c'A/n, where c' is a 

constant.
To drive home the point that neither stochastic nor 

deterministic approximation methods should be used when analytic 
methods are available, there is included a discussion of an 
interesting integral of an iterated logarithm. This integral is 
evaluated using techniques borrowed from analytic number theory, 
in particular from a collection of ideas first developed in the 
study of Dirichlet series. The reader is invited to try a
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corresponding approximate evaluation using Monte Carlo, 
equidistributed sequences, or the usual quadrature methods of 
numerical analysis. The thesis closes with some suggestions for 
further work, with examples of problems that can be studied.

I. The Crude Monte Carlo Methods

WHAT IS MONTE CARLO?

The modern computer brought new horizons to science and 
mathematics. With the aid of computers, it was now possible to 
process and store huge amounts of data and to electronically make 
long and tedious calculations quickly and accurately. The 
computer also gave new life to a mathematical method that 
formerly was only an interesting idea. Now called the "Monte 
Carlo Method," this process requires a large number of 
calculations, often numbering close to a million, and is very 
impractical without large-scale computers.

The Monte Carlo Method is quite basically a method of solving 
mathematical problems using experiments on random numbers. It 
is often used when a problem is too complicated to be solved by 
analytic methods alone and has found extensive application in the 
fields of nuclear physics, operations research, chemistry, business 
and medicine.1

There are two types of problems handled by Monte Carlo 
methods: probabilistic and deterministic. Probabilistic problems, 
sometimes called crude Monte Carlo, involve the direct simulation 
of the physical or statistical problem in terms of random 
processes.2 Deterministic problems have no direct association 

with a random process, but can often be reformulated to involve 
one.

Let us consider a simple example of such a probabilistic 
problem. "Suppose that we need to compute the area of a plane 
figure S. This may be a completely arbitrary figure with a 
curvilinear boundary, given graphically or analytically, connected
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or consisting of several pieces. Let the region be as represented 
in Figure 1, and let us assume that it is contained completely

• within the unit square. Choose at random N points in the square

and designate the number of points lying inside S by N'. It is 
geometrically obvious that the area of S is approximately equal to 
the ratio N'/N. The greater the N, the greater the accuracy of the 
estimate. In the example represented in Figure 1, we selected N = 
40 points. Of these, N'=12 points appeared inside S. The ratio N’/N 
= 12/40 = 0.30; while the true area of S is 0.35."3

Figure 1

A second example of the use of crude Monte Carlo methods 
comes from nuclear physics. Neutrons, the fundamental particles 
in a nuclear reactor, are emitted in random directions during 
fission. Hence one "can simulate the performance of a nuclear 
reactor by choosing random numbers which represent the random 
motions of the neutrons in it. In this way we can experiment with 
the reactor without incurring the cost, the money, time and safety 
of its actual physical construction."4 This may be a very 

complicated matter, however, requiring large-scale computing 
equipment to trace each random neutron collision.

A third use of the Monte Carlo method is an example given by 
Stanislaw Ulam in his autobiography.5 He notes that one can 

estimate the chances of winning at solitaire, assuming the cards 
have been perfectly shuffled. Although this is a very elementary 
probability problem, the required calculation is lengthy and 
tedious. However, a computer can be programmed to shuffle the 
cards and play them out, keeping track of the odds and giving a
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Monte Carlo estimate of the chance of success. The perfectly 
shuffled cards are, in fact, the random numbers.

Our last historical example deals with the British telephone 
system. In this case, the randomness of the problem lies in the 
demand for service at any one time. The telephone company must 
provide adequate phone service on demand, and the problem arises 
in determining the proper amount of equipment that is needed to 
provide this service at any given time. Therefore, a suitable 
probability distribution needs to be found for the random 
fluctuations of the telephone calls in order to predict the needs of 
the subscribers.6

One of the true advantages of Monte Carlo, discovered in the 
1940's and 1950's, is that a specific problem can be generalized 
and abstracted to reveal its mathematical structure. In most 
cases, the more general and abstract a problem becomes, the 
harder it is to find an analytic solution. Here, Monte Carlo 
methods again come to the rescue, by allowing one to arrive at an 
approximate answer.

This leads to an underlying point in experimental mathematics, 
in general. The Monte Carlo method does not attain an exact 
solution to a problem; if an exact method can be used, it is far 
better to use it. When a problem cannot by solved exactly, 
however, a close approximation is better than none, and in many 
practical cases, it is all that is necessary. Therefore, a person 
using Monte Carlo needs to examine the problem, decide how 
accurate he or she needs the solution to be, and perhaps use 
methods that will help reduce uncertainty by replacing any part of 
the problem with exact analysis when possible.

THE HISTORY OF MONTE CARLO METHODS

Before examining the technical aspects of Monte Carlo 
methods, let us consider, briefly, the history of these methods. 
Experimental mathematics' origins lie deeply rooted in the early 
civilizations of mankind. In fact, numerous examples of this 
branch of mathematics can be found as far back as Old Testament
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and ancient Babylonian times. For instance, in the Book of Kings, a 
passage about King Solomon's temple refers to the pillars in the 
temple as being "three times in girth as in breadth."7 This 

"experimental mathematics" offers 3 as an approximation of it.
The Monte Carlo method, being based on random sampling, is a 

branch of experimental mathematics. Its earliest recorded use 
dates back to 1777 to the famous needle problem put forth by 
Comte de Buffon. His needle problem goes as follows:

A needle of length I units is thrown randomly onto a floor 
composed of parallel planks of equal width d units, where d > I. 
What is the probability that the needle, once it comes to rest, 
will cross (or touch) a crack separating the planks on the floor? 
It can be shown that the probability of the needle hitting a 
crack is P = 2l/nd, which can be estimated as the ratio of the 
number of throws hitting the crack to the total number of 
throws."8

In the early part of the twentieth century, British statistical 
schools used crude Mont Carlo methods, but only in the classroom 
as an instructional aid and not for research and discovery. Such 
demonstrations as pouring lead shot down boards studded with 
pins to note the collection of the lead in boxes placed below the 
board was as predicted and drawing numbered counters out of urns 
to verify that averages of sets of numbers behaved according to 
sampling theory were all uses of crude Monte Carlo.8

In a lecture delivered at the Royal Institution of Great Britain 
in 1900, Lord Kelvin used a very modern Monte Carlo technique in 
his discussion of the Bolzmann equation. To Lord Kelvin, however, 
this was an obvious method, and he was more interested in his 
results than his methods.1 8

In 1908, Student (W.S. Gosset) used experimental sampling in 
his discovery of the distribution of the correlation coefficient. He 
knew some of the moments of the distribution, apparently, and had 
surmised that the analytical form would be proportional to one of 
Pearson's frequency curves, (1-3r)8, where r is the correlation
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coefficient and 3 and B are constants depending on the sample size 
n. By fitting samples for n = 4 and n = 8 to this expression, and 
rounding the resulting estimates for 3 and B, he guessed that 3 = 1 
and B = 0.5(n-4), which is in fact the exact theoretical result. 
Monte Carlo methods today hardly ever attempt to guess an exact 
result, so this result is a relatively rare application of the 
method. Student also used Monte Carlo methods to assure himself 
of the correctness of his t-distribution.1 1

The term "Monte Carlo" first appeared around 1944. It was 
named after the city of Monte Carlo in Monaco in memory of its 
gambling casinos, since the roulette wheel is one of the best ways 
to generate random numbers. It was introduced by John von 
Neumann and Stanislaw Ulam as a code word for the secret work at 
Los Alamos during World War II. The Monte Carlo method was 
applied to problems related to the atomic bomb, involving the 
direct simulation of neutron diffusion in fissionable material. 1 2 

Von Neumann and Ulam even used variance-reducing techniques 
early in the research to refine their approximations.13 Monte 

Carlo methods were also used to evaluate complex multi
dimensional integrals and to solve integral equations that eluded 
attempts at analytic solution.

In the immediate post-war years, it was discovered by Enrico 
Fermi, von Neumann and Ulam that Monte Carlo could be applied to 
deterministic problems as well. "About 1948, Fermi, Metropolis 
and Ulam obtained estimates for the eigenvalues of the 
Schrodinger equation."14 Unfortunately, in the 1950's Monte Carlo 

become so popular that an attempt was made to solve every new 
problem by the Monte Carlo method. It can only solve certain 
problems efficiently, however, and many others it solves very 
inefficiently. These misapplications were enough to discredit the 
method, especially in the United States.

Since the late 1960's, through recognition of the problems that 
it does best, the Monte Carlo method has had a resurgence of 
popularity. Many times it is the only available technique in solving 
problems or approximating solutions. Improved variance-reducing 
techniques, which are discussed later, have made Monte Carlo
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efficient where it once was inefficient, thereby increasing its 
scope and versatility. "Monte Carlo methods tend to flourish on

• problems that involve a mass of practical complications," the kind
that are encountered more and more frequently in modern times.1 5

THEORETICAL FOUNDATIONS: THE CENTRAL LIMIT THEOREM 
AND STRONG LAW OF LARGE NUMBERS

Monte Carlo methods are based on two theorems : the Central 
Limit theorem and The Strong Law of Large Numbers. Since these 
two theorems are so important, they will be discussed in detail.

The Central Limit theorem is one of the most remarkable 
results of probability theory. Roughly, it states that the sum of a 
large number of independent random variables has a distribution 
that is approximately normal. Therefore, it not only provides a 
simple method for computing approximate probabilities for sums 
of independent random variables, but it also helps explain the 
remarkable fact that the empirical frequencies of so many natural 
populations exhibit bell-shaped (normal) curves.

The following is a simple form of the theorem:
Central Limit Theorem: LetX-|,X2, ... be a sequence of independent 

and identically distributed random variables, each having mean ji 
and variance a2. Then the distribution of

Xi + X2 + . . . + Xn - (in 
ovTT

tends to the standard normal as n -> °°. 
real numbers a < b,

This means that for any

p/ < Xi + X2 + • ■ • + Xn - np. 
1 “ ovTT <b)

as n -> 00.
The basis of the proof lies in the following lemma, given by 

George Polya around 1920.
Lemma: Let X-j, X2, ... be a sequence of random variables having 
cumulative distribution functions (cdfs) Fx_n and moment
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generating functions (mgfs) n > 1, and let K be a random
variable having cdf F^ and mgf . If 4*xn(0 for all t, then

F£n(t) -> F^(t) for all t at which F^(t) is continuous.1 6

Now if we let X be a standard normal random variable with ji =
2

0, d2 = 1, then ^x(t) = el 12. Therefore, from the Lemma above, if 

-> et 72 as n -> °°, then

FXn(tH Fx(t) = J e‘*2/2 dx = £>(t).
)2n J„

Keeping these things in mind, the proof of the Central Limit 
theorem is as follows:
Proof: This theorem is proven under the assumption that the
moment generating function of the XjS, M)- exists and is finite.

2<L
Assume first that p = 0 and d2 = 1. Since the mgf of Vn is

<J>2LL(t) = E(evFi) = 0(-yL) 
Vn i n

and the Xi are independent,

Now set L(t) = In ^(0- Then, b(0)- In <t>(0) - 0, since, 

4>(0)- E(e°) - E(1) « 1,and

L'(0)

while

L"(0)
<>"(0)0(0) - (<l>'(0))2 E(x2)1 - 0

(0(O))2 1

since
E(x2) - E(x)2 = o2 = 1 = E(x2) - 0.

= 0
<i>(0) 1 '
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Now, to prove the theorem,
(<J>(-F=))n et2/2 as n

Vn o r,

nL(4=r) as n -)oo.
VrT 2

To prove this, observe that

one needs to show that

equivalently, that

L(<=>
limity^ co —= limity^ oo-

_Ly-3/2L.H )
2_______vy

-1
(by L'Hopital's Rule)

limity—> oo

yr
= limity—> °°

,1/2

Ly-3/2L»(_L_) 
2 vy

-y -3/2
(again by L'Hopital's Rule)

tL'(^=)

This proves the Central Limit theorem for p = 0, O2 = 1. To prove

the general case, consider the standardized random variables 
- _ x j - p _

“ o and apply the proof above, since E(x.j)=O and Var(x,)=1. 

Next is the proof of the Strong Law of Large Numbers. This
law is one of the best known results of probability theory. 
Basically, the Strong Law of Large Numbers states that the 
average of a sequence of independent random variables having a 
common distribution will, with probability 1, converge to the 
mean of the distribution. The theorem is formally stated as 
follows:
Strong Law of Large Numbers: Let Z.1, Z.2. - • • be a sequence of

independent and identically distributed random variables, each 
having finite mean p = E[Xj]. Then, with probability 1,

2<i+2<2+- ■ ■ n
n

—> p as n —?

or in other words:
P(limn->„ •+*")-R)-l.
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The proof relies on three preliminary results including an 
inequality of Kolmogorov and a lemma about series. These will be

• stated, but not proven.
Kolmogorov's inequality: Let X1, ><2, . . . Xn be n independent 
random variables such that E(Xj) = 0 and
Var(Xj) = Oj2 < 00; i = 1, 2, . . . n. yhen for a|| a > 0,

n
2P(maxi=1 >2i...n I X! + x2 +.. . + Xj | > a) < £

i=i a2

This is a generalization of Chebyshev's inequality.1 7 
Kronecker's Lemma: Let {x^} be an arbitrary numerical sequence 
and 0 < b-| < b2 < • . • < bn< .. . , bn -> « as n -> «.

If the series

£ bk-’xk 

k=1
converges, then

Xi + X2 + . . . Xn _ ___ __ 18
—1—0 as n —> 00.

bn
Theorem: Let X-|, X.2, ... be independent random variables and 
suppose that E(Xk) = 0 for all k = 1, 2, . . . and that

00

X E((xk)2) < 
k=1

Then the sequence
n

Sn = £ *k 
k=1

converges to 1 with probability 1J9

Proof of Strong Law of Large Numbers: Let the previous theorem 

—Xk,
be applied to the random variables k then with probability 1,

*
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X?-;> —Xk
k converges. Then Kronecker's Theorem with bn = k shows 

that
Xi + X2 +- • • q

n

at every point for which k=i K converges. This completes the

proof.

CRUDE MONTE CARLO METHODS

Now, using these two theorems, numerical examples of crude 
Monte Carlo can be given. This will allow one to note its limits of 
applicability and its error estimates. However, only problems that 
satisfy the conditions of the Strong Law of Large Numbers and the 
Central Limit theorem can be solved with crude Monte Carlo 
methods. If the integral

dx

is unbounded, Monte Carlo methods are not guaranteed to work. For 
this reason, many authors will require that

J |f| dx <00,

or even, as do J. M. Hammersly and D. C. Handscomb in Monte Carlo 
Methods that

before applying Monte Carlo approximations.20
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This first example is offered as a cautionary one, since it 
shows that one must check the conditions of the Strong Law before 
proceeding.
Example 1: Can the integral

S|h X dx, a > 0, 
x

after a change of variables y = a/x be calculated by a Monte Carlo 
method according to the formula

Jn = - X —sin a
n k=i

where y^ are random numbers on the interval [0,1]?

Performing the change of variable transforms the integral to

(sin 3)Y( --3-) dy = I J-(sina) dy. 
y a y27 Jo y y'

The quantity Jn can be considered to approximate J if and only if 
limn_>ooP(l Jn-J l<e) = 1

holds. Since the yi< have the same distribution, so do the functions
J-s i n -3.
Yk Yk

To be able to apply the Strong Law of Large Numbers, one needs to 
know that the expectation

E(J-sin (3)) 
y. y.

exists, where Y. is a random variable uniformly distributed over 
[0,1], or so it seems. It is easy to show that

f i-sin (3) dy = E(lsin 3)

1 2



exists since

f sin x dx = .cos__x cos x dx cos_a 
v2 a

■[ COS X dx
v2

by integration of parts.
The latter integral is bounded in absolute value by

f dx

which converges. Hence
E(J-sin 

y y
exists. However, in this Monte Carlo work, one is sampling
randomly Y. in [0,1] for a function

i-sin (2-) 
y. y.

which takes on both positive and negative values. Therefore, the 
analogy is really that with series, where one can interchange the 
order and get the same result provided that the series converges 
absolutely. So to guarantee that the Monte Carlo procedure does 
apply, or equivalently, that one can use the Strong Law of Large 
Numbers, it must be required that

I. i-sin a 
y y

dy <

Unfortunately, the integral does not converge absolutely, so 
the Monte Carlo method does not apply here. To see this, note that:

/■nw ii m 1 r <n+1>nI tMdxJ Si^dx+ £ |

VI J1 H=1 J nr

sin x dx.

Now since the minimum value of 1/x on [nn, (n+1)n] is 
1

(n+1 )k

sss ss

1 3



since

Thus

m-1z
n=1

J
c(n+1)« .

[sin x]

xrm

,(n+1)n

< nn

Therefore,

So,

[

dx >
(n+1)-f71 J nr, J nrc

(n+1)n

J—I |sin x) dx > —2.
(n+1)rc

f sin x dx = 2 and —
(n+1) 71 * J

dx
X

• n+2

sin x
1 I >m+i

dx>2-Y ^>2 dx=2|n(m+H
71 X 71 X 71 ?n=1 I Jz c~

J n+1

lsMdx;> fsilLJ<dx + 2 |n<^

X IX 71 2
—> °° as m —> °°.

sin x]
dx

diverges as must 

f |sin x|

I >
In other words,

dx.

I. ^-sin(a-) 
y y

dy

is unbounded, and Monte Carlo method and the Strong Law of Large 
Numbers estimates are not guaranteed.

14



Besides making sure that the Strong Law of Large Numbers 
applies to the problem at hand, it is important to realize that if 
standard numerical techniques are available to make an 
estimation, they should be used. In the following example, 
Simpson's rule for approximating J gives a better result for n = 2. 
For the sake of demonstration, however, a look at this example 
will help.
Example 2: How many trials should be performed to calculate the
integral

J
-H/2

cos x dx

0

by Monte Carlo methods so that with probability 0.95, the relative 
error is less than 0.001, in calculating the value of J?

The integral
.n,2

= 2. J cos x dx 
Jt Jt J

can be viewed as the expectation of the function cos x of the 
random variable X uniformly distributed over [0,rc/2]. Then the 
approximate value of the integral is

n

COS xk

where the Xk are random variables in [0,ti/2]. 

Take the random variables

Tn= dn ~ J 
Vvar(Jn)

The variables cos(Xk) are independent, and each has the same

1 5



distributional each has finite mean

2_
71

(cos x) dx = 2
71

and finite non-zero variance

-n/2

Jo

| (cos x)2 dx 4=1 4 = 7t2- 8
k2 2 ft2 2k2

Thus

and
Var(Jn) = -J^-n •’^-2- =

4n2 2ti2 8n

Hence, by the Central Limit theorem, for n sufficiently large,

P(-a < < a ) = O(a) - <X>(-a) = 20>(a) - 1 0.95.

Therefore
error

if

O(a) = 0.975 ancj a = 1.96. Now, since J = 1, the relative

< 0.001

0.001 -I/ -STL? > 1.96

V tc2-8

or n > 897,785. In other words, to guarantee with probability 0.95 
that Jn is within 0.001 of 1, one would have to take a random 

sample of size nearly a million. This is even more absurd, since 
the original integral is analytically trivial.

1 6



IMPLEMENTATION: RANDOM NUMBERS

> The success of the Monte Carlo calculation rests greatly on the
generation of the random numbers to be used in the calculations. 
But what, exactly, are random numbers? What makes a sequence 
of numbers random, and what characteristics distinguish it? 
These are important questions that need to be answered if the 
Monte Carlo estimate is to be accurate at all.

There are numerical examples of random series everywhere. A 
good random series with values that range from 0 to 9 can be 
found from the last digits of a list of telephone numbers found in a 
telephone book. Similarly, the final digit of the license-plates of 
passing cars is a reliable source, although the first few digits are 
far from random. Take a well shuffled deck of cards and record 
the values of the cards drawn, and a series of random numbers can 
be found.22 There are published tables of random numbers, such as 

a table of over 40,000 random digits "taken at random from census 
reports," published in 1927 by L. H. C. Tippett, and a table of a 
million random digits published by the RAND Corporation in 
1955.23

How is a random number or sequence defined? An exact 
definition does not really exist. One property that defines a 
randomly generated series is that each successive number is 
independent of all of the numbers previously listed. This means 
the sequence or the generator has no memory. Therefore, the 
sequence 1 2 3 4 5 is no more or less random than 7 2 9 1 3. They 
both have the same chance of occurring.24

Random sequences, according to D. H. Lehmer are: "...a vague 
notion embodying the idea of a sequence in which each term is 
unpredictable to the uninitiated and whose digits pass a certain 
number of tests, traditional with statisticians and depending 
somewhat on the uses to which the sequence is to be put."25

Gabor J. Szekely states: "The more difficult it is to describe a 
series, the more random we may consider it. ... Complexity and 
randomness are therefore in close connection.26 This is a

• definition introduced by Kolmogorov in 1966.27

1 7



The theory of generating random numbers by computers has 
become an important branch of mathematics. Since Monte Carlo

4 calculations are performed on a computer, the random numbers
need to be either stored in or generated by the computer. A table 
of random digits can be entered into the computer's memory, but 
this is a time-consuming task and most computers have memory 
space that is too limited to hold the required number of digits.

Unfortunately, a problem lies in having the computer generate 
the numbers. A digital computer is a deterministic machine, and 
such a device cannot generate a truly random process. But many 
times, we can use a computer algorithm to generate a sequence 
that is actually deterministic but appears random enough for our 
needs.

Sequences generated by an algorithm that appears to be random 
are called pseudo-random or quasi-random sequence.28 They 

actually only pass a few of the tests for randomness, but in the 
specific area in which they are needed, they are random enough. 
There are many statistical tests, to be touched upon later, that 
can determine how random a sequence is. Different tests have 
more or less significance, depending on the intended use of the 
sequence. In further discussion of randomness, what is called a 
random sequence or process will imply a computer-generated 
algorithm or a pseudo-random sequence.

The first suggestion for a computer-generated random 
sequence came in 1946 from John von Neumann.29 This method, 

called the "middle-square method" takes the square of the previous 
random number and extracts the middle digits. For example, if 10- 
digit numbers are being generated, and the previous value was 
5772156649, it is squared to get 3331779238059490920, 
meaning the next number will be 7923805949.89 This method, 

however, has proven to be a very poor source of random numbers. 
The sequence tends to get into a rut, a short cycle of repeating 
elements. For example, if zero ever appears as a number of the 
sequence, it will continually perpetuate itself.

In studies done on this method, G. E. Forsythe, using the middle 
• four digits instead of ten, found that after trying 16 different

1 8



starting values, 12 of them led to sequences ending with the cycle 
6100, 2100, 4100, 8100, 6100, . . . while two more degenerated to 
zero. N. Metropolis also conducted tests, using the binary number 
system. With a 20-bit number, he showed that these are 13 
different cycles into which the sequence might degenerate.31

The most popular random number generators in use today are 
called the linear congruential generators, introduced by D. H. 
Lehmer in 1949. Conveniently, this generator uses only simple 
arithmetic. The sequence of random numbers takes on the form:

Xn+i = (aXn + c) mod m n > 0

with certain restrictions placed on the variables. The modulus, m, 
must be greater than zero; the multiplier, a, the increment, c, and 
the starting value, Xo must all be greater than or equal to zero and

strictly less than the modulus, m.
For example, by setting m = 10, and Xo = a = c = 6, the sequence

obtained is 2, 8, 4, 0, 6, 2, 8, 4, 0, 6, . . . This sequence is random 
for the first five digits, but repeats itself after the fifth digit. 
Therefore, the sequence is not random for every choice of m, Xo, a 

and c. Certain principles for choosing the variables properly must 
by acknowledged.32

The repeating cycle found in the example above is called a 
period; this example has a period of five. All congruential 
sequences will eventually repeat themselves. They all have a 
period, but a good one will have a relatively long period. This 
means that m will have to be relatively large because the period 
can be no longer than its modulus.

A large modulus is not the only answer, however. Some 
generators, like the example above, will skip many of the possible 
numbers, and the sequence will have a short period. A series that 
generates all m-1 integers before repeating itself is said to have 
a "full period." The parameters a, c, m that are chosen will 
determine whether the series has a full period and a rich set of 
numbers.

Very briefly, some rules should be stated for selecting the 
parameters of a sequence in order to obtain a full period. The first 
rule is that the modulus, m, and the increment, c, must have no
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Very briefly, some rules should be stated for selecting the 
parameters of a sequence in order to obtain a full period. The first 
rule is that the modulus, m, and the increment, c, must have no 
factors in common. The second is that the multiplier, a, must be 
greater that the square root of m "to avoid the serial correlation 
that upward runs produce."33 Thirdly, take the modulus m to be 

the largest prime number that the computer can handle (for a 16 
bit processor, this is m < 32,768) in order to produce the largest 
possible period.34

Donald E. Knuth gives several other possible random number 
generators besides the linear congruential one. One is a quadratic 
method given by R. R. Coveyou when m is a power of two:

Xo mod 4 = 2, Xn+1 = Xn(Xn + 1) mod 2e, n > 0.

This basically turns out to be a degenerate middle-square method: 
if Yn is 2eXn, ie., Yn is a double precision number obtained by 
placing e zeros to the right of the binary representation of Xn, then 
Yn + i is the middle 2e digits of Yn2 + 2eYn. Unlike the middle- 

square sequences, however, this sequence is guaranteed to have a 
long period.33

An example of a bad generator is the Fibonacci sequence, 
where Xn+i relies on more than one of its preceding values:

Xn+1 = (Xn + Xn-1) mod m.

This sequence usually has a period greater than m, but the numbers 
of the sequence fail to pass the tests of randomness.

A final example of a generator is an additive one by G. J. 
Mitchell and D. P. Moore given by:

Xn = (Xn-24 + Xn-55) m°d m n > 55,
where m is even and Xg, . . . X54 are arbitrary integers, not all 

even. This generator, since it involves no multiplication, 
generates numbers very rapidly, and its period is guaranteed to be 
long, (255 - 1). It has been used with good results as well and may 

be the best source of random numbers available. Unfortunately, as 
Knuth notes, there is still very little theory to prove that this 
series has the random properties needed, and therefore is still a 
questionable source of random numbers.33
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II. Refinements of Monte Carlo

If one wishes to compute

a sample average can be found by sampling the size of f(x) by 
finding f(x-j), f(x2), • ■ • f(xn) written as:

i = 1

f - I ■n ~ . »
(b-a)

fcai[f(x,) + f(x2) + . . .+f(x„)].

Through the Strong Law of Large Numbers,

P(l-e<lt’(Xi)<l+e) = 1.

The error of the calculation may be found from the Central 
Limit theorem. It states that with

f(x)p(x) dx,

p(x) = 1 0 < x < 1,
0 otherwise,
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is the mean and

■f(f(x) - l)2p(x) dx = f2(x)g(x) dx - I

is the variance of f(x), then

dx + 0(4-). 
Vn

A table of the probability integral

PI dx

4

will give the following typical values:

X PI
.6745 .50

1.645 .90
1.960 .95
2.576 .99

3.291 .999
3.891 .9999

The error E will then be

-1
i=1

and using the above numerical values, the error values can be 
found.
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0.67456a
Error E at 50% level of probability < VrT 

1.645^
• Error E at 90% level of probability < VrT

1.960a
Error E at 95% level of probability < VrT .38 When the 

Xa
level of confidence is a constant, the error bound is VrT '

This means that the Monte Carlo calculation improves only by a 
factor of 1/^n, or increasing the number of trials by 100 will only 

decrease the error by 1/10. This is a very slow convergence, thus 
the Monte Carlo method does not give an extremely accurate 
solution.

Xa
Another way to reduce the error bound VrT is to reduce the 

variance o2. In some cases it is possible to replace the original 

problem by a modified one that reduces 0 greatly. This is known as 
variance-reducing techniques.39

One last method that can be used to reduce the error is to 
throw out the concept of totally random sequences and use a 
sequence of points specially formulated for integration. These 
sequences are known as equidistributed sequences. These can lead 
to an error that is on the order of 1/n instead of 1/^n as in crude 
Monte Carlo and can lead to more rapid convergence.4 0 

Equidistributed sequences will be discussed later in this chapter.

VARIANCE REDUCTION

Looking at the same problem given earlier,

with variance reduction, one is seeking a g(x) such that 
|f(x) - g(x)| < £ 0 < x <1, and

J g(x) dx = J.

This g(x) is called a control variate. The function g(x) will be 
integrated analytically, so it must be relatively simple. However,
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unless g(x) follows f(x) closely and absorbs most of its variation, 
the error in this refined equation will not be significantly smaller 
than that of the original problem.41

The new I' is given as

(f(x) - g(x)) dx.

i: (f - g) dx)

The variance will then be

(O')2 - ( (f - g)2 dx - (

This means that ° - e> and the variance has been reduced. The 
approximation of I will be taken as:

1 = 77 Z (f(xi) ’ 9(xi)) + J- 
i=1

It should be noted that the variance has been reduced, but there 
are now twice as many calculations to be made. This is an 
important consideration when comparing a crude Monte Carlo 
method with a variance reduction method. Consider this example:

Let f(x) = ex and g(x) = 1+ x. The variance of ex is 0.5(e2-1)- 
(e-1 )2=0.242, and the variance of ex-i-x is 0.5(e-1 )(5-e)- 

23/12=0.044. If it takes 20% more time to compute ex-1-x as 
opposed to ex, then the relative effectiveness of the reduction 
is 2.6:1.43

Importance sampling 
Considering

I =

is another type of variance reduction.

| f(x) dx
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again, rewrite I as

1 = ( pM dx 
I P(x)

where p(x) > 0 and
| p(x) dx = 1.

Then fn, the estimator for I is

r _iy f(Xi)

This time, however, xj is the random number that has been 

taken from the probability density distribution of p(x) on 0 < x < 1. 
The variance for this equation is

p(x) dx - (f

J, P(x)

2

p(x) dx) .

We have only to choose

f(x) dx

to reduce the variance to o2 « 0.

In words, this means that ideally one should "sample in
proportion to the value of the function with constant of 
proportionality equal to the value of the integral."4 4 

Unfortunately, this means the value of the function would have to 
be known beforehand, and it is very difficult to sample with 
respect to the probability density function. Again, by choosing a 
p(x) that closely approximates f(x) and is integrable, the variance 
of the problem can be significantly reduced. Two functions must 
be evaluated for each random variable as with control variates, sc 
the extra labor and time involved must be taken into account.
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Consider the following example:
Let f(x) = ex. Take p(x) = 2/3(1 + x). The estimator is

2n j_ 1 1 +xj

where the xj have a probability density distribution 2/3(1 + x).
The relevant variance is

d2 - a ( e.— dx - (f ex dx) = 3 e'^Ei(4)-Ei(2)] - (e - 1)2 = 0.0269

2j„(1+x) J. 2

This variance of 0.0269 may be compared to the variance of ex 
which is 0.242 from the previous example.

Approximating f(x) by a piecewise constant function p(x) 
creates no problems when it comes to sampling with respect to 
p(x). In higher dimensions, however, it becomes much more 
difficult. In d dimensions, Philip J. Davis and Philip Rabinowitz 
state:

What one can attempt is to approximate

f(x)

| f dV
/Cd

by the product of d one-dimensional piecewise constant 
functions

IlPi(xi)-

i=1
Here Cd is the unit hypercube [0,1]^. The functions pj(xj) are 

determined using an iterative scheme in which the variability 
of f(x) in each dimension is evaluated along with the 
approximation to the integral. The pj(xj) are adjusted after
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=X X («j ’ aj-i)(^-)f(aj-i +(aj - aj.^Xy)
j = 1 i = 1 j

the number of points sampled from the jth piece. This 

variance of

k \ k T "I2

each iteration until they converge. Then one samples with 
respect to the final density distribution to get an 
approximation with a small variance."4 6

A third type of variance reduction is stratified sampling. In 
stratified sampling, the range of integration is divided into many 
pieces, say

api < x < aj, where 0 = a0 < a-| <. . . < ak = 1.

Then one evaluates each separate piece with crude Monte Carlo 
methods. These separate pieces may be divided into k even 
segments, although the best method is to divide them so that the 
variation is the same in every piece.

The estimator of I is then

~ k ni 
fn

where nj is 

results in a

O2 . £ f(x)2 dx - V 11 I f(x) dx
j = 1 j •'“j-1 j=1 j|/aH

For example, let

f(x) =
e-1

and take four points from each of four segments, the first set of 
segments being evenly divided at points 0.25, 0.50, 0.75 and the
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second segments having equal variance, divided 

0.62, 0.83.

at points 0.36,

i f, Z(6) 6 Z(6)

1 0-24 0158 0-35 0-244
2 007 0042 0-10 0-061
3 005 0 030 008 0-048
4 0-24 0158 0-34 0-236

5 0-34 0-236 0-45 0-331
6 0-35 0-244 0-46 0-340
7 0-27 0-180 0-39 0-277
8 0-38 0-269 0-49 0-368

9 0-54 0-417 066 0 544
10 0-52 0-397 0 64 0-521
11 0-63 0-511 0-73 0-626
12 071 0602 0-79 0-700

13 093 0-893 0-95 0-923
14 0 81 0-726 0-87 0-807
15 0-83 0-752 0-89 0-835
16 0-84 0-766 0-89 0-835

Estimate of 8: 0-399 0-409

i
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From theory, I = 0.418, and using crude Monte Carlo an 
approximation of 0.357 is found.49 This means that both examples 

above are improvements on the crude estimate. Supposing that
stratification takes 30 to 40% more labor, the ratios of 1.3/1 and
1.4/1 can be found. Therefore, from this example, stratified 
sampling appears to be 10 times as efficient as crude Monte Carlo. 
The efficiency of the stratified sampling increases as the square 
of the number of divisions made.

The final method of variance reduction is the use of antithetic 
variables. In the antithetic variate method, an estimator fn' is 

needed, one that follows f(x) very closely but has a strong 

negative correlation with fn-

Unlike the control variable and importance sampling, in practice 
it is relatively easy to find negatively correlated unbiased 
estimators of I. Antithetic variates describe any set of 
estimators which compensate for each other’s variations, and it is 
the most efficient variance reduction technique of the four 
methods.49
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The antithetic variables work as Hammersly and Handscomb 
describe: Whenever one has an estimator consisting of a sum of 
random variables, it is possible to arrange for there to be a strict 
functional dependence between them, such that the estimator 
remains unbiased, while its variance comes arbitrarily close to 
the smallest that can be attained with these variables."5 0 

Basically, one reorganizes the random variables to make the sum 
of the reorganized functions as constant as possible. For two 
monotone functions, this can be accomplished by reorganizing one 
function so that one is monotonically increasing, while the other 
is monotonically decreasing.5"*

Table 2 is given below as a summary of the variance reduction 
techniques. The function

f(x) =
e-1

is evaluated, and it clearly demonstrates the improvement that 
variance-reducing methods can offer. It is important to 
remember, however that theoretical calculations should replace 
the Monte Carlo calculations when possible, in order to greatly 
increase the accuracy of the calculation.

Table 2

Method and defining equation
Variance

ratio
Labour

ratio
Efficiency

gain

Hit-or-miss (5.2.10) 0-34 1/1 0-34
Stratified sampling, 4 equal strata (5.3.1) 13 1/1-3 10
Importance sampling (5.4.1), g(x) = x 29-9 1/3 10
Control variate (5.5.1), <£(x) = x 60-4 1/2 30
Antithetic variate (5.6.2) 62 1/2 31
Antithetic (5.6.6) and (5.6.8) 985 1/2 490
Antithetic (5.6.9) and (5.6.8) 1-56x10" 1/4 3900
Antithetic U42a (5.6.9) and (5.6.8) 2-49xl05 1/8 31000
Antithetic U82a (5.6.9) and (5.6.8) 3-98 x 106 1/16 250000
Antithetic (5.6.14), (5.6.15) and (5.6.8) 2-95 xlO6 1/6 460000
Orthonormal (5.8.15)

 i
7-2 xlO5 1/3 240000

52
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PSEUDO-RANDOM SEQUENCES: ANOTHER LOOK

It is important when applying Monte Carlo methods to obtain 
sequences that behave as if they were random. It is also unlikely 
that any one generator will provide an adequate sequence of 
numbers for every application. There are, therefore, several tests 
that every random number generator should pass, as well as 
certain specific tests that a generator should pass for each 
individual application.

Perhaps the most well-known statistical test is the chi- 
square test. It was introduced by Carl Pearson in 1900 in a paper 
that is now regarded as one of the foundations of modern 
statistics. This test is the basis for many of the tests for random 
numbers. An example taken from Donald Knuth's The Art of 
Computer Programming will illustrate this test very well. 
Consider two dice, each assumed to roll 1, 2, 3, 4, 5, or 6 with
equal probability. The following table gives the probability of 
obtaining a given total s, on a single throw:

value ofs=2 3 4 5 6 7 8 9 10 11 12
11115 1 5 1 1 1 1

probability,Ps = 3 6 1 8 12 9 36 6 36 9 12 18 36
53

If the dice were thrown n times, one would expect the dice to 
land, on a certain number s, on the average, psn times. This means 

the value 10 should appear around 12 times for 144 throws of the 
dice. The following table shows the results that were actually 
obtained when the dice were thrown 144 times:

value of s = 2 
observed number, Ys = 2 

expected number,nPs = 4

3 4 5 6 7 8 9 10 11 12
4 10 12 22 29 21 15 14 9 6
8 12 16 20 24 20 16 12 8 4

54
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It is not unusual that none of the observed numbers equals the 
expected numbers for any given s. How does one determine, 
therefore, whether the dice are fair or whether they are loaded? 
An actual determination cannot be made, since even a sequence of 
144 snake eyes (s = 2) is as likely to appear as the sequence that 
was obtained. One can, however, give a probabilistic answer, for 
one can say how probable or improbable a certain sequence is.

The equation that will measure the difference between the 
actual and expected values is:

v (y2-np2)2 | (y3-np3)2 | | (yi2-npi2)2

np2 np3 np12

This equation is called the chi-square statistic of Y-|, Y2, . 

in this dice-throwing experiment. Generally, one considers

• Y12

v = 1 V (Xs_) - n n ,±k Ps

which leads to a fairly easy computation of V.
For the data in the above table,

v (2-4)2 , (4-8)2 , ,(6-4)2 ?7
4 8 ' ' ' 4 48

7-7-
Now another question arises: Is 4 8 an improbably high value 
for V to take? Table 3 is a general table that can be found in any 
mathematical handbook. In it, one can find the values of the chi- 
square distribution with V degrees of freedom for various values 
of V. The number of degrees of freedom is k-1, meaning it is one 
less than the number of categories.
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Table 3

SELECTED PERCENTAGE POINTS OF THE CHI-SQUARE DISTRIBUTION

p = 1% p = 5% p= 25% p = 50% p = 75% p = 95% p = 99%

1/ = 1 0.00016 0.00393 0.1015 0.4549 1.323 3.841 6.635

y = 2 0.02010 0.1026 0.5753 1.386 2.773 5.991 9.210

1/= 3 0.1148 0.3518 1.213 2.366 4.108 7.815 11.34

1/ = 4 0.2971 0.7107 1.923 3.357 5.385 9.488 13.28

v = 5 0.5543 1.1455 2.675 4.351 6.626 11.07 15.09

1/ = 6 0.8720 1.635 3.455 5.348 7.841 12.59 16.81

i/ = 7 1.239 2.167 4.255 6.346 9.037 14.07 18.48

y = 8 1.646 2.733 5.071 7.344 10.22 15.51 20.09

v = 9 2.088 3.325 5.899 8.343 11.39 16.92 21.67

y = 10 2.558 3.940 6.737 9.342 12.55 18.31 23.21

y = 11 3.053 4.575 7.584 10.34 13.70 19.68 24.73

y = 12 3.571 5.226 8.438 11.34 14.84 21.03 26.22

y = 15 5.229 7.261 11.04 14.34 18.25 25.00 30.58

i/ = 20 8.260 10.85 15.45 19.34 23.83 31.41 37.57

y = 30 14.95 18.49 24.48 29.34 34.80 43.77 50.89

y — 50 29.71 34.76 42.94 49.33 56.33 67.50 76.15

y > 30 y + + hp — j + O(l/V^)

Zp = —2.33 —1.64 — .675 0.00 • 0.675 1.64 2.33

If the table entry in row V under column p is x, this means that 
the quantity V will be less than or equal to x with approximate 
probability p, with n being large enough. "For example, the 95 
percent entry in row 10 is 18.31; this says one will have V > 18.31 
only about 5 percent of the time."55

Going back to the dice-throwing experiment, the experiment is
simulated on a computer using a sequence of random numbers, 
results are as follows:

The

value of s = 2 3 4 5 6 7 8 9 10 11 12
Experiment 1, Yi = 4 10 10 13 20 18 18 11 13 14 13
Experiment 2, Y2 = 3 7 11 15 19 24 21 17 13 9 5

56
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Then, computing the chi-square statistic,

Vl = 29^_
120

and
V2 = 1-17L 

120

are obtained for the first and second experiment, respectively.57
Looking back at Table 3, under 10 degrees of freedom, V-| is

much too high. V will be greater than 23.21 only about one percent 
of the time. This means that Vj is a highly suspicious number, and 

the sequence used in experiment 1 has a significant departure 
from random behavior.

Looking at experiment 2 now, V2 is extremely low. The chi- 

square table shows that the value is too low, meaning that the 
observed values are so close to the expected values that one 
cannot consider them truly random.

Testing the number

that was found from actually rolling the dice, this V falls between 
the entries for 25 to 50 percent for 10 degrees of freedom. Since 
it is neither significantly high nor significantly low, it is 
concluded that the observation first given is satisfactorily random 
with respect to this test.5 8

There are three important tests that look at various aspects of 
a sequence of random numbers. All three of these use the chi- 
square test as a guide for success and failure. These three tests 
are the equidistribution test, the serial test, and the runs-up and 
runs-down test.59

The equidistribution or frequency test is one that checks to 
see if the sequence of numbers are, in fact, uniformly distributed 
between 0 and 1. First, the interval (0,1) is divided into k 
subdivisions. The number Nj, the number of values in the sequence
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e
that fall into each of the k subdivisions, is determined for each k. 
Then the chi-square test is run with the expected value being N/k, 
N being the total number of values in the sequence. This gives V 
as:

v - X (Nj-U-)2.
Nj=1 k

60

The next test is the serial test. "More generally, one wants 
pairs of successive numbers to be uniformly distributed in an 
independent manner. The sun comes up just about as often as it 
goes down, but this does not make its motion random."61

The sequence of numbers xn = x-|, x2, x3, . . . xn js considered 
and a count is made of the number of times a pair (x|<, Xk + -|) 
occurs. All of the x are between 0 and d, so there are d2 
categories with the even probability of 1/d2 in each category. The 
chi-square test is applied to these categories.62 This is given as

The third test to be given is the runs-up and runs-down test. 
In this test, one samples the number of monotonically increasing 
and decreasing subsequences and the number of values in each such 
"run."

For example, in the sequence |1 2 9|8|5j3 6 7|0 4|, the slashes 
mark off five "runs-up." The first is a run of three, followed by 
two runs of one, then another run of three followed by a run of 
two.64 The chi-square test should not be applied here, however, 

since the adjacent runs are not independent. Instead, the 
following equation should be used:

V=1 X (Count(i)-Ri)(Count(j)-Rj)aij 
*'*1 <i,j<t
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where "Count(i) is the actual number of run-ups or run-downs of 
length i, and the ajj are the elements of the inverse of the 
covariance matrix."65 Rj is the expected number of occurrences of 

run-ups or run-downs of length r and is given by

R (N + 1)(r2+r-1) - (r+2)(r2-r-1)
' (r+2)!

This value found for V can then by applied to the table of chi- 
square distributions for degree t. This test is an important one 
for linear congruential generators since generators with 
multipliers that are too small will tend to have long runs.

There are many more tests that can examine the random 
sequence in different ways. The gap test examines the length of a 
sequence between two occurrences of a certain numbers. The 
poker or partition test divides the numbers into sets of five and 
examines the patterns of the sets. The coupon collector's test 
examines the length of a subsequence that includes an entire set 
of possible integers in the sequence. Finally, the permutation test 
divides the sequence into different subsequences t numbers long 
and examines the order of the subsequences.66

When running tests on a generator, the equidistribution or 
frequency test is most often easily passed. The runs-up and runs- 
down test seems to be the strongest, especially in testing linear 
congruential generators. There are good reasons for running many 
tests on a generator. A variation of the middle-square method of 
generating random numbers will pass the equidistribution test, the 
gap test, and the poker test, but it does very poorly on the serial 
test. The runs-up and runs-down test will expose a linear 
congruential generator that has a small multiplier.67 Testing a 

generator is always very important in order to make sure the 
numbers one uses in an application will not increase the error of 
the estimate.

In order to better understand the random number tests, 
consider an example taken from Kalos and Whitlock. The linear
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congruential generator is given as:

a = 1812433253, 
m = 232, 

c is odd,

where a is the multiplier, m is the modulus and c is the 
increment.38 The three major tests were run on this generator, 

giving good results.
Using the equidistribution test first, Kalos and Whitlock

generated 10,000 random numbers at a time and separated them
into 100 bins, each equally spaced over (0,1). The chi-squared (X2)

value was calculated for this set of numbers. They proceeded to
generate this test 1000 times, so they had X2 values for the 1000 

2 2 2 2
tests, called Xi > X2 >• • • X1000 • Since these X values are taken as 
uniform, they can be tested again by applying the chi-square test 
once more, over evenly distributed intervals, where the expected 
number Bj in each interval is 10.

Figure 2
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Figure 2 shows the distribution of the X values. "The overall 
chi-squared value is then

100 o

j=1 1 0

2
In this case, the smaller the value of X , the better the generator. 
Good, popular generators generally have values in the range of SO- 
82."70

The serial test was run for pairs of values only. Ten thousand
pairs are considered at a time, and these pairs are partitioned in a
10 X 10 matrix. The expected number of pairs in each partition is
100. The entire test, like the equidistribution test, was conducted 

2
1000 times. The overall X = 104, which is a reasonable value for 
this sort of sample. Table 4 gives a typical distribution of the 

pairs of numbers. Its associated X = 105.2.7

Table 4

78 83 89 106 98 105 89 84 118 106
98 100 118 83 93 112 100 102 94 112
97 76 95 94 101 77 105 103 96 110

106 102 123 102 110 88 112 106 111 84
91 98 96 98 107 114 101 112 108 91
83 93 103 97 91 96 98 89 118 98
89 104 101 116 111 104 105 108 101 95
92 107 95 96 90 106 110 101 106 90

106 100 100 85 102 85 104 112 93 97
91 118 109 114 96 88 119 112 110 84

72
A runs-up test was the last test conducted on the generator. 

Runs from one to five, with a six and greater category were 
recorded, and the statistic V was found. The V was determined to
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2
be 3.48, which has an acceptable value when compared to a X (6) 
distribution. Table 5 compares the observed runs to the expected 
runs for each length of run considered. Therefore, the generator 
we just considered seems to be good, if it is used in calculations 
where one or a pair of numbers are needed at a time.7^

Table 5

Length of Run Observed Expected

1 1661 1667
2 2068 2083
3 889 916
4 289 263
5 60 58
6 and over 13

V = 3.48
12

Contrast the example above with the following example of a 
bad random generator. The same three tests are run on this 
generator, but with very different results. This generator is also 
congruential, but it has the following constants:

a = 21® + 1,
Xo = 314159265, 
m = 2^5, and 

b = 1,

where Xo is the initial value of the generator.

First, the equidistribution test is applied. The % value turns
out to be 1022.0, a very high value. Figure 3 shows the 

2
distribution of the values of X which favors the higher values.
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Figure 3
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The serial test turns out to give even worse results than the 
equidistribution test. As in the first example, the pairs of

numbers were distributed in a 10 X 10 array. The X value found 
for'the total of 1000 tests was 99,999. Table 6 graphically 
demonstrates the lack of uniform distribution.

Table 6

33 0 0 0 0 0 0 0 99 577
575 311 0 0 0 0 0 0 0 99

99 557 304 0 0 0 0 0 0 0
0 131 574 308 0 0 0 0 0 0
0 0 106 580 314 0 0 0 0 0
0 0 0 105 609 314 0 0 0 0
0 0 0 0 100 589 315 0 0 0
0 0 0 0 0 91 585 321 0 0
0 0 0 0 0 0 112 579 319 0
0 0 0 0 0 0 0 108 573 314

X2 = 34686 76
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The last test, the runs-up test, is the final test needed to 
show the weakness of this generator. The distribution of runs-up 
is nowhere near the expected distribution as shown in Table 7. 
The results of these three tests clearly demonstrate that not all 
congruential generators are good generators and that one always 
needs to check to see that his generator is a good one.77

Table 7

Length of Run Observed Expected

1 7664 1667
2 1168 2083
3 0 916
4 0 263
5 0 58
6 and over 0

V = 28370
12

EQUIDISTRIBUTED SEQUENCES

A serious defect of the Monte Carlo method is its slow rate of 
convergence. In fact, from the Central Limit Theorem, the 
difference between the Monte Carlo estimate of an integral and its 
exact value has absolute value cA/n, where n is the sample size.7^ 

Variance reduction techniques help, but really do little to 
alleviate this defect. There is, however, another approach which 
is related to some early work of Kronecker and which insures 
faster convergence, with an error on the order of c'/n.

Known as the method of uniformly or equidistributed 
sequences, it has the added advantage of dispensing with random 
number generators. It works because it essentially mimics the
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way that points are chosen for evaluating "Riemann sums" for 
Riemann integrable functions. Since this method is not as well 
known as the Monte Carlo method, this section provides a 
introduction, with examples.

To keep the account as simple as possible, the exposition is 
restricted to the one-dimensional case. Multidimensional 
analogues, with references, will be given at the end of the section 
for completeness.

Suppose that R is a finite set of real numbers a1> a2..........am

contained in the interval [0,1). For any pair of real numbers a, b 
with 0 < a < b < 1, define the interval function <P(a>b) to be equal to 

the number of ai from R that lie in [a,b). Then the discrepancy of 
the set R is defined to be the number

D = supab
<p(a,b)

(b-a)
m

Certainly 0 < D < 1. For an infinite sequence of real numbers 
a1»3*2’ • • •> in [0,1), let Dn be the discrepancy of the first n terms 

of the sequence. The sequence of ais is said to be uniformly 
distributed in [0,1) if Dn-» 0 as n.

Now, let 9n (a,b) be the number of ais in [a,b) from among the 

subscripts 1 - ’ - n ■ From the definition, it follows that if the 

sequence of ais is uniformly distributed, then

limitn^^^’^ = (b-a) .

In other words, if a sequence is uniformly distributed, the fraction 
of points in any interval is asymptotically proportional to the 
length of the interval. The converse is also true, namely, if for 
every pair of real numbers a,b with 0 < a < b < 1,

hmitn^ oo2!—-— = (b-a)
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for a fixed infinite sequence ai in [0,1), then the sequence is 
uniformly distributed.80 Since most infinite sequences met in 

practical situations do not lie conveniently in [0,1), one may 
extend the notion of uniform distribution to them by requiring that 
their fractional parts be uniformly distributed in [0,1). For 
obvious reasons, such sequences are called uniformly distributed 
modulo one.

Hermann Weyl first pointed out the importance of such 
sequences in 1916. His first result connects uniformly distributed 
sequences in [0,1) and Riemann integrable functions. It provides a 
basis for using such sequences to approximate the integrals of the 
functions.
Theorem 1: If oc1,a2»->- is an infinite sequence of real numbers 

in [0,1), a necessary and sufficient condition that the sequence be 
uniformly distributed is that

(1)

for every Riemann integrable function in [0,1].
Proof: Suppose a1>a2> ■ ■ • is a sequence for which (1) holds. Let 

[a,b) be any subinterval of [0,1) and define f(x) to be equal to one if 
x is in [a,b) and zero otherwise. Then

n
Z f(«k) =

k=1

<Pn(a,b)

n

while

f(x) dx = b - a .

So condition (1) implies that

limitn
(pn(a.b) f 

°° n
Jo

= f(x) dx = (b-a)

4 2



Hence, the sequence a1> a2> • • • is uniformly distributed.

Conversely, if the sequence is uniformly distributed, then

limit
(pn(a,b)

= (b-a) ;

so (1) holds for any function f(x) for the type just considered, ie., 
f(x) = 1 for x in [a,b) and f(x) = 0 for x not in [a,b). By linearity of 
the integral, (1) holds for any step function in [0,1], Now if g(x) is 
any Riemann integrable function on [0,1] and e>0 is given, two 
step functions can be found, f-| (x) and f2(x) , say, with

81

fi(x) < g(x) < f2(x) and (f2(x) - fi (x)) dx < e .

Since (1) holds for f-| (x),

I i m itn —> oo 77 Z fi (ock) = f fi(x) dx > f f(x) dx - e 
k=1 Jo Jo

Hence for n sufficiently large,

" f1
77 Z fi(«k) >

k=1 Jo
f(x) dx - 2e

However, f(x) > f-| (x), so

n f1
77 Z f(«k) > 

k=1 Jo
f(x) dx - 2e

i
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for n sufficiently large. Similarly, by using f2(x)

77 X f(«k) < f(x) dx + 2e
k=1 Jo

for n sufficiently large. Thus

f(x) dx < 2e

for n sufficiently large, and this proves the assertion.
Weyl's second theorem provides a convenient test for uniformly

distributed sequences modulo one. Such a test is clearly 
necessary, since his first theorem only connects uniformly 
distributed sequences and approximability of Riemann integrals. 
Theorem 2: If a1>a2’ ••• is an infinite sequence of real numbers, 
not necessarily contained in [0,1), a1> a2> • • • is uniformly 

distributed modulo one if and only if

n
limits ^1- £ e27lim(Xk = 0 

k=1

for every integer m * 0. Let i2 = -1.

The proof depends on the Stone-Weierstrass theorem, is rather
technical and therefore omitted.82 of more interest is an

application, which makes uniformly distributed sequences usable. 
Theorem 3: If a is an irrational number, then the infinite sequence 
a, 2a, 3a, . . . js uniformly distributed modulo one, or equivalently, 

the sequence of fractional parts of a, 2a, 3a, . . . js uniformly 

distributed in [0,1).
Proof: Let m be any non-zero integer, and set ma = 0. One needs 
to show that

n

44



Since 0 is real and non-integrable,

n
~y g2nik0

k=1

g2rci(n+1 )0 _ g2ni0 

027110 . 1
2

|e2jli9-1
1

Isin 7i el
<

where the first equality is just the geometric-sum identity, the 
inequality is the fact that M = 1>and the last equality is the fact 

that
8 3

-e2nie +1= -(cos 2tc0-1) - i(sin 2k0) .

Of course, one would like to divide both sides of the inequality

1
|sin k e|

i27iik0
k=1

by n, take limits, and conclude that

limit
n |sin 7te|n—> oo = 0

This presents no problem since sin rc0 cannot be zero itself. This 
follows because

sin 7i0 = 0 implies 7t0 = 7tma = (2k+1 )K , jea js rational.
2

Thus Weyl's third theorem is verified. As a result, it can be noted, 
for example, that the fractional parts of the sequence 
V2~, 2^2, 3V2", 4VF, . .. are uniformly distributed in [0,1).

With a bit of number theory (Liouville's theorem on the 
approximability of algebraic numbers by rationals), and an 
argument similiar in form to the one used to prove Theorem 3, a 
quantitative version of Theorem 2 can be proven.
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Theorem 4: Let f(x) be periodic in [0,1] and have its first three 
derivatives continuous there, with f(0) = f(1), f'(0) = f'(1), f"(0) = 
f"(1). Let 0 be a quadratic irrational. Then

n r’
1- z f«ke» -

k=1 Jo

dx

where c' is some constant independent of n, 
84fractional part of k0 .

Of course, the conditions of Theorem

and (k0) equals the

4 are fairly restrictive, 
but even if f(x) fails to meet them, the error bound can still be
better than c/^n. For example, if f(x) is of "bounded variation" on 

[0,1], the error bound has the form

c"log n 85 
n

For practical purposes, this is no great restriction, since any 
continuous function with bounded derivative has bounded 
variation.86

All these results extend to higher dimensions in a very natural 
way. The key to using them lies in the following result: If 
1, a1( a2, . . . , ak are linearly independent over the rationals, then 
the points = ((nai)» (na2)> • • • < (nak)) are all uniformly

distributed over the hypercube 0 < xj < 1, i = 1, 2, . . . , k. This 

means that

n
limitn_> 1 £ f((lai), . . . (Iak)) = (’. . . . . , xk) dx! dx2 . . . dxk

1=1

for any bounded Riemann-integrable function.
Of course, this leaves one barrier in the way of immediate 

application: How does one establish that 1, ai. a2> • • ■ . «k a r e

linearly independent over the rationals? More precisely, how does
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one construct such a set of a's? Luckily, some simple Galois 

theory provides the answer.
Theorem 5: Let n be any integer greater than or equal to two, and
P1........... p|< be distinct positive primes, and ^P? for i = 1, . . . k be

the positive nth root of pj. If Q denotes the field of rational 
numbers, then the field Q(^P?, • • • , ^Pk) is of degree nk over Q. 

Besicovitch proved an equivalent result in 1940.
Theorem £1: Let {e,} denote the set of nk radicals

, 0 < m(i) < n, 1 < i < k .

Then the set {ej is linearly independent over Q.

Besicovitch's proof is based on the Euclidean algorithm for
polynomials in several variables. Theorem 6 is due to Ian Richards 
of the University of Minnesota and uses Galois theory. For n=2, 
there is a much easier (un-extendable) proof by R. L. Roth.87 The 

reader is invited to inspect Roth's proof for two reasons: (1), it 
uses only the Eisenstein irreducibility criterion; (2) the case n = 2 
is the ony one with current numerical application. The latter is 
the case because square roots are easier to find numerically. A 
moment's reflection will clarify this point, and direct the reader 
toward the obvious weakness of the uniformly distributed 
sequence method: for sample size 10n, ^p must be known to 2n+1 

decimal places to ensure n place accuracy in the sequence 
(iff)), . . . (10nifp). |n addition, in the one-dimensional applications, 

for functions of bounded variation, the use of a quadratic 
irrational guarantees an error bound of the form

c" log n 88 
n

In higher dimensions, linear independence of the numbers 
1, , a2, . . . , cck over Q and some mild restrictions on the size of
the Fourier coefficients of f(x-|............x|<) in the k-dimensional

hypercube are enough to allow error bounds of the form c/n. In
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fact, there are "weighting-techniques" which can provide error 
bounds for uniformly distributed sequence estimates of

(01- • ------- xk) dx1 dx2 . . ,dxk

c'"
of the form n^ for any q so that k > 2 and q < k. In other words, 
the weighting techniques allow more and more rapid convergence 
as the dimension increases.89

Rather obvious modifications must be made to handle k- 
dimensional integrals over regions other than the unit hypercube. 
The region V say, is scaled down and translated into the unit 
hypercube. The points pn = ((na-i), • • • , (nak)) are then subjected to 

a test. Do they lie inside or on the transformed boundary of V? If 
they do, they may be used in the approximating sum, otherwise 
they are rejected. For large enough n, uniform distribution 
guarantees that a suitable fraction will lie inside or on the 
transformed boundary. One simply requires that

(# P's in or on transformed V) .. . , ., . , , •--------------------------------------------------Volume of the transformed region V
(Total # P's)

Although the uniformly distributed sequence method has been 
around for over 70 years, it is still being refined. As a matter of 
fact, in recent years number theory has provided other promising 
approaches to the integral approximation problem. The interested 
reader might wish to look over the fascinating book by Hua and 
Wang, which surveys developments up to 1980, or to set out on his 
own, and leaf through more recent proceedings of number theory 
conferences.90

A numerical example will help to illustrate: Compute

loiolo(oeXlX2X3X4 dxi dx2 dx3 dx4
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using a uniformly distributed sequence based on

a1 = VF, a2 = ^3, 0.3 - —fQ, a4 = V1 0 .
3

Table 8 gives a table of values found for a given number of sample 
points, n. Davis and Rabinowitz give a full table for n = 2, 23, . . . 
213. The exact value of the integral is 1.0693976 to seven 
decimal places.31 For the last value of n in the full table, ln = 

1.0688021.

Table 8

number of sample points Approximation
n In

2 1.0556385
4 1.0646192
8 1.0592766

STATE OF THE ART OVERVIEW

Many of the problems that require a solution by Monte Carlo 
methods are higher-dimensional integrals. Generally, the 
solutions to the higher-dimensional integrals are not as accurate 
as for a one-dimensional integral for similar computing times. 
Therefore, the question of accuracy versus computing time and 
labor is an important one. It is important to examine the various 
ranges of dimensions separately to see just how effective 
sampling methods are for each range.

The first range is two-dimensions. Here the solutions found 
are reasonably accurate and easy to find. It is possible to use the 
different varieties of product rules and the monomial rules of

t
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reasonably high degree which exist for squares, triangles, circular 
disks and the entire planed2

The next range is from three dimensions to six or seven 
dimensions. These are low enough in dimension to use the product 
rules and monomial rules as with the compounding of rules. Most 
of the methods described earlier, sampling methods and methods 
based on equidistribution may be used also. Integration over 
hypercubes or multidimensional stratified sampling based on 
monomial rules and sampling had been effective, but are found to 
be less accurate than some of the other methods mentioned above. 
Overall, assuming the integral has no real difficulties such as 
infinite ranges, singularities or highly oscillatory integrands, an 
accuracy of five to six figures is usually possible.92

The next range is that of dimensions between seven or eight to 
about fifteen. This is called the borderline ranged4 The 

dimensional effect becomes noticeable and compounding becomes 
impossible. Some effective procedures have been found for using 
monomial rules in this range. However, only a low accuracy of 
three to four figures is achievable.9 5

The very high dimensions of the final range are greater than 
fifteen dimensions. Sampling and equidistributed methods are 
really the only methods that can be used because of the dimension. 
These calculations are also very time-consuming. Only the order 
of magnitude accuracy (one to two figures) can be found.

Of course, crude Monte Carlo can be used for calculations in 
any range. Some people believe that even crude Monte Carlo is 
effected by higher-dimensional problems. It is, however, the most 
reliable, although it is very time consuming and not as accurate.96

III. Applications

AN ANALYTICAL PROBLEM

In an earlier section on uniform distribution of sequences, we 
saw how an appeal to number theory produced a method for
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integral estimation whose error is on the order of 1/n rather than 
the 1/>/n provided by stochastic (Monte Carlo) methods. In this 

section, some integrals that resist both the traditional numerical 
and stochastic methods of integration and even the method of 
uniformly distributed sequences are examined. They can, however, 
be treated analytically by an appeal to some (non-trivial) number 
theory. The simple message of this section is: Do not
underestimate the power of analysis; too often people settle for 
poor approximations when exact solutions are available. Of 
course, universal optimism is not advocated either, as a perusal of 
the final examples of this section aptly show.

Begin by considering some obscure integrals recently treated 
by llan Vardi of Stanford;9 7

log log (1) —d>< 
X H v ,

l '°° $
As Vardi points out, all the above integrals are evaluated in the 
well known tables of Gradshteyn and Ryzhik, who offer as 
reference, the earlier tables of Bierens de Haan. The trouble is 
that de Haan offers no derivation or reference to one. This 
provided Vardi a theme: to evaluate the integrals, as an 
introduction to the techniques of analytic number theory. The 
reader who is experienced in using the standard numerical 
quadrature techniques, stochastic methods, or equidistribution 
methods will readily admit that an analytic approach is probably 
the only useful one. (Clearly, the integrals are singular at both end
points.)
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Vardi proceeds as follows: Consider a series

F(s) = Z^ 
ns

where f(n) is a function with polynomial growth and s is a complex 
variable. Then the usual comparison test tells one that F(s) 
converges absolutely for the real part of s, ie., R(s) greater than 
some constant c. Series of this form are called Dirichlet series.

Recall that the gamma function

T(s) = e'1 t8’1 dt = e_nt (nt)8’1 n dt

or

f e-nt ts'1 "S Jo

Thus

OO 00 >oo

r(s)F(s) - r(s)Z Z f(n)| e-"< ts‘
n=1 n n=1 Jo

dt.

00

(Z f(n)e-"')ts-’ dt,

n=1

where the interchange of integral and summation is justified for 
Re(s) > c by absolute convergence, since absolutely converging 
Dirichlet series converge uniformly.98

Now set z = e_t, and notice that

r(s)F(s) = (Ef(n)zn)(log i-)S 1 &
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Further, restrict f(n) to be periodic mod q for some positive 
integer q; in otherwords, suppose f(n+q) = f(n), and set f(q) = 0. 
Then for |z| < 1,

q-1
~ q-1 21 f(n)zn

21 f(n) Zn = 21 I f(mq+n)zmq+n = =
n=1 m=0 n=1 1-Z^ 1-ZA

Hence

r(s)F(s) -

P(z,f) (logl)5'' dz 

1-zq z

If one differentiates with respect to s,

r1

-d-r(s)F(s)
ds

since

implies that

3 P(z,f) (logl-)5 * d

ds 1-Z^

y = (log 1) s-1

In y = y log log J-

s-1(log !•) . ,
P(z,f)--------2------ (log log i-) 3

1-zA

r1

z ;

and hence that

— = y log log 1 
ds 2

This formal procedure is justified provided r(s)F(s) converges
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uniformly. In particular, if F(s) converges absolutely at s = 1,

• r1F'(1 )r(1) + F(1)r'(1) = log log (!■) - F'(1) - yF(1),
X 1-zq z z

since, as is well known,

r'(1) = -Y,

the negative of Euler's constant" and

r(1) = 1.

Now let q = 4 and let f(n) be the so-called quadratic character 
mod 4, ie.,

0 if n = 0 mod 4
Z4(n) =1 if n = 1 mod 4

0 if n = 2 mod 4
-1 if n = 3 mod 4 "'00

In this case,

P(z,f) = P(z,x4) = X Z4(n)zn = z-z3, 
n=1

and

F'(1) -yF(1) = | log log
1-z4

1_ dz = f log log 1 - dz.-. 
z Z Jo z 1+Z2

Notice that

F(1) = 1 - 1 + 1 - 1+. . . = 2L>
3 5 7 4

a result obtainable by complex analytic methods."*0"! Hence

F'(1) - Y^ = J log log
1 + Z‘
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and if an independent evaluation of F'(1) can be found, the value of 
the integral would be determined. Actually, this is the "tough” 
part of the problem, and one can only sketch how this is done, 
since the technical details would take the reader very far afield. 
Roughly speaking, since F(s) satisfies a "functional equation,"

F(1-s) - fy sin (IS.) r(s)F(s)
71 9

in the whole complex plane, it is easier to evaluate F'(0) and use 
the functional equation to get F'(1). Specifically, let

C(s,a) = 21 1 s-> 0 < a < 1
n=i (n+a)s

which converges for Re(s) >1. It turns out that £(s>a) can be 

continued analytically to a function analytic in the complex plane, 
except for a simple pole at s = 1. Moreover,

F(s) = 4’s «s i) - us a.) 
4 4

which shows that evaluating £ (0>a) allows one to determine 
F'(0)J02

The net result is that

and that

R(0) =
r(y) 

log —4-
r<7>

4

- log 2

r(3)
F'(1) =y7L+ 7L|0g (^_&)

2 2 r<7->
4
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Thus
F(3-)

log log — dx - = ^log (—4i2Z) . 
x 1+x2 2 p/1_\

4

The second two integrals can be evaluated in an analogous fashion. 
What is interesting is the relationship between the method of 
evaluation and the special form of the function f(n) in the 
Dirichlet series used to effect it. To point this out, first a 
Dirichlet character mod q must be introduced.

% is a Dirichlet character mod q if:

X(1) = 1
X(n+q) = x(n) for all n
X(n) =0 if (n,q) > 1
X(mn) = x(m)x(n) for all m,n in Z

The corresponding Dirichlet series (more properly, L-function)

oo

F(S,X) = £ Re(s) > 0
n.1 "S

can be continued to a function analytic in the whole complex plane 
if 5C is not the trivial character Xo(n) = 1 if (n>Q) = 1- Here, of 
course, f(n) = %(n) ■ Now notice that x2 + 1 is the quadratic 

irreducible factor over Q of the cyclotomic polynomial x^ - 1 = o. 

Thus 5C4 comes into play in the evaluation of the first integral. 
Similarly x2 + x + 1 is the irreducible factor of the cyclotomic 
polynomial x3 - 1, and the character is X3 ;

Xs(n) =
0 if n = 0 mod 3, 

1 if n = 1 mod 3,
-1 if n = 2 mod 3
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*

and

F(s,z3) = 1 + = F(s).

Finally, x2 - x 
character is ^6:

Xe(n) =

+ 1 is an irreducible factor of x6 - 1, so the

0 if n = 0 mod 6,
1 if n = 1 mod 6,

0 if n = 2 mod 6,
0 if n = 3 mod 6,
0 if n = 4 mod 6,
-1 if n = 5 mod 6,

with

F(s,x6) - 1 + =F(s)

Actually, the connection is really much deeper, since, for example, 
Co(i)(s) = F(s,x4)£(s) where ^Q(i)(s) is the zeta function of the 

Gauss field Q(i) and £(s) is the ordinary Riemann zeta function

C(s)
oo

(actually, its analytic continuation).
All this suggests that it should be possible to evaluate

integrals of the form

I log log (J-)Jo * P(X)

where p(x) is an irreducible factor over Q of the nth cyclotomic 
polynomial. In particular, when n is a prime p, this factor 
p(x) = xP'1 + xP‘2+. . .+x + 1 by Eisenstein's criterion."1 03 of 

course, the values of these (quadratic) characters are determined
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by quadratic reciprocity.

0

For example:

Xs(n) = -1

-1
1

if n = 0 mod 5 
if n = 1 mod 5 

if n = 2 mod 5 
if n = 3 mod 5 
if n = 4 mod 5

since x^ = a mod 5 is solvable for a = 1, 4 and non-solvable for 

a = 2, 3. Thus

should be the F(s). It would be interesting to see if this does 
indeed lead to a new entry for Gradshteyn and Ryzhik.

Instead of doing this, however, Vardi's method may be 
illustrated by solving his exercises:"* 04 

1). Show that

log (-log log y) dy = - X -ye

Following Vardi's "hint,

Then since

T(s) ■f
e'ntts'1 dt ,
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00 oo r°°
r(s)F(s) = r(s) £ —- I -J— f e-"'ts'1 dt 

n=i (n-1)!ns n=1 (n-1 )'J0

(V —1— e'n,)ts'1 dt
n=i (n-1)!

Again, let z = e_t; this gives

r(s)F(s) =

r1
(V ■1--- z..-)(log J-)S 1 dz_= I ez(log 1)
£(n-1)! z z A z

s-1
dz,

0

oo oo

since ez =
n-1

n=0 n! n=1 <n-1)!

Thus
■f

y-F(s)r(s) = I ez log(logi-)(log if 1dz, 
ds i z z

and

F'(1)F(1) + F(1)F'(1)
™ ■ 1

ezlog(log-i-) dz

Now let y = ez. This transforms the integral to

f log(-log log y) dy = F'(1) -1- yF(1)
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However,

F(s) - £ 1
n=i (n-1)!n;

so

R(s) = X _^og_n_ 
n=i (n-1)ns

and

Thus

P(1) = _£logn F(1) = e.

n=1 n!

f log (-log log y) dy = - £ -ye 
n!n=1

as Vardi claims. Then he asks the reader: 
2.) Find a similar formula for

f log (-log log log y) dy

This time, there is no hint. However, a little back tracking leads 
one to the following formal argument. Let

ie., its formal Taylor series about z = 0, and set

F(s) - X 
n=1

an-1
ns
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Then

r(s)F(s) = X a,,.,) e-"'ts-' dt- 

n=1 Jo

Let z = e_t; then one has

F(s)r(s) =

( Z an-,e-"'(t8'1 dt.
n=1

( S an-izn)(log y)S 1 eeez(log(l))
n=1 Jo

s-1
dz,

since

Y an.-]Zn = z(a0 + a}z +. . .) = ze®z+1. 
n=1

Again, formally,

’'(s) = f
Jo

F'(s)T(s) +F(s)T'(s) = | eeez(log if 1|og log (1) dz;

so

F'(1)F(1) +F(1)r(1) = I eeezlog log (1) dz 
Jo

If one lets ez = w, the integral becomes

f ewlog(-log log w) dw,
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and if one sets ew = y, it transforms to

I ,2

log(-log log log y) dy,

Vardi's second integral. If the chain is traced back, it can readily 
be seen how F(s) is determined.

Finally, since

F(s) - £ ,
n=1

F(1)- Z— =
n-1 ° n.0n+1

and

F'(s) = -Z 3,~1 '°9 n . 
n=1 "S

with

F,(1) = _y an log (n+1) 
n+1n=0

Thus

f log (-log log log y) dy = - X a^log^n+^ + t 
n+1n=0

which certainly converges, given the origin of the ajs.

The hardy reader might wish to tackle either of the above
integrals by the usual quadrature methods or by Monte Carlo 
simulation! Perhaps this account has served to promote the 
message that started this section: Do not underestimate the 
power of analysis. On the otherhand, since programmers at large
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universities are often called upon to evaluate such monsters as:

ti t2

<t>2= 1 -

<t>3 = exp

It would

j

dt2 ,

____________1________________ t
[l-2i(ti+t2) -4(1-Pl2)tlt2]2-5

----------1------------------------ 1---------- +--------------------------- 1-------
(1+2ivti)12'5 (1+2ivt2)12'5 [l+2iv(ti+t2)-4(1-Pl

5 +t2) + 4(1 -Pi P2)ti t2 105

1-2i(t1+t2)-4(1-Pl2)tit2_ '

be silly to advocate universal analytic optimism.

=

ADDITIONAL PROBLEMS

A balance somewhere must be found between analytic and 
experimental analysis. A mathematician must be careful in 
choosing his or her method, basing the decision on the complexity 
of the problem, the accuracy of the answer needed and whether the 
problem fits the requirements for experimental solutions. The 
time available for solving the problem and the required cost for 
the computer and materials to be used are important as well.

Monte Carlo methods deserve a second look. With suitable 
modifications, the accuracy of the estimate becomes greatly 
improved. New methods are discovered daily that increase the 
Monte Carlo method's applicability, versatility, and accuracy. New 
random number generators constantly improve the Monte Carlo 
solution, like the Multiple Prime Random Number Generator,106 
and Sobol's Quasirandom Sequence Generator,107 both of which are 

faster and more efficient generators. G. Peter Lapage has
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developed a new algorithm called VEGAS for multidimensional 
integration, making higher dimensional calculations more accurate 
and practical.‘'OS Better variance reduction techniques and 

equidistributed sequences can also lead to more accurate and 
faster results.

For the reader who wishes to examine Monte Carlo methods 
further, innumerable equations can be found with which to 
experiment. One can try to find an analytic solution for a problem 
put forth by H. S. M. Coxeter which goes as follows: If

f
f = J- __ arc sec t dt__

k2 J (t+2)V(t+1 )(t+3)

and

g = _1_ arc sec t dt 
k2 J (t+2)V(t+1) ’

show that

Then use Monte Carlo methods and a computer to approximate a 
value for f and g to prove the equation.

A second problem is proposed by David L. Book: Show that

I {1 . e-q(h} _CLL = , 
Jo t3/2

where
110

q(t) = 1- |n(1+st)-^—.
K Jo 1 +s2

Again, either an analytic answer or experimental estimate may be 
pursued by the adventurous reader.
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As the complexity of practical equations increases, the need 
for Monte Carlo methods will increase as well. As techniques 
improve, Monte Carlo will become efficient where it was once 
inefficient, increasing its scope and versitility. "Monte Carlo 
methods tend to flourish on problems that involve a mass of 
practical complications," the kind that are encountered more and 
more frequently in modern times."111

CORELTE LIBRARY 
CARROLL COLLEGE
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