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1. Introduction

«
The notion of fractals was developed by Benoit Mandelbrot in 

the 1960's. He found that nature exhibits not simply a higher degree 

but an altogether different level of complexity. Nature shows 

fractal (self-similar) properties everywhere. For example, a branch 

has a shape similar to the whole tree. The self-similar property 

that lies in nature was ignored by scientists for a long time. From 

the early days of Euclidean geometry to the present century, 

mathematicians and scientists measured the natural world by 

straight lines, circles and other regular shapes. But clouds are not 

spheres, mountains are not cones, coastlines are not circles, and 

bark is not smooth, etc(Peitgen & Richter 1). The fractal idea gives 

another visual prospective from which to measure nature. It has 

been used in many branches of science and has helped to explore new 

territory.

Economics is complex because it is affected by both nature and 

human behavior. To measure an economic systems by traditional 

mathematical tools has not given satisfactory solutions for many 

problems. Fractal mathematics helps economists find new truth in a 

complex world. Through this thesis, the reader will see its 

application in solving selected problems in economics.

•



2. The Expectation Effect

Expectation and past experience play an important role in 

economic analysis. For example, suppose that the price of gas 

decreased from $1.13 to $1.10. According to the traditional 

viewpoint, people would react to the price change by filling their 

tanks-price falls, demand rises. Now suppose that two days later, 

the price drops to $1.05. Their decision to fill up at the $1.10 price 

was based on imperfect information. Next time the price of gas 

decreases three cents, what should their choice be? Should they fill 

the tank again, or should they wait several days to judge whether 

the price decrease is a trend or not? Some people would choose to 

wait if they learned their lesson from experience. They would 

expect that the price decrease is a trend. Some people, however, 

would still choose to fill up the tank again because they have 

different expectations based on different past experiences. In the 

real world, past experiences frequently affect present and future 

events, sometimes strongly and other times weakly.

The expectation effect also affects macroeconomic models. 

Mainstream macroeconomics models built during the 1950's and 

1960's in an age of relative economic stability in the United States 

have not been able to interpret the economic conditions of the 

1970's, 1980's and 1990's. Since the 1970's, few of the forecasts

• made by economists have been realized.

As a result of the failure of these forecasts, the Keynesian 

theory1 that provided their base has been under severe attack from
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other schools of economics. One of the biggest challenges came 

from Robert E. Lucas, Jr, who introduced the theory of rational 

expectations. Expectations are called rational if people make the 

best forecasts they can with data available to them. The theory of 

rational expectations argues that people do not make the same 

forecasting mistake twice (Gorden, 197). Traditionally, mainstream 

Keynesian economists suggest that a proportional and continuous 

growth of the national economy can be realized through government 

stability policies. They believe that the national economy can be 

kept on a stable growth path by using fiscal and monetary policy 

tools; in that way, ups and downs in the business cycle can be 

dampened. The balance levers work as follows: in times of 

recession, the government might increase government spending and 

decrease the tax rate while the Federal Reserve Bank might adjust 

the interest rates downward to stimulate investment; in prosperous 

times, the government might decrease government spending and 

increase the tax rate while the Federal Reserve Bank might adjust 

the interest rate upward to control inflation.

Lucas pointed out that these levers do not work very well 

because they do not consider the rational expectation effect. For 

example, if past history told workers that the inflation rate would 

increase whenever easy fiscal and monetary policies were followed, 

the workers would require an increase in wages to counteract the

'Keynesian theory : the body of economic thought developed by John Maynard Keynes 
and his followers. He proposed that to prevent mass unemployment in the depression 
phase of the business cycle, the central government should compensate for the 
deficiency in aggregate demand by using deficit financing to stimulate spending and to 
create investments which would raise income to the full-employment level (GreenWald 
258).
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effect of expected inflation. The effect of a wage increase, on the 

other hand, would slow the economy down, which would counteract 

the effectiveness of the easy fiscal and monetary policy. According 

to Lucas, the balance levers may work the first time, but not the 

second. The people would learn their lesson and react exactly as 

they did in the gas price example.

Lucas claimed that markets are allegedly able to anticipate 

any systematic counter-cyclical policy pursued to stabilize the 

economy. The government and the monetary authority (the Federal 

Reserve Bank) can change the final output only if they can find some 

methods of creating surprise which cannot be predicted. For 

example, during times of recession, the Federal Reserve bank must 

increase the supply of money while not simultaneously letting the 

public anticipate future inflation. If the public knows that an 

increase in the money supply raises the price level and the Federal 

Reserve Bank's monetary stimulus can be predicted from past 

behavior of the Federal Reserve Bank, the public's rational 

expectation of future inflation would make the policy lever 

ineffective. Lucas also declared his suspicion of the possibility of 

creating such a surprise in the framework of Keynesian theory 

(Edgar, 198).

One more phenomenon which blurs the picture is that human 

behavior is not always rational. For example, in the Montana cash 

lottery, the probability of winning 5 balls out of 5 is 1/218,000. 

Now if the state lottery division adopts a new combination and 

decreases the probability by 20 times, then the winning probability 

is 1/4,360,000. At the same time, the lottery division might
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declare that the awards would increase by 10 times. Would more 

people play or fewer people play? Fewer people would play 

according to the rational assumption theory because the expected 

outcome has been cut in half. But in real life, more people would 

play because they are concentrating on the awards side. Few lottery 

players know what the probability of winning is, but nearly all 

players know how much they can get if they win. That is irrational. 

But that happens in the realistic world.

Economic theory, whether it is Keynesian or that of its 

opponents like Lucas, is invariably formulated with auxiliary 

assumptions. Assumptions in economics help to put the complex 

economic system into a linear, orderly model, because linear 

relationships are easier for analysis but are not precise over long 

periods of time. But the real world is nonlinear. Linear 

assumptions, therefore, distort the real picture. That is why many 

economic models cannot explain economic reality in the real world. 

The classical Keynesian schools assumed that the public would not 

learn from past experience while Lucas claims that they would not 

forget anything about past experience. Experience suggests that the 

public, like an individual, would not forget everything in the past but 

still, at the same time, would not remember every past event. The 

extent to which past experience affects present and future events is 

different for different systems.

e
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3. Normal Distribution & Pareto Distribution

Regardless of the reasons for their occurrence, it is a fact 

that the distributions of the measurements of many random 

variables are closely approximated by a normal probability 

distribution. For example, the scores for the SAT test are normally 

distributed. The characteristic function2 for the normal distribution

i s

log f(t) = i p t - (o2/2) t2. 

where p = mean, a2 = variance.

The Normal Distribution applies to the distribution of values 

of a specific variable when its values are independent from one 

another. If the students who took the SAT test could collaborate 

with each other, their scores would not be normally distributed. Or 

if the test content did not change every year, the scores would not 

be normally distributed because the test contents would not remain 

confidential. A variable is independent on the time axis only if past 

values do not affect the present value, and the present value can not 

affect future values. This variable does not have memory at all. 

Traditionally most economic schools assert that the economic 

variables such as price, exchange rate and production and investment

• indices are all independent variables. The mechanism which decides

their value has no memory effect. So if the price of gas falls,

Characteristic function: A function that is similar to the moment generating function except that it 
involves the expected value of e11^, where i is the imaginary number, the square root of -1 (Olkin, p. 295).
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consumers would buy more gas immediately. Consumers have no 

memory of their past experience and lessons. Or in other words, the 

effect of past events has been absorbed by the past. The Gaussian 

Hypothesis of Bachelier asserts that markets follow a random walk 

in which every variable is independent and the normal distribution 

applies (Mandelbrot 334). The Gaussian Hypothesis was accepted 

without reservation in economic analysis at least during the first 

50 years in this century. There have been economists who have 

challenged the Gaussian Hypothesis in recent years and they checked 

the economic indices to see if they fit the normal distribution or 

not. The following figure is a frequency distribution of the 5-day 

logarithmic first difference in prices (log Pi+5 - log Pi) for the S&P3 

from January 1928 to December 1989 (Edgar 29). The changes have 

been normalized so that they have a zero mean and a standard 

deviation of one. A frequency distribution for samples of the same 

size from the same population is also shown on the figure.

3 Standard and Poor stock index.



Fig.1: Frequency distribution of S&P 500 5-day returns, January

1928-December 1989 (Peters, 29). 

Normal vs. actual returns.

The distribution of the S&P index does not exactly fit the normal 

distribution. It has a higher peak than the normal distribution and 

demonstrates more erratic behavior. Proponents of the Gaussian 

Hypothesis claim that the distribution fits into a normal 

distribution approximately. But mathematicians have found that the 

fat-tailed, high-peak distribution is the characteristic shape of a 

more general distribution--the Pareto distribution. The 

characteristic function for the Pareto distribution is

log f(t) = i p4 t - p3 ItIP1 (1 + i p2 (t/ltl) tan n/2)).

It has four parameters: Pi, P2, P3, P4. Pi, which measures both the 

height of the peakedness and the extent of erratic behavior for the 

distribution. Pi can have a value from 0 to 2. When Pi = 2, the 

distribution becomes the normal distribution (Peters, 107). The 

Pareto distribution is also called a fractal distribution. The concept 

of fractals was created by Benoit Mandelbrot. This concept of a 

fractal can be seen in the construction of the famous Koch Curve. 

Starting with an equilateral triangle, one adds an equilateral 

trianglewith sides equal to 1/3 of the original side to the middle

• third of each side; then one can repeat this process infinitely. The

following graph shows the first six stages that every side is going 

through in the generation of the Koch Curve (Barnsley, 276):



Fig.2: The first six stages in the generation of the Von Koch 

snowflake curve.
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♦
The Koch Curve can be put into a two-dimensional plane. Using 

classical Euclidean Geometry, the above assertion is all one can say 

because Euclidean Geometry only accepts an integer number to 

describe the dimension. But obviously, the Koch Curve does not 

cover the whole plane even though it goes to the infinite in a plane. 

The space that is captured by the Koch Curve is larger than one 

dimension and somehow smaller than two dimensions. According to 

the definition of Benoit Mandelbrot, the dimension of the Koch Curve 

can be calculated by formula:

D = log N I log (1/r) (Barnsley, 28) 

where N = parts into which the object is divided;

r = a factor by which shape is scaled down;

For the Koch Curve, any segment is composed of 4 sub-segments 

each of which is scaled down by a factor of 1/3 from its parent, 

or N = 4; r = 1/3;

D = Iog4 I Iog3 =1.2618 ....

That is a more precise way to make an assertion about the dimension 

of the space that is covered by the Koch Curve. For a given 

generator, the fractal dimension means that at every stage each 

segment is divided into thirds and the middle segment is replaced by 

two equal segments forming part of an equilateral triangle. Another

• property of the Koch Curve is that it is a self-similar shape. Any

part of the curve has the same shape as the whole shape because it 

is self-similar infinitely.



The concept of a fractal and self-similarity gives a new 

viewpoint for scientists to speculate on the natural world and 

human society. The Pareto distribution is called fractal because it 

is statistically self-similar with respect to time. If a distribution 

of daily value has a mean Md, and a specific value of Pi, the 

distribution of weekly value would have a mean 7Md and the same Pi 

value (Peters, 107). Except for the difference in the time scale, the 

daily distribution and the weekly distribution have the same shape. 

Pl is the fractal dimension of the time series. The Hurst exponent, 

which is used to measure the correlation of the present to the future 

or the correlation of the past to the present, is the reciprocal of the 

Pl, that is H = 1 / Pi. There are three distinct classifications for 

the Hurst exponent:

1) H = 0.5 denotes a random series which follows the normal 

distribution. In these kinds of series, the events in the past, 

the present, and the future are independent, and the 

mechanisms (systems) which create these series have no 

memory of past experience.

2) 0 < H < 0.5 denotes that the mechanisms (systems) which 

create these kinds of series have an antipersistent property.

If in the previous stage one variable goes up in this type of 

system, it is highly probable that this variable would go down 

in the next stage. These kinds of system have memories of

6 past events and tend toward the opposite.

3) 0.5 < H < 1 denotes that the mechanism (systems) 

which create these kinds of series have a persistent 

property. If one variable goes up in those systems at present,
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it is more likely to keep going up rather than going down. The 

trend is persistent and continous (Barnley 43).

So if one could estimate the Hurst exponent of a dynamic

system, one would know the extent of the memory effect in that 

system. For example, if the Hurst exponent is 0.8 for a specific 

stock and the price of that stock is increasing at the present time, 

then there is an 80-percent possibility that the stock price would 

keep increasing in the next round. One advantage in economic 

research is that data have been accumulated for a long time. When 

Benoit Mandelbrot did his research on cotton prices, he obtained data 

from the American Agriculture department which covered 60 years 

day by day. Mandelbrot studied cotton prices over these 60 years and 

found that when x(t) is the price of cotton, log x(t) has the property 

that its increment over an arbitrary time lag d, the values of 

[log x(t+d) - log x(t)], has a distribution independent of d, except for 

a scale factor (Mandelbrot, 337). That is the same property we 

described before in the Koch curve--self-similarity. Mandelbrot 

was the first scientist who pointed out that the price change was 

not a Gaussian process. But he did not calculate the Hurst exponent 

in his research.
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4. Rescaled Range Analysis

e
Edgar E. Peters, described a systematic way to estimate the 

Hurst exponent through R/S (rescaled range) analysis of the 

historical data (Peters, 63):

R/S = a (NH)

where R/S = rescaled range;

R = range of the price change;

S = standard deviation of the observations;

N = number of observations; 

a = a constant;

H = Hurst exponent.

Taking the log of both sides:

log(R/S) = H log(N) + log(a) 

or H = [log(R/S) - log(a)] I log(N)

Finding the slope of the log/log graph of R/S versus N will give us 

the value of H. There are several steps to get the final estimate of 

the Hurst exponent. The S&P index provides an example:

1) Convert the series of prices of the S&P stock into 

logarithmic values, and determine the slope of the log/log 

graph;

2) Select an appropriate time interval. For example, select a 

monthly price change series, which covers from January 1950

• to July 1988, 462 months altogether. Any single value of

change is calculated by subtracting the price of the first day 

of the previous month from the price of the first day of the 

following month. So there are now 462 values;
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3) Calculate the average (represented by x) of these

• values;

4) Calculate the cumulative deviation over N periods:

X(t,N) = Z(C(u) - x)

where C(u) is the price change in month u;

5) Calculate the range of the price change by the 

formula:

R = Max (X(t,N)) - Min (X(t,N»;

6) Finally, rescale each range by the standard deviation of 

the obvervations in each one-month period to obtain 462 

separate R/S observations. By averaging the 462 observations, 

the R/S estimate for the series with a time increment of one

month can be reached.

Then the same process would be repeated for different time 

increments: two months, three months, half a year, 5 days, etc.

After repeating this process enough times, one can run a regression 

of log(N) versus log(R/S) for the full range of N (time increments). 

The following graph was obtained for the S&P 500 monthly returns 

from January 1950 to July 1988:
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Fig.3: R/S analysis: S&P 500 monthly returns January 1950- 

July 1988 (Peters, 83).

The estimated H is approximately equal to 0.78. That means that the 

S&P 500 monthly return has a persistent trend as was discussed 

earlier. The price change series obviously has a memory effect. The 

present value is affected by past values. Another important 

phenomenon is that there exists a critical point after which the 

Hurst exponent could be approximated by 0.5. Before that point the 

series has the self-similar property as was described in the earlier 

discussion of the Koch Curve (but in this case it does not go to the 

infinite); after that point the time series follows the normal 

distribution again. The S&P 500 monthly return series loses its

• memory effect after 48 months. Therefore the average memory

cycle of the S&P 500 is 48 months. This phenomenon shows similar 

behavior to human behavior. People would not forget their
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experiences after 20 days, but would forget a great deal after 20 

years.

There may be some who argue that this result is right just by 

chance. One can test the validity of the R/S analysis by randomly 

reordering the series. The order of the observations is completely 

different from the actual order of the original observations. When 

analysts repeat the R/S analysis on the reordered data, they get the 

following graph:

Fig.4: Scrambling test: S&P 500 monthly returns 

January 1950-July 1988 (Peters, 85).

<1 Because the reordering process destroys the structure of the system

and the memory effect, the Hurst exponent for the reordered data is 

nearly equal to 0.5 (the characteristic of normal distribution). If 

the data is independent before reordering, the Hurst exponent should
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not change at all. Through this indirect method, the validity of the 

R/S analysis is proved.
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5. Importance of the Structure

e By using R/S analysis on many stock price series, bond price

series, exchange rate series and economic indicators, analysists 

found the Hurst exponents for most of them to be greater than 0.5. 

Therefore, the economic time series is characterized by long but 

finite memories. All these results of R/S analysis, to some extent, 

prove the legitimacy of the Lucas Rational Expectation Critique. 

During recent years, Keynesians have started to be concerned about 

the microeconomic basis of their concepts of equilibrium by taking 

the rational expectation effect into consideration. The combination 

of the concepts of equilibrium and rational expectation is the 

hallmark of the New Keynesian School (Peters, 213).

The Hurst exponent also could be used to evaluate the economic 

system. By comparing the Hurst exponents of the S&P, the MSCI3 

Japan, the MSCI Germany and the MSCI U.K., analysts found that the 

S&P (representing the U.S) has the largest Hurst exponent and the 

shortest memory cycle (Peters, 90). They claim that the U.S is the 

most efficient market among these four countries because it has the 

shortest memory cycle and a larger Hurst exponent. Analysis of 

empirical data from many economic systems shows that the larger 

the Hurst exponent and the shorter the memory cycle, the better that 

economic system is.

At the end of the 1960's, Professor Ghsal, a visiting professor 

• from India, did research on predicting the energy demands for two

countries (India and Japan) for the next 5 years. He used the 

assumption that both countries would have a 6 percent economic

^Morgan Stanley Capital International Stock Indices.
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growth for the next 5 years. Five years later, when he checked the 

real demand with the expected values, he found his prediction was 

very precise for Japan, but extremely far away from the true value 

for India (Ghosal, 63). The key problem is that he assumed that the 

trend of economic growth in the1960's would persist for both 

countries even though they had different economic structures. 

Looking at this problem from the viewpoint of a fractal is helpful. 

India had a religious conflict which had already lasted for several 

hundred (almost a thousand) years. Also India has an inefficient 

administration, inefficient markets, and a tense relationship with 

neighboring countries. From the point of view of a fractal (self

similar), this assumption of persistence is unrealistic. After 

checking how many ups and downs India had experienced for the last 

50 years, one could expect the trend would not be persistent. In 

other words, the Hurst exponent is smaller in India. In most cases, 

the smaller the Hurst exponent and the longer the memory cycle, the 

worse that economic system is.

The effect of fiscal and monetary policies is limited in the 

ability to change the Hurst Exponent and memory cycle length 

because they are based on the assumption that there exists an 

assumed ideal persistent growth rate. The preceding analysis of the 

S&P index covered many years during which fiscal and monetary 

policies changed from time to time. But the Hurst Exponent of S&P

• index is very stable around 0.78. The chance of persistence is 0.78

regardless of the fiscal and monetary policies that were followed. 

So the most serious role government can take is to increase the 

persistence and reduce the memory cycle length. These
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improvements, if realized, would decrease the necessity of using

* fiscal and monetary policies to balance the economy when it is not 

persistent. There are some economists who have claimed that 

during times of recession those industries in trouble actually are 

not competitive enough to survive. A good national economic 

structure can solve the problem itself by getting rid of the weak 

components quickly (high persistent trend) and starting a new round 

of development quickly (short memory cycle). Most of the time, the 

easy policies followed during recession time slow the elimination of 

non-competitive enterprises and have the bad effect of increasing 

the memory cycle and decreasing the persistent trend. On the other 

hand, the high Hurst exponent economic system increases the 

effectiveness of fiscal and monetary policies. Those systems are 

more predictable because they show more clear trends.

following is another example to illustrate that structure is 

more important than fiscal and monetary policies. Two years ago, 

when the Soviet Union was dissolved, the western countries sent 

them a great deal of financial aid to set up a free market economy. 

Russian economists tried to set up a free market system overnight. 

This plan failed because the Russian economy has a long memory 

cycle. The inertia could not be eliminated overnight no matter how 

much money was injected. To believe investment and aid can always 

help may be unreasonable. To accelerate a car where there is no

• paved road is unreasonable; there would be more chance of going out 

of control.

Similar structural problems can be identified in the economic 

reform in China for the past 15 years. The higher the growth rate,
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the worse the efficiency of the market and government. The highest 

growth happened in 1985 and 1988. The good pictures were smashed 

by economic crisis and social crisis which could be seen in 1986 and 

1989. This year the government has to adopt the tight policy to cool 

the economy down to evade the possible crisis which can be 

predicted with the high growth rate last year. The only solution of 

this controversy is the structural improvement.

Government can do a great deal to improve the whole economic 

structure. In one case, analysts did research on stocks which they 

grouped by industry. They found different companies in the same 

industry had similar values of H and similar memory cycle lengths. 

Industries with high levels of innovation tend to have higher levels 

of H and shorter memory cycle lengths. So for example, Apple 

Computer has a higher Hurst Exponent and a shorter memory cycle 

than MacDonald's has. To increase the Hurst Exponent of the whole 

national economy, the government should help the growth of those 

industries which have higher Hurst Exponents and shorter memory 

cycles. A higher Hurst Exponent does include a higher risk of abrupt 

changes (Peters, 89). A computer company can make more money 

than a restaurant during its good times; it also loses more money 

than a restaurant during its bad times. The transition phase would 

be a shorter time for the computer company than for the restaurant. 

But risk cannot be the reason for stopping a country from pursuing a

• higher Hurst Exponent. A high technology industry is the competitive

edge for any national economy, not the restaurants.

Another phenomenon analysts found is that S&P 500, a 

composite index, has a greater Hurst Exponent and shorter memory
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cycle length compared with any other single company. To improve 

the diversity of industries is good for the health of the national 

economy. For example, during the last few years, world wide 

recession affected both Taiwan and Korea. Under similar pressure, 

Taiwan showed a better ability to react to the trouble because the 

industries in Taiwan are more diversified than those in Korea. In 

Taiwan, 80 percent of the labor force are employed by medium and 

small businesses (Yun-Zhi Lee, 21). On the contrary, most of the 

labor force in Korea are employed by their Big Three companies 

(Dewoo, Hyundai, Sansung) and their satellite companies. So the 

Korean economy has a longer memory cycle and larger Hurst exponent 

than Taiwan. The Korean government could do a great deal to 

improve the industry diversity of its nation through different means. 

For example, the government can encourage the growth of small 

businesses and new industries by helping them get finances, 

organizing group R&D (Research and Development), etc.
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6. Conclusion

The Hurst exponent and R/S analysis provide a tool (to evaluate 

economic structure) which economists did not have before.

Whenever the American people evaluate their president's work, most 

people concentrate on the short-term, narrowly focused data 

because a great many of the statistics are available. On the 

contrary, few people evaluate the government's work on improving 

the structure of the economy to adapt to the new environment and 

competition. The reason is that there is not an index used to 

describe structural improvement. It is time for economists and 

mathematicians to construct such an index. Whatever the GNP is, 

despite how many new houses are being built, one can intuit 

something else which would decide the future of a nation.

This index is not easily constructed. The Pareto distribution 

itself has four parameters. So the index must take all of them into 

consideration, not just the Hurst exponent and memory cycle length. 

The Pareto distribution has not been studied extensively. 

Mathematicians are still in disagreement about it. But some results 

can be arrived at in the near future because one thing is absolutely 

certain: the current direction would seem to be the way to proceed.

Mandelbrot's fractal concept provides a mathematical model 

which helps to explore this new explanation of economic phenomena. 

This model demonstrates the importance of mathematical tools in

• developing other branches of the sciences, including the social

science.
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