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A. Introduction

In 1965, a five-page paper titled "An Algorithm for the 

Machine Calculation of Complex Fourier Series" by James W. 

Cooley and John W. Tukey was published in an American 

Mathematical Society journal—Mathematics of Computation.(1) 

That paper laid out a scheme that sped up one of the most 

common activities in scientific and engineering practice: the 

computation of the Fourier transform.

The algorithm is called the Fast Fourier Transform— 

often referred to as FFT. It has become a standard analysis 

module because it is handy and powerful, especially with the 

aid of computer technology. The popularity of the FFT is 

evidenced by the wide variety of application areas. In 

addition to conventional radar, communications, sonar, and 

speech signal-processing applications, current fields of FFT 

usage include biomedical engineering, imaging, analysis of 

stock market data, spectroscopy, metallurgical analysis, 

nonlinear system analysis, mechanical analysis, geophysics 

analysis, simulation, music synthesis, and determining weight 

variation in the production of paper from pulp. It is 

considered "the most valuable numerical algorithm in our

life . "M)

To understand why the Fast Fourier Transform has had 

such a profound influence first requires some appreciation of

the Fourier transform itself.
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B. The Fourier Transform

a

a

B.l. The Fourier Series

B.1.1. The Periodic Function

Any function that satisfies the equation f(t+T) = f(t)

is a periodic function, and the smallest T that satisfies 

this equation is the period of the function f (t) . Pendulum 

swings and piston strokes are examples of periodic or

harmonic motion. Sine and cosine functions are the most 
common forms to describe a harmonic motion: y(t) = ASin (cot+<J>) 

or y(t) = ASin (COt)+BCos (COt) , with T = 2ft/C0.

B.l.2. Fourier Representation of a Periodic Function

Any periodic function with period T, if it meets the 
Dirichlet condition,* then on the interval of can

be represented as follows:

oo

f(t) = aQ + £ AnSin (ncot+<l>n)
n=l

oo
= aQ + X [anCos (ncot)+bnSin (ncot) ] (1)

n=l

where CO = 2k/T,
T/2

a0 = “ J f(t)dt ,
-T/2

T TFor < x < — , f(x) is defined and bounded,* The Dirichlet condition z z
has only a finite number of maxima and minima, and has only a finite 
number of discontinuities.

2
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*

T/2 T/2
an = | J f (t)Cos (nCOt)dt , bn = ~ J f (t) Sin (nCOt) dt .

-T/2 -T/2

Eq.(1) is called the Fourier series expansion of the periodic 

function f, and a0, an, bn are the Fourier coefficients. In 

signal processing, this expansion provides the basis for 

harmonic, or spectral analysis. The nth frequency component, 

or "nth harmonic," of a signal is anCos (nCOt)+bnSin (nCOt) .

Here is an example of a Fourier expansion. Below is a 

graph of a periodic function f(t) = t with T = 1.

Figure 1 Graph of f(t) = t.

A 3-term Fourier expansion gives a graph like this:

Figure 2 3-term Fourier expansion of f(t) = t.
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The 3-term graph is very rough, but a 5-term Fourier 

expansion gives a much smoother picture:

Figure 3 5-term Fourier expansion of f(t) = t.

A 20-term Fourier expansion gives a graph that is 

amazingly close to the orginal function f(t) = t.

Figure 4 20-term Fourier expansion of f(t) = t.

B.l.3. The Complex Form of the Fourier Series

The series presented above is the trigonometric form of

the f(t) expansion. From Euler's formula,

CosQ = “ (e10+e~10) and SinQ = ( e10 - e-10)

we can write the sine and cosine as complex functions. 

Therefore, formula (1) can be written in a complex form:
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f (t) = a0 +
oo

z
n=l

[Hn (ein<at + e-inCOt) _ £ (einCOt
2

- e’in£Ot)]

— a0 +
oo

z
n=l

(
an ibn inrot , an+1bn x

2 6 + 2 } ' (2)

we let

I T/2

Cq = ao =
1
T J f(t)dt ,

-T/2

T/2
an—ibn 1_ | -incot j.Cn = 9 = J f(t)e dt,

-T/2

T/2
Sn + lbn 1_ J . inCOt ,.

C-n = —--------  = m J f (t)e dt ,
z 1 -t/2

then f(t) can be represented as

oo

f(t) = Co + Z(CneinCOt + C-ne~inCOt) . (3)
n=l

Eq.(3) is simplified if we let n = 0,±l,±2,....

T/2
oo oo r

„ , . v „inCOt Av r I j: n- \ „-inCOTj_ i „ inCOt , A .f(t) = Z Cne = T X [ J f(t)e dt ] e . (4)
n=-oo n=-<» -T/2

Eq.(4) gives the complex form of the Fourier series. Eq.(1) 

and Eq.(4) are essentially the same, but Eq.(4) has a simpler 

form. In practice, Cn and C_n determine the magnitude and

phase of the nth frequency component of the function, because
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in Eq. (1) the amplitude An and phase angle <J>n of the nth order 

term anCos (nCOt) +bnSin (nCOt) = AnSin (n©t+G>n) are given by

t

In the complex form, the nth component of the series is 

Cneintot + C_ne”in0)t, where

Cn C_n an+ibn
2

So, we have | Cn |

B.1.4. Conclusion

The Fourier series is a very powerful tool for frequency 

analysis of periodic signals (functions) . If we plot the 

amplitude An, or the phase angle On versus frequency, we can

generate an amplitude response plot or a phase response plot 

so we can analyze every single frequency component in the 

signal.



B.2. The Fourier Integral

For a non-periodic function, we can think of it as a 

periodic function with an infinite period. From Eq.(4), we

have

-c /4- \ lllTl 1 j. T/2 —inCOTj— •» inCOtf(t) = T_>oo - z [ J f(X)e dx ] e
n=-°° “T/2

If we let C0n = n(D; §C0n = COn+i - C0n = “ , where OCOn->0 as T->°°,

then f(t) looks like this:

-l OO OO
f(t) = — f [ f f (x) e'ia)nTdx ] eic°nt dcon. (5)

2k j j
— OO —oo

This is called the Fourier integral formula. Often we write

Eq.(5) in a

f(t) =

simpler form:

— f F (co) eitotd(O , where F (CO) = f f (X)e iondX. 
2k j j

Conditions for this integration are that the function f(t) 

must be piecewise continuous and absolutely integrable.

7



B.3. The Fourier Transform and
the Inverse Fourier Transform

B.3.1. The Fourier Transform

If f(t) is defined on the infinite interval (-00 , 00) and 

is absolutely integrable, then the integral

oo

F (co) =F[f(t)] = J f(t) e~icot dt
— OO

is called the

written as F (CO)

Fourier transform for and is often

= F[f (t) ] .

f (t) ,

B.3.2. The Inverse Fourier Transform

After analyzing or processing F (CO) , we can transform

back to the time domain by means of the inverse Fourier

transform:

f (t)
OO

ei(Ot dco.

It is often written as f(t) f-1tF(co) ] .

B.3.3. Some Properties of the Fourier Transform

In order to use the Fourier transform quickly and

properly, it is important to know some of its properties. The 

most important ones are the linearity property and the

8
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convolution property.

i. Linearity
If fi(t) and f2(t) have the Fourier transforms Fx (CO) and 

F2 (CO) respectively, and a, b are constants, then

F[afi(t) + bf2(t) ] = aFi(co) + bF2 (co) .

This property is of considerable importance because it shows 

the applicability of the Fourier transform to linear-system 

analysis.

ii. Convolution

A common and important application of the Fourier 

transform is in computing convolutions. The basic idea is
OO

that the Fourier transform of the integral J x (x)h(t—x)dT can
-OO

be evaluated simply by multiplying the Fourier transform of x 

and h. The property is expressed below (The convolution
OO

J x (x)h(t-t)dt is often written as x(t)*h(t).):
-OO

oo

F[ J X(x)h(t—x)dx] = F[x(t) *h(t) ] = F[x(t) ] -F(h(t) ] .
-oo

Here is the proof of the property:

exo OO OO

F[ J x (x)h(t-x)dx ] = J [ J x (x)h(t-x)dx ] • e'icotdt =
-OO -oo -oo
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where the integrals are interchangeable for most of the 

functions we deal with. If we let t-T = t' and dt = dt', then

we have

OO oo

J" [ J h(t-T) • e"icotdt ] •x(t)dT
-OO -oo

oo oo

= J [ J h(t') • e_icot'dt' ] • e_ionx (T)dT
-OO -oo

oo oo

= J e'lcoxx (T)dT J h(t') • e-icot'dt'
-OO -oo

= F[x(t) ] -F[h(t) ] .

B.3.4. Conclusion

The Fourier transform is a complex but powerful 

mathematical operation. It is important in engineering 

because it gives two views of a complex signal: as a function 

of time, and as the sum of sinusoidal signals at many 

different frequencies. Since we are very familiar with the

characteristics of sinusoidal signals, the transform brings
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us the ease of analyzing complex signals. Engineers speak of 

moving between the time domain and the frequency domain. The 

alternate viewpoints reveal different information. For 

example, a radio receiver detects electromagnetic waves as a 

function of time. Shifting to the frequency domain shows the 

frequency content of the signal. This information is valuable 

in applications ranging from military electronic 

countermeasures to radio astronomy. (2)



C. The Fast Fourier Transform

C.l. The Discrete Fourier Transform (DFT)

C.1.1. The Discrete Fourier Transform

The Discrete Fourier Transform (DFT) is a Fourier 

representation of a finite-length sequence, a discrete 

function. This discrete function may correspond to samples of 

a continuous signal equally spaced in the frequency domain of 

the Fourier transform of the signal.(3) Suppose we have a 

discrete function {xn}, n = 0,1,..., N-l, which represents the

points equally spaced in the time domain. We cannot calculate 

the values of the Fourier transform at all frequencies 0), but

rather at a finite number of frequencies. The Fourier 

integral formula

OO

X(co) = J x(t) e_itot dt
— OO

is approximated by a summation,

N-l
X(pC0i) = £ x (nAt) e-iTpnAtAt , (6)

n=0
2k 2k

where p = 0,1,... ,N-1, COi = ~ = ---  is the fundamentalT NAt

frequency, and At is the step size on the t-axis. For 

uniformly spaced multiples of (Mi, Eq.(6) defines the Discrete

Fourier Transform (DFT) or the finite Fourier transform.

12
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Figure 5 Samples of a continuous function.

Definition: Let {xn}, n = 0,1,2, . . .,N-l, be N complex

numbers. We form for each p = 0,1,...,N-l, the sum

N-l

Ap = X Xn(WN)pn 
n=0

(7)

where WN = e~i27l/N. WN is the complex conjugate of the principal 

Nth root of unity. The set of N complex numbers so obtained, 

{Ap}, is called the Discrete Fourier Transform (DFT) of the 

sequence {xn}.(4) The summation in Eq.(7) can be rewritten as

N-l N-l

Ap = X xn(WN)P" = X xn (e“i2,c/N)pn
n=0 n=0

N-l

= X xn (e~i27cAt/T) Pn 
n=0

where to
2rc

= ^X(pcox) ,

-. The scale factor At produces the equivalence
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between the continuous and the discrete transform.

For any values outside the range {0,1, ...,N-l}, Ap would

repeat itself periodically, because e-l2K = 1, and therefore,

• N-l N-l

Ap+N = £ xn(e_2i7C/N) <P+N)n = 21 xn(e-2i’t/N)Pn(e-2i7C)n = Ap .
n=0 n=0

The above equation shows that Ap is a periodic function with 

period N.

Note: The DFT is the discrete-time counterpart of the 

familiar Fourier transform, and it is extremely useful in 

many applications. The most widespread use of the DFT is in 

spectral analysis. In addition, it is also extensively 

applied when the frequency domain representation of the 

signals permits easy manipulation in complex signal analysis, 

image processing, and modulation.

C.l.2. The Inverse Discrete Fourier Transform

Just like the Fourier transform, the Discrete Fourier 

Transform also has its inverse transform. Each xn can be 

obtained from the transform sequence {Ap} by

N-l
xn = (1/N) £ Ap(WN)-P", 

p=0
n 0,1 • • I N-l . (8)
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The sequence {xn}, formed by Eq.(8), is called the Inverse 

Discrete Fourier Transform (IDFT) of {Ap} . The proof of this

is shown below:

n N-l
~ Z Ap(WN)-Pn

p=0 N
N-l
z
p=0

N-l
Z Xr 

n'=0
,W,p (n' -n) 

N

where W^(n n) = e27Cl <n_n')p/N. For the same n', the right side of 

N-l
the above equation is a geometric series Z rp with a factor

p=0
l-rNr = e27tl<n_n'>/n. its sum is ~, because the first term is zero 1-r '

when p = 0. So the summation now becomes

j N-l i _pal (n-n1)

N n^0Xn' 1_e2JIi(n-n')/N

n '*n

since e2Itl(n_n,) = i, and e2%i(n-n•)/n is never equai 

-(N-l) < n-n' < (N-l). So the proof is finished.

to 1 for

C.l.3. Computation of the

From the definition

DFT

of the DFT, we have

N-l
AP = £ xn (WN) P" , WN = e-2i*/N f

n=0

where p = 0, 1,2, . . . ,N-1. This represents N linear equations
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which can be written in a matrix form as follows:

Wn
0WN ... 0

WN

1

O 
r-t

< c
1____ Wn WN ... N-i

WN
" XO "

XI

a2 0 2 2 (N-l) X2

• =
WN WN . . . WN •

An_i • Xn-1
0 N-l ,,(N-1) 2

WN wN ... WV,N

Note: The powers of WN are complex numbers, and the xn's may 
also be complex. To compute such a matrix multiplication 

requires N2 complex multiplications and N(N-l) complex 

additions. Every complex multiplication requires four real 

number multiplications and two real number additions. 

Therefore, to get the DFT matrix for N points, we need to 

perform 4N2 multiplications and 4N(N-0.5) additions. The 

computations increase dramatically with the increment of N.



C.2. The Fast Fourier Transform (FFT)

The importance of the DFT has greatly increased in the 

last few decades because of a very efficient way of 

calculating it. The efficient computational procedure is 

called the Fast Fourier Transform (FFT) and has made the DFT 

practical for use in many applications where it would 

otherwise be impossible.

The FFT algorithm was first presented by Cooley and 

Tukey in 1965. (1) We first look at the most commonly used FFT 

method, the radix-2 Decimation-In-Time FFT algorithm (DIT).

C.2.1. The DIT Algorithm

As mentioned earlier, WN is an Nth root of the unity.
2When N is an even integer, it has the property that WN = WN/2

because

W2 = e-i2(2JC/N) = e-i(27t/(N/2)) = WN/2

With this property, we can simplify our computation of the 

DFT by dividing the data sequence in half.

Suppose the sequence {xn} is of length N, where N is an

even integer . Then we can divide {xn} into 2 parts, each of

♦ length N/2.

X® = X2n , n = 0,1,...,f-■1

X° = x2n+l , n = 0,1, ...4-■1 .

17
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The sequence {x®} contains the numbers in {xn} with even 

indices, and {x°} contains the numbers in {xn} with odd

indices. Now the DFT equations can be rewritten as

N-l

AP = S xn(WN)pn 
n=0

N/2-1
= Z [x2n(WN)2np+ X2n+1 (WN) (2n+1)p] ,

n=0

2where p = 0,1,...,N-l. Since WN = WN/2, x® = x2n and x° = x2n+i,

the preceding equation can be rewritten as

N/2-1 N/2-1
AP = I x®(WN/2)np + £ x°(WN/2)np. (9)

n=0 n=0

N/2-1 N/2-1
If we let = z

n=0
x^(WN/2)np and - Z x°(WN/2)np, where 

n=0
P = 0,

1,. • • r
^-1
2 ' and A° become the 

p
DFT for the first N/2 points.

Eq. (9) can now be written as

Ap = A® + Wp A°, p N p' when P 0 r i r • • • r 2 (10)

For p' = ~, ~+l, . . . , N-l, we see that A®, = A® and A°, = A°
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(p' = p + ~ ) because both Ae and A° have periods of N/2. The 
Z P P

coefficient of the second term in Eq.(9) is not the same as

Nfor the first — points since

< = wr/2= • e-i*=-W> .

Eq.(9) now becomes

Ap+N/2 " WN Ap ' P = O'1' ^-1 
• '2 (11)

Eq.(10) and (11) can be written together as follows

Ap = Ae + A° P p N p

and
V+N/2 = a; - a°

Nwhere p = 0,1, ..., ^-1. The equation above constitutes the

heart of the FFT DIT algorithm and is commonly referred to as

the butterfly algorithm because its data-flow graph looks 
like a butterfly as shown in Fig.6. The multiplier is known

as the twiddle factor. If N is a power of 2, say 2B, where B 

is a positive integer, we can repeat this butterfly procedure 

for as many as B times.
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Figure 6 DIF butterfly flowchart.

We can see from above that for one butterfly procedure,

we need to perform two complex additions and one complex 
N ?multiplication. For each A° and A®, we need to perform (~)

N Ncomplex multiplications and o'C?'-1) complex additions. In 
, Naddition, we need to do ~ butterfly procedures to get the

complete sequence {Ap}. 

multiplications is

In all, the number of complex

2 N
2 + 2 '

and number of complex additions is

N
2 + N =2 N£

2

e Compared with the direct method, for which we needed N2

complex multiplications and N(N-l) complex additions, we can

save approximately half of the calculations. When N = 2B and 
B > 2, N/2 can be divided by 2 again, and A® and A° can each

p p
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be further divided individually. Then we get 4 DFT's each

with N/4 points. We can continue this procedure B times.

After the last division, we will only have 2 additions and no 
o lmultiplications because WN = 1. As a result, we have 2Nlog2N 

complex multiplications and Nlog2N complex additions.

The figures below illustrate the flowcharts of the FFT 

algorithm for 8 points.

xe(0)

xUl)
xe(2)

xe(3)

x o(0)

Xo(l)

xo(2)

xo(3)

x(0)

x(2) 

x (4)

x(6)

x(l)

x(3)

x (5) 

x(7)

4 point

DFT

4 point

DFT

. X XXXXX
- \xv

XXX XV\i
X / /XX1

. ";X X

A(0)

A(l)

A (2)

A(3)

A (4) 

A (5)

A (6)

A(7)

Figure 7 8 points DFT -> 4 points DFT.

Ae(0) 

Ae(l) 

Ae(2) 

Ae(3) 

Ao(°) 

Ao(l) 

Ao (2) 

Ao(3)

Figure 8 4 points DFT -> 2 points DFT.
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z
Wn 1 XX XXXXX '■"XX1

o 1WN -1 Wn -1 X
XX w2 XXX/X-i

Wn 1 XX W" X X XX1
xx /\-i Wn X

Figure 9 8 points FFT flowchart.

For N = 1024, that is

(10,240 multiplications

a hundred-fold fewer computations 

for FFT and 1, 048,576 for DFT) .

Moreover, the speedup factor actually gets better as the 

problem gets larger. Here is a comparison figure for the

direct DFT algorithm and the FFT algorithm.

ft
Figure 10 Number of multiplications, FFT vs DFT.<2)

C.2.2. Cooley-Tukey Algorithm for N = rir2...rm

In the Cooley-Tukey paper, (1) the authors gave a more

general formula for any composite number N. Suppose N is a
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(12)

composite of 2 factors rx and r2. Let the indices in

N-l
A(p) = £ x (n) (WN)Pn , p = 0, 1, . . . , N-l 

n=0

be expressed

P = Pirx + p0,

n = nxr2 + n0,

p0 = 0,1,•• •, rx-l, pT = 0,1, •••,r2-l; 

n0 = 0,1, • • •, r2-l, nx = 0, 1, • • ■, rx-l

Then, we can write Eq.(12) as

r2-l rx-l
A(p) = £ L x(n0,nx) (Wjj)Pnir2 (WN)pno

no=O nx=0
(i3:

Since (WN)pnir2 = WN(piri+p°)nir2 = WN (rir2)pini. wNp°nir2 = WNp°nir2 . Eq . (13)

can be written in the form:

A(p0,px) = I [ I x(n0,nx) (WN)p°nir2] (wN) (piri+po)no 
no=0 nx=0

The inner sum over nx, which depends only on no and p0, can be 

defined as a new array:

rx-l
A(n0,p0) = £ x(n0,nx) (WN)p°nir2 .

nx=0

* We can think, of expressing p and n in a radix of the and r2 number 
system, where p and n vary from 0 to r1r2~l = N-l.
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Similarly, we can write the outer summation as

r2-l
A(p0,Pl) = Z A(n0,p0) (WN) <piri+po)no. 

no=0
•

There are N elements in each of the arrays A(n0,p0) and 

A(p0,p1) . It takes N(ri-l) and N(r2-1) complex multiplications

to calculate those two arrays.* So the total number of complex

multiplications is N(rx + r2-2) . If we count WN and -WN as the

same term except for the signs, then the number of complex 
1multiplications is only “N(rx+r2-2) . For a composite number

with m factors, N = rx • r2. . . • rm, subdividing m times reduces 
the total number of complex multiplications from N2 to 
|-N (rx+r2+ . . . +rm-m) .

Number theory tells that for any positive composite 

number the sum of its factors (except 1 and itself) is always

smaller than, or equal to, the composite number. So in theory 
it is better to use as many factors as possible to minimize 
|-N(r1+r2+. . .+rm-rn) .

If all rx are equal to r, then we have m = logrN, and the 
1total number of complex multiplications will be ~N(r-1)logrN. 

1When r = 2, it gives “Nlog2N, which agrees with the formula

0 derived in DIF algorithm. If N = rmsntp..., then the number of
1complex multiplications becomes ^N[m-(r-l) + n-(s-l) + p-(t-

1) + .. . ] .

* The no = 0 and nx = 0 terms in the summation needs no multiplications 
0because WN = 1.
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Note: The other popular algorithm for computing the FFT is 

the DIF (Decimation-in-Frequency) algorithm. In this 

algorithm, the input sequence is taken in natural order and 

the output sequence is obtained in bit reverse order. Fig.11 

is a flowchart of the DIF algorithm for 8 points. Besides 

base-2 algorithms, there are base-4, base-8, base-16

algorithms and even base-"2+4" algorithms. Detailed 

derivations and comparisons of the algorithms are given in 

Ref.(1). Base-2 algorithms are the most commonly used because 

they have important advantages for digital computers that are 

based on binary arithmetic in structure and computation. 

These advantages are explained in the following section.

a



C.3. The Implementation of the FFT

The FFT algorithm can be implemented by both software 

and hardware techniques. The software method is the computer 

programming approach following the FFT algorithm flowchart. 

The hardware approach is illustrated in Fig.12:

Input

Data

Figure 12 Implementation of the FFT.

First, the input sampled data are coded to binary numbers.

(If the input signal is analog, it has to be digitized first

with an A/D converter.) Next, the data are reordered (see

note below) and stored in the memory unit. In the meantime,

the address counter generates the address of the data pairs

to be computed. The second number of each pair is multiplied 
by Wn and added to the other number in the pair to produce new

data for further computations, and these are stored in 

memory. This recursive procedure continues for log2N times. In 

every recursion, there are N/2 pairs of data, so there are 

(N/2)log2N complex multiplications in total.

26
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Note: In both DIF and DIT algorithms, there is a key process, 

the ordering of the data. In Fig. 9 we see that the output 

data are in the correct order, while the input data are not, 

a disparity that causes the difficulty in the computations. 

The solution of this problem is based on a property of the 

binary number system. If we convert the index number of the 

input data into a binary number and reverse the sequence of 

the digits, then we get the correct input order. For example, 

for 8 points of input data, the index of the second input 

data is 001, and if we reverse of the digits, we get 100, 

which is 4 . It points to the 4th place in the input data 

sequence, which is where it belongs. This technique always 

puts the input data in the correct place.



D. Applications of the FFT Transform

The invention of the Cooley-Tukey algorithm brought on 

an explosion of activity. Researchers from all fields of 

science were excited to apply the new technique to their own 

computational problems. In 1965 Lee Alsop, a geophysicist at 

IBM and Columbia University, analyzed an earthquake using 

2048 data points. With the conventional Fourier transform 

method, it took more than 26 minutes to do the analysis, but 

the FFT algorithm only took 2.4 seconds. In 1966, a paper 

"Fast Fourier Transform for Fun and Profit" written by Morven

Gentleman and Gordon Sande showed that on average, the FFT 

algorithm lowered the number of computational errors by 

N/log2N, which is the same as the speedup factor. (6) The basis 

for all applications of the FFT is using it to perform 

approximate Fourier Transform analyses. Let us now take a 

look at this process.
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D.l. The FFT Application in Approximating
the Fourier Transform

Because the Discrete Fourier Transform yields a close 

approximation to the continuous Fourier transform, we often 

apply the FFT to compute the Fourier transform and its 

inverse. For example, consider the function f(t) = e_t. The 

first step is to choose the number of sample points, N, and 

the sample interval At. For N = 32 and At = 0.25, we show the 

samples of e_t in Fig. 13.

Figure 13 Plot of sample points of e

Note: We define the sample value as 1/2 at t - 0 so the 

inverse Fourier transform exists, since the inverse Fourier

transform f(t)
OO

ei<Bt dco converges to the midvalue

at any value of t where f (t) exhibits a jump discontinuity. 

(See Ref.(l) for details.)
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Next, we compute the Discrete Fourier Transform using 

the FFT:*

N-l
X(p«i) = X [e-nAt] e_i2npn/NAt, p = 0,1,2,...,N-l. 

n=0

The results are shown in the figures below:

A
M

PL
IT

U
DE

Figure 14 and 15 Comparison of FFT and Fourier Transform.<2

In Fig.14, the real part of the continuous Fourier transform 

is compared with that computed by the FFT algorithm. Note 

that the real part of the discrete transform is symmetric 

about n = N/2. This is because the real part of the transform 

is an even function, and the results for n > N/2 are 

simply negative frequency components.

* This is from Eq.(6) with a substitution of At = T/N.
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Note: If {xn} is a real sequence, then the periodicity of
* Isine and cosine imply that Ap = A_p = AN_p. The reason for this

is shown by the following:

“ 1 ” 1 2rcpn 2ftpn
AP = X xn(WN)Pn = X xn[Cos )+iSin (—) ]

n=0 n=0

” 1 27l(N-p)n 2jl(N-p)n
AN-p = X xntCos(----- )+iSin( - )]

n=0

't-,1 2rcpn 2jtpn
X xn [Cos (2Kn-—-—) +iSin (27m-—- ) ]
n=0

^4 27tpn 27tpn
X x„[Cos( N )-iSin( R )] 
n=0

Ap A_p

We can see that the real parts of Ap and AN_p are the same,

which means Ap is symmetric about n = N/2. The imaginary parts

of Ap and An_p are opposite. In Fig.15, the imaginary part of

the continuous Fourier transform is compared with that from

the FFT. If we reflect the second half of the points about 
Nthe point (^,0), they will match the first half of the

points. For high frequencies, the FFT approximates the 

continuous transform poorly. This error is associated with 

the sample interval At and number of data points N. (See

Ref.(l) for details.)
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Note: Computing the Fourier transform is a major application 
of the FFT algorithms. Whenever we do a numerical analysis 

with the Fourier transform, we can always use a DFT to 

approximate it, and use the FFT to speed up the computation.

f



D.2. Applications of the FFT
in Signal Processing

D.2.1. Signals and Systems

Signals are usually divided into two categories: analog 

signals and digital, or discrete signals. Analog signals, 

such as TV broadcast signals, are continuous in the time 

domain. An analog signal may be described by a function of 

time, f (t) . In practice, the Fourier transform condition is
OO

almost always met. Thus, the integral F (co) = j f(t)e_lCOt dt

exists and yields a new function F(CO), which gives the

frequency content of the signal.

Digital signals are discrete in the time domain. A

digital signal is a sequence 

n may vary over a finite or 

one common digital signal in

function:

of numbers {Xn}, where the index

an infinite range. For example, 

engineering is the unit impulse

8(n)
10

n=0

n^O .

Let us look at a linear time-invariant system. A linear 

system is a system in which the input and output have a 

linear relationship; in other words, if Xi(t)-->yi (t) and 

x2(t)—>y2(t), then we have axx (t) +bx2 (t)—>ayi (t)+by2 (t) . A 

time-invariant system is a system in which if an impulse

33
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input is delayed by a time T, then the output response is also 

delayed by the same duration of time, i.e., if 8(t)-->h(t), 

then 8(t-T)—>h(t-T). When we analyze the system in the time 

domain, we have an input signal f(t), which we can express as 

a sum of delayed impulses of various amplitudes:
oo

f(t) = f f (T) 8 (t-T) dt then the output g(t) will be the sum of
— oo

the output responses to every impulse:

oo oo

g(t) = Jf (t)h[8(t-t) ] dt = Jf (X) h (t-t)dT ,
— oo -oo

or
oo

g(t) = Jh(T) f (t-T)dX *, (14)

Figure 16 Graphical example of convolution.

where h(t) is the unit impulse response, which is the 

response of the system at time t due to a unit impulse 

applied at time 0. The function h(t) shows the transfer 

characteristic of the system, so it is often referred to as 

the transfer function of the system. The right-hand side of

* The two equations are essentially the same if we use a substitution of 
X = t - X' .
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Eq.(14) is called the convolution of the two functions f(t) 

and h(t), and is often denoted by f(t)*h(t). From the 

convolution property of the Fourier transform, we have 

G(CO) = F (CO) -H(CO), where G (co) , H (CO) and F (co) are the Fourier

transforms of g(t), h(t) and f(t) . Therefore, we can 

transform the complicated convolution into a much simpler 

multiplication in the frequency domain, and then take the 

inverse Fourier transform to get the response function in the

time domain.

D . 2.2 . Filters

Any linear time-invariant system governed by Eq.(14) is 

often called a filter. A filter operates on a signal f (t) to 

produce a modified or altered signal g(t), which is given by 

Eq. (14) . The response of the filter to the unit impulse is 

h(t), and H (CO) gives the frequency response characteristics. 

H (co) is called a transfer function.* The operation of a filter

is illustrated below:

or

Input
f (t) h(t)

Output 

> g(t)

f(co) --------> F(CO)-H(CO) ---- > g(co)

r

t Figure 17 Linear time-invariant system.

* Often h(t) is simply called a filter.
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There are many situations in which we wish to modify a 

digital signal to produce another signal. For example, we may 

want to filter out some noise; or we may wish to extract 

signal components with a certain range of frequencies. All of 

these things can be done with digital filters. There are two 

major advantages of using digital filters for signal 

processing: The first is reliability. With electronic

circuits that only operate in two states (0 or 1), the 

digital filters are highly stable and predictable. The other 

advantage is flexibility. Because their characteristics can 

be changed easily by simply specifying a new set of 

coefficients, one filter can perform multiple tasks. It is 

also possible to use a digital filter to process analog 

signals with an A/D (analog-to-digital) converter, and after 

the process we use a D/A converter to change the signal back 

to analog. The process is illustrated by the following 

figure:
Input _________________ __________________ _________________ Output
Analog ----- > | A/D Converter| ----- > |Digital Filter |----- > | D/A Converter |------> Analog .
Signal Signal

Figure 18 A typical filter.

A straightforward realization of a digital filter can be 

achieved by sampling the impulse response h(t) and performing 

the discrete convolution operation with the sampled input 

waveform f(nAt). This kind of digital filter requires 

considerable computation because each system output value 

g(nAt) requires multiplication of the N samples of the
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impulse response h(nAt) with N samples of the input signal 

f(nAt) and N-l additions of these product terms. To reduce 

the computational effort, engineers almost always build the 

FFT into the digital filters. This kind of digital filter is

called an FFT filter.

Note: FFT digital filter designs are particularly valuable 

where the impulse or frequency response of the filter has 

been determined experimentally. This design approach is 

always referred to as FIR (Finite-Impulse-Response) because 

the impulse response h(nAt) is described by N samples.

D.2.3. FFT Signal Detection.

An important application of the FFT is in signal 

detection. The detection of a narrow-band signal buried in 

noise is a common signa1-processing problem in 

communications, radar, and sonar systems. FFT digital filters 

allow rapid detection and processing of signals that are 

masked by noise.

,, «(kTl

Figure 19 Time domain signal buried in noise. (2)
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Fig.19 shows a sampled time-domain sinusoid buried in 

noise. The signal-to-noise ratio is -12 dB, which means that 

the power of the signal is only about 6 percent of the power 

of the noise.* In the time domain, there is no way we can 

detect the signal, but in the frequency-domain we can detect 

the signal, because the periodic sinusoid has its energy 

concentrated on a very narrow frequency interval, while the 

noise has its energy spread out. Therefore, we can use the 

FFT to transform the sampled time-domain signal into a 

frequency-domain signal and detect the sinusoid signal from 

the output of the FFT.

Figure 20 FFT spectrum results for N = 64. <2’

Fig.20 shows the FFT of the wave form of Fig.19. In this 

example, we use N = 64. From previous knowledge, we know only 

N/2 data points are independent, and we can use the FFT 

symmetry property to derive the FFT of the other half of the 

points. The points shown in Fig.20 represent the power in

* The power dB is defined as 101og1Q (S/N) . So if the ratio is -12 dB, 
then S/N = 10'1-2 =0.06, which is fairly small and hard to detect.
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each output frequency from the FFT filter.* Although the 

signal power is larger than the noise powers in the output, 

they are still very close. In order to establish the 

existence of the signal, we should use more sample points. 

The more data points we use, the greater decrease of the 

noise amplitude we will have. The reason for that is because 

the FFT frequency spacing (often termed as the resolution of

the FFT), f = COl
271 (N-At) , depends on N and At. The

resolution gets better if N or At increases. But increase of 

At may cause aliasing;** therefore, it is better to increase N 

to improve the FFT results.

2iH(nfoF

SINUSOIDAL SIGNAL

. • ’ • • • • < •’ • 7 • ’. •.; . •• •• • • ’ • • • •• ••• • ••••« • «*• • • 
;.,yi44’i’,i -r **t**r‘i rd-•• i ••

,0 20 30 40 50 60 70 80 90 100 n

Figure 21 FFT spectrum results for N = 512.I2*

Fig.21 shews the result of the F^T vith 256 sample onf-nrfn

(N=512) . With this many sample points, the presence of a

periodic signal in the noise spectrum is clearly identified.

Let us look at the signal-to-noise ratio. With N = 512, the

noise has been filtered by 256 parallel filters and the noise

* Power is computed as the sum of the squares of the real and imaginary 
components of each filter output. This result is doubled to account for 
negative frequency results.
** Aliasing occurs when samples of the time function are not taken close 
enough. It causes some part of the frequency function to overlap the 
others, and distorts the frequency function.
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power output has been reduced by lOlogio (1/256) = -24 dB. 

Because the signal power is concentrated in a single FFT 

filter, the signal power is not reduced by the FFT. In this 

example, the original signal-to-noise level was -12 dB; then 

the output signal-to-noise ratio of the FFT filter containing 

the signal is -12-(-24) = 12 dB, which means the signal power 

is now clearly presented above the noise (101-2 times bigger 

than the noise power).

Note: The above method for signal detection has been widely 

used in military and scientific research. Theoretically, we 

could apply as many sample points as possible to detect any 

kind of signals. However, due to the practical limitations of 

computer memory and the need for quick time response, the 

size of the FFT is restricted. In addition, the signal itself 

may still pass several parallel FFT filters because of its 

bandwidth. In practice, people usually use successive FFT 

filters to smooth and reduce the noise level. This process is 

often called FFT averaging and is illustrated in Fig.22.

4H(u'<cir
SINUSOIDAL SIGNAL

10 20 30 40 50 60 70 80 90 100

Figure 22 Averaged spectrum for 64 successive FFTs with N=512.(2)
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Note that the power outputs of each FFT filter are averaged

for the successive FFTs. The mathematics involved in

analyzing this signal-to-noise enhancement is extremely 

complicated. But on the average, the signal detectability can 

be improved by 1.51og2Q dB to 3.01og2Q dB, where Q is the 

number of successive FFTs. For example, if the signal is 24 

dB below the noise level, and we use 64 successive FFT of 

size N = 512, averaging yields an enhancement of 1.51og2Q = 

1.51og264 = 9 dB. From the first example, we know that the 512

point FFT results in 24 dB enhancement. Hence the overall 

gain in the signal-to-noise ratio is 24 + 9 - 24 = 9 dB, and 

the signal is clearly visible.



E. Summary

The Fast Fourier Transform is versatile because of the 

great variety of apparently unrelated fields of applications. 

For almost a hundred years since the French mathematician 

Fourier invented the Fourier transform, the algorithm was 

used only in limited fashion among "super" mathematicians. 

However with the FFT, Fourier analysis has been reduced to a 

practical procedure that can be applied effectively without 

sophisticated training or years of experience. The FFT has 

become a standard analysis module because of its usefulness 

and availability.

There are many different realizations of the FFT 

algorithm. It has been formatted into electronic chips and on 

special-purpose hardware used in both military and commercial 

applications. It has also been implemented on large mainframe 

computers as well as on personal computers. To the engineer, 

the computer scientist, the research analyst, and the 

professional at home, the FFT has become an invaluable 

problem-solving tool.

Many new FFT algorithms have been developed since 1965, 

and work is continuing in this area. In the meantime, the 

applications continue expanding. The FFT has saved people a 

lot of effort, and it improves the productivity of people's

work .
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