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Abstract

In today’s world of information technology there is a heavy emphasis upon the 

efficiency and speed of computers. With this new age, an abundance of new methods 

have emerged attempting to save time and computer space by compressing both 2- 

dimensional pictures and continuous feed multi-media, such as movies and music.

Recently, wavelet analysis has emerged as the best tool to perform these tasks. In the 

world of mathematics, wavelet theory has also become a hotbed for both cutting edge 

research and applications to real-world situations.

My paper begins by exploring the mathematics behind wavelet analysis and the 

connections wavelets have with vector spaces. An exploration of the applications of 

wavelets to different forms of real-world phenomena follows. I first utilize a program 

written in Maple to show how wavelets can be applied to the fields of sound filtering and 

signal compression. Mathematica is then used to illustrate wavelet applications to the 

compression of 2-dimensional images. An analysis of different compression ratios 

further demonstrates the effectiveness of the wavelet compression. Finally, a variation of 

the Mathematica computer program is utilized to perform compression of a continuous 

feed movie. An analysis to determine the optimal length of segments extracted from a 

continuous feed signal to send through the wavelet algorithm is then explored.
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Chapter 1: Introduction

In today’s world of information technology there is heavy emphasis upon the 

efficiency and speed of computers. Although there have been constant improvements in 

computer capacity, processing speeds, and bandwidth; the demand for storage space and 

speed of transmittal has overtaken them. Table 1 illustrates the amount of storage room 

and time needed to transmit certain graphics, audio, and video via computers [Saha].

Table 1. Storage Space and Transmittal Time of Different Multi-Media

Multimedia
Data

Size/
Duration

Bits/Pixel
Or

Bits/
Sample

Original
Size

(Bfor
bytes)

Transmission
Bandwidth 
(b for bits)

Transmission 
Time (using a 

28.8 K 
Modem)

A Page of 
Text

ll”x8.5” Varying
Resolution

4-8 KB 32-64
Kb/Page

1.1-2.2 sec

Telephone
quality
speech

10 sec 8 bps 80 KB 64 Kb/sec 22.2 sec

Grayscale
Image

512x512 8 bpp 262 KB 2.1 Mb/image 1 min 13 sec

Color
Image

512x512 24 bpp 786 KB 6.29
Mb/image

3 min 39 sec

Medical
Image

2048x1680 12 bpp 5.16 MB 41.3
Mb/image

23 min 54 sec

Full-
Motion
Video

640x480,
1 min (30 

frames/sec)

24 bpp 1.66 GB 221 MB/sec 5 days 8 hrs

It can be seen from Table 1 that a considerable amount of storage room and 

transmission bandwidth is needed for the various forms of multi-media. Therefore, the 

recent increase in the number of data-intensive multimedia has produced the need for 

more efficient ways to compress and send images. This new need for image compression
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has necessitated the invention of many unique methods that attempt to improve upon 

current ways of compressing images. In recent years, wavelet theory has been applied to 

the situation at hand in order to develop one of quickest, most efficient methods for 

performing image compression.

Along with wavelet image compression: wavelet theory as a whole has emerged

as a recent hotbed for mathematics research. The main reason for the newfound interest

in wavelets is their widespread applications to the world around us. Because of the high 

resolution of wavelet image compression it is the preferred method used by the FBI for 

fingerprint compression. Using a form of wavelet compression called Wavelet Scalar 

Quantization (WSQ) the FBI can compress the size of each fingerprint with a ratio of 

50:1 [Brislawn]. Wavelets have also recently been discovered as useful tools for sound

filtering and speckle noise removal. Recent applications in industry have seen wavelet 

speckle noise removal used with many companies in the movie and audio industry. 

Disney Corporation in particular has made great use of wavelets in their attempts to 

remove the background static noise from some of their earlier motion pictures. Wavelets 

have also been found to have many useful applications in other fields such as quantum 

physics, electrical engineering, and seismic geology.

Although wavelets have been widely researched in areas of 2D image 

compression and sound and speckle noise removal, continuous feed image and sound 

compression has emerged as the new hotbed for wavelet research. Applications of 

continuous feed compression could be found to be useful in compressing streaming audio 

and video, such as movies and songs, that are transmitted over the Internet. These forms 

of multi-media require larger amounts of memory than simple 2D images and therefore
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increase the download time of certain web pages. If a wavelet compression could be 

applied to these forms of continuous feed images there would be large savings in both 

transmittal time and computer memory storage.

My research addresses this need to save both computer space and transmittal time 

when dealing with continuous feed images such as movies. I first explored the 

mathematical relationships that wavelets have with vector spaces. I then developed a 

program in Maple 6 [Waterloo Maple] to illustrate the applications of wavelets to Sound 

Filtering and Speckle Noise Removal. Next, I explored the applications of wavelets to 

2D Image Compression with a program written in Mathematica [Wolfram Research]. 

Finally, I developed a program that performs a wavelet decomposition on a continuous 

feed movie created in Mathematica. An optimization analysis was then performed to find 

the optimal length of string to send through the wavelet algorithm in order to reduce both 

the computation time and time of transmittal.
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Chapter 2: Wavelet Basics

Wavelet theory draws heavily upon linear algebra and many other mathematical 

concepts. The following section describes some of the basics about wavelets and the 

math behind the programming.

2.1 What is a Wavelet?

Wavelets are much like interpolations or the Fourier Series in that they are ways 

of approximating a signal or function. They have properties that give them advantages 

over other approximation techniques in certain situations. For example, the Fourier 

Series uses only sines and cosines to approximate given signals or functions. It can be 

useful when approximating a smooth signal that is localized in frequency, such as one 

produced from a tuning fork. This type of signal is a pure tone that will last for a long 

time before dying out. However, most signals that we deal with on a day-to-day basis do 

not follow this smooth pattern. For example, the human voice produces a signal that is 

very choppy and has sharp spikes in it. “It is not localized in frequency because the word 

is not a single tone but a combination of many different frequencies” [Wavelets]. The 

signal also does not last very long because as soon as the person is done talking, the 

signal ends. Therefore, this type of signal is localized in time and is not easily 

approximated by a Fourier Series. Wavelet theory grew out of this need to develop new 

methods to deal with these signals that are localized in time. The usefulness of wavelets 

lies in their ability to allow us to use approximating functions that are in finite domains 

and work well in approximating sharp spikes or discontinuities. In other words, they can 

keep track of both time and frequency information.
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Wavelets are also much like the Discrete Fourier Transform (DFT). Given an 

arbitrary function f(t), the DFT can be used to decompose the function over some finite 

interval, into a sum of sine waves. Once this is done, amplitudes, frequencies, and phases 

of these waves can be determined [Discrete Fourier Transforms]. The wavelet transform 

differs in that it can decompose a function into sums that do not involve sine waves. 

Depending on which wavelet and scaling function is chosen, a signal or function can be 

broken up according to the scaling function and rewritten as a linear combination.

This leads to the main idea behind wavelets, which is the ability to look at an 

image on different scales. This allows one to be able to analyze the image in many 

different ways according to which scale or resolution is being dealt with. If analysis is 

performed on a small scale, one can look through a small window and see the fine details 

of the image. Looking through a larger window or scale will illustrate the overall essence 

of the picture. This can be thought of in terms of “the Forest and the Trees” example. If 

one is standing a great distance away from a forest the general outline of the forest and 

the many different trees it contains can be seen. Moving a little bit closer allows for more 

detail of the forest including the branches of trees and the colors of the leaves to be seen. 

Moving even closer yet will produce the fine details of the shape of the bark on the trees 

and the lines in the leaves. Finally, putting all of these different ‘visions’ together will 

give the entire picture of the forest and the trees. This ability to break a picture apart into 

different scales or subspaces is what makes wavelet analysis so useful. In addition, 

wavelet analysis gives one the ability to break a signal up into pieces. Once the signal is 

broken up, each small piece can be used to work with the signal on a smaller scale. This 

is not possible with the Fourier Series because one is forced to use the entire signal.
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Once a picture is broken apart into its different subspaces, one can go in and work on one 

subspace at a time without disturbing the rest of the picture.

2.2 Exploring Wavelet Analysis

The scaling function (f> and the wavelet iff are the main components of a wavelet 

analysis. These functions are the tools used to produce a family of functions that can 

then be used to break up or reconstruct any given signal [Boggess]. The wavelet 

prototype function that is adopted is ft. It is often referred to as the “analyzing wavelet”, 

or the “mother wavelet”, while 0 is referred to as the father wavelet. This scaling 

function ft can be translated forward or backward in time. These translations simply 

move the function right or left on the x-axis. The scaling function can also be

stretched or compressed by scaling, which can be useful in approximating low and high 

frequencies. This operation is called a dilation, and the collection of all the different

translations and dilations of the mother wavelet forms the wavelet basis. These basis

functions can vary in scale by simply dividing up a function using different scale sizes. 

For example, if there is a signal over the domain from 0 to 2 there are many different 

scales which can be used to divide the function up and attain a different resolution or 

scale. Selecting two step functions that go from 0 to 1 and 1 to 2 respectively will form a 

wavelet basis. Likewise choosing four step functions which range from 0 to 14, 14 to 1, 1 

to 1 14 and 1 14 to 2 will form another wavelet basis. As the function keeps getting 

divided up into smaller intervals, a better approximation of the function will be attained 

and in essence more fine detail of the image will be gained.

6



Some interesting mathematical properties fall out of the connections between 

functions in these wavelet bases. For example, it is known that the inner product of 

y and any of its translations or dilations will always be zero, therefore ensuring that the

wavelets are orthogonal. For example, the mother wavelet y is orthogonal to all of the

integer translations as well as all dilations of a factor of 27. Likewise wavelets are also 

orthonormal. This is a useful property that allows any function to be distinctively 

projected onto the wavelet basis functions and expressed as a linear combination of these 

basis functions. In order to write the projected function as a linear combination, 

coefficients must be added to ‘weight’ the wavelet basis functions. These coefficients are 

what are known as the wavelet transform [Saha].

2.3 The Haar Wavelet and its Intricacies

While there are many different wavelets that can be used to approximate signals, 

the Haar wavelet is the simplest form of wavelet analysis and can be used to help 

understand the general idea behind wavelet analysis. The Haar is the simplest wavelet 

analysis to work with because of the simplicity of its scaling function. The Haar scaling

function is defined as:

if 0 < x < 1 
elsewhere.

(1)

The graph of the Haar scaling function, t/)(x), is formed from Equation 1 and

illustrates its straightforwardness and idealness when simplicity is the goal. This is 

illustrated in Figure 1.
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y

Figure 1: The Haar Scaling Function

This graph is the basis for the building blocks of the Haar wavelet analysis. Using 

simple translations and dilations of this graph an approximation for any given signal can 

be found. For example a 2-dilation of the Haar scaling function has a width that is half 

that of our original . In addition, translations will move the graph over to the left or

right on the x-axis. A translation of one unit will move the graph one unit to the right and 

a translation of negative one unit will move the graph one unit to the left. Figure 2 

illustrates a 2-dilation of the Haar scaling function that has been translated one unit to the 

right.
y

o—
-.05 0.5 1.0

o
X

Figure 2: 2-Dilation of the Haar Scaling Function
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These translations and dilations of the Haar scaling function are in essence the 

building blocks for the Haar wavelet analysis. They form the Haar wavelet basis and are 

used to wri te functions as linear combinations of the scaling function.

The Haar Wavelet y (x) is the function y (x) - ^(2x) - ^(2x -1), and is the

orthogonal complement of the scaling function ^(x). It is represented by the piecewise

function:

1, if 0<x<0.5 
-1, if 0.5<x<l

(2)

The graph is illustrated in Figure 3.

y

1 I--------------- o

-1 •- ■o

Figure 3: The Haar Wavelet
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Simple translations and dilations of this wavelet can then be used to approximate 

a function. This can be seen with step functions in the following illustration of a sine 

wave. By taking the wavelet and simply moving it over (translating) and scaling the size 

(dilation) a rough approximation of the sine wave can be determined. This 

approximation can then be improved upon by breaking up the wavelet and scaling 

function into smaller segments and intervals and repeating the process. In the limit as the 

step size goes to zero, the sine wave will be approximated exactly by the different forms 

of the scaling function and wavelet. Figure 4 represents one of the initial approximations 

of the sine wave with large step sizes.

Figure 4: Approximation of a Sine Function

Overall, the Haar wavelet is useful because of its simplicity and being compactly 

supported. However, it does have some drawbacks. For example, the Haar wavelet is 

discontinuous and cannot approximate continuous signals very well. In order to deal with 

these types of signals other wavelet types must be implemented.
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2.4 Other Types of Wavelets and Their Uses

While the Haar wavelet is the simplest wavelet analysis to work with, there are 

many other wavelets to choose from. Because of the unpredictability of some signals, it 

is sometimes impossible to determine which wavelet to use until the actual function or 

signal is known. Once the function is known, the appropriate wavelet analysis can be 

chosen by determining which properties of the function would be better handled by

different wavelets. There are numerous wavelets available and new wavelets are

continuously being discovered. I will briefly describe some of the other popular wavelets 

and their main advantages and uses.

Daubechies Wavelets

One of the major problems with the Haar wavelet is that it is discontinuous and 

hard to approximate smooth functions with. This problem can be corrected by using a 

Daubechies wavelet. From Figure 5 it can be seen that Daubechies wavelets are both 

compactly supported and continuous in nature. Compact support is important as this 

ensures that the basis functions are non-zero only on a finite time interval. This differs 

from functions such as sines and cosines used in the Fourier series because they are 

infinite and will keep extending past the bounds. This will cause distortions towards the 

ends of the signal or picture. The continuous nature of the Daubechies wavelets ensures 

that they will approximate smooth functions well. In fact going further up Daubechies 

hierarchy of wavelets, the wavelets become increasingly smooth. This allows one to find 

a Daubechies wavelet with a set number of continuous derivatives, which can be useful in 

picking which order of Daubechies wavelet to use for the situation or signal at hand.
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f(t)

Figure 5: The Daubechies 4th Order Wavelet

Shannon Wavelets

Shannon wavelets are characterized by the scaling function: ^(x) = 2sinc(2x)-

sinc(x). This sine function is an abbreviation for the sine cardinal function which is 

useful in signal processing. The sine function can be defined as follows:

1, forx = 0
sine (x) = < sin x , otherwise (3)x

This function was first discovered as a tool to use in place of the Haar wavelet for

continuous functions and signals. This is due to the fact that Shannon wavelets are very 

smooth. This is easily seen from an illustration of the Shannon scaling function 

illustrated in Figure 6.

12



The Shannon wavelet also illustrates the continuous nature of the function and its

ability to approximate continuous functions. It is illustrated in Figure 7.

Figure 7: The Shannon Wavelet

CORETTE LIBRARY 
CARROLL COLLEGE
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However, there is a drawback with this type of a wavelet and scaling function. 

These wavelets extend throughout the whole real line and decay at an infinitely slow rate. 

They are opposite of the Haar wavelets in that they are well localized in frequency, but 

poorly localized in time.

Mexican-Hat Wavelets

The Mexican-Hat Wavelet is proportional to the second derivative of the 

Gaussian probability density function. It is represented by equation 4.

g(x) = (l-x2)e 2 (4)

Figure 8 illustrates the graph of the Mexican-Hat wavelet from equation 4.

frn

-4 4
t

Figure 8: The Mexican-Hat Wavelet
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This wavelet has recently been found to have applications in astrophysics and in 

de-noising. It is continuous and smooth and better localized in frequency than the Haar 

wavelet, but its disadvantage is in its lack of localization in time.
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Chapter 3: Wavelet Applications to Sound Filtering

Wavelets have found many applications in numerous disciplines and scenarios. 

One of the main applications that wavelets have had in the world around us is in the field 

of sound filtering. When a signal is being transmitted from one area to another, outside 

noise is often introduced into the signal and corrupts or distorts a portion of it. This is 

referred to as speckle noise. An example of this can be found in the background fuzzy 

noise often found in old movies or records. In order to preserve the transmitted signal a 

method must be developed in which the background noise can be removed and the 

original signal reconstructed so it can be heard properly after transmission. Wavelets 

have been found to be the tool of choice to deal with this de-noising.

3.1 Using Wavelets for Sound Filtering

A detailed example will help understand how the math behind wavelet sound

filtering works. Suppose we have a signal that has been transmitted through a telephone. 

Originally, this signal looks like the illustration in Figure 9.

f(t)

Figure 9: Original Transmitted Signal
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However, if the receiver was loose, there might be some background noise that 

was also transmitted in the form of two noisy pops. This would show up in the graph as 

two peaks with high frequency. An illustration might look like the graph in Figure 10.

f(t)

Figure 10: Signal with Noise

From the illustration above it is easy to see that there is some high frequency

1 2noise at about t = — and / = —, that needs to be filtered in order to reconstruct the 
3 3

original signal. To start the process, pick a wavelet to use to approximate the given 

function. Since the Haar wavelet is basically a constant function, it is the simplest and 

will be a good choice. Using the Haar scaling function enables the use of step functions 

to approximate the given signal. By the nature of the Haar wavelet, the step function is 

going to nicely approximate most sections of this signal. However, at the two spikes in 

the graph the step function is going to turn into tall, thin blocks. These blocks are 

identifiably different from the rest of the blocks used to approximate the signal, and will 

be easy to pick out from the linear combination. In order to filter out the noise, simply go
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back into the wavelet transform that contains the coefficients used in approximating the 

signal. Find the two coefficients that correlate to the high frequency spikes in the graph 

and delete them. Then reconstruct the signal without those two coefficients. The new 

graph should contain a smooth signal with the outside noise removed.

Mathematically speaking, when the function is approximated by a step function of 

different translations and dilations of the scaling function, each of these is represented in 

an orthonormal basis of Vj. The Fo space represents the space with all functions of the

form ^2 ak(t>{x ~ k) with ak e 5R, where k can range over any finite set of integers.
£eZ

Notice that in this case there is no dilation because the coefficient of x is 1. The (x - k)

part of the equation takes care of all translations of the original scaling function.

In order to get the thinner blocks that are used to approximate the spikes in the 

function, dilations of the scaling function are needed. Using a 2-dilation will create a 

block that has half of the width of the original graph of j>. All 2-dilations of the scaling 

function will be represented in the F, subspace of the form: £at0(2x - k) with
£eZ

ak e 91. This can be further generalized for all j. “Suppose j is any nonnegative integer.

The space of step functions at level j, denoted by F., is defined to be the space spanned

by the set {..., ^(27x + l), x), ^(2yx-l), ^(27x-2), ...} over the real numbers.”

[Boggess]. Therefore, these Fy. subspaces will include all of the possible translations and

dilations of the original scaling function.
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Being able to divide these functions up into different subspaces is crucial to the 

idea of sound filtering. For example, any function in Fo is also contained in Vx. The

same is true for Vx and V2 and so on. The following property can then be deduced: 

KpCK, cK2 cK3 c..yM c V. c VJ+X...

As j increases, the resolution gets finer and there is more capability to approximate fine 

detail in the function. Because Vj_x c: F. there is a guarantee that as the resolution and

details become finer no previous information or detail is lost.

Algorithms are useful in decomposing a signal or function into these V2

components usually by constructing an orthonormal basis for Vj. Once the signal is 

broken down into its components the spikes or noise that are members of Vj but not

members of need to be isolated. This can be done by utilizing the second tool, the

wavelet y/.

The wavelet y has many of the same properties as the scaling function and is

useful in further analyzing the signal. One nice property of the wavelet y is that it

belongs to Vx and is orthogonal to Fo. This is a useful property because in order to 

determine which F; the spike is in, Fy. can be decomposed into Vj_x and its complement 

[Boggess]. The wavelet basis can also be split up into different subspaces. The subspace 

Wj is the orthogonal complement of Vj in Vj+X and is represented by the set of all 

functions of the form ^Taky/(2j x- k) witha^e/? [Boggess]. By proof Vj+X is equal to
JfceZ

the orthogonal direct sum of Vj and W}. Knowing this, allows for the successive
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decomposition of the Vfs. This will result in one big orthogonal direct sum represented 

by r. = FT._, © FFy_2 ©... © Wo © Uo.

Now that the function can be approximated by an orthogonal direct sum, the noise 

can be isolated. This can be done by looking at the wavelet coefficients that weight the 

wavelet basis functions. Because the outside noise in the signal is going to have a high 

frequency it will be represented with skinny bars in the approximation. Therefore, this 

will correlate to a large dilation coefficient in order to reduce the width of the bar. So in

order to reduce noise, set some tolerance level for the size of the wavelet coefficients in 

the step function. The wavelet transform is then scanned to look for any coefficients

outside of this tolerance level. Once a bar is found that is outside the tolerance level it

can be filtered out by setting its coefficient to zero. By doing this only a small portion of 

the approximation of the signal is changed and the rest of the signal is virtually noise

free.

3.2 Maple Programming Example of Sound Filtering

In order to visualize how wavelets are used to remove noise from a signal, I 

worked on a Maple program that illustrates a step-by-step approach to sound filtering. 

With the help of Michael Jennings from Cornell University and Dr. Albert Boggess of 

Texas A&M University, I re-coded portions of a previous program of Dr. Boggess’ to 

illustrate sound filtering and the compression and reconstruction of signals.
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I started by defining a signal that had noise in it. The signal in Figure 11 was

chosen and has noise at approximately t = — and t = ~-

f(t)

Notice that the signal is being taken on the interval [0, 1]. In order to begin the 

filtering, a step size to use in order to break up the signal must be decided upon. A step 

size of 2“10 with a number of steps equal to 210 is chosen and then the function is 

discretized on the interval [0, 1], Coding must now be implemented in order to 

decompose the signal using the wavelet. The code breaks up the signal into its different 

subspaces and enables Vj to be written as an orthogonal direct sum of its Wj wavelet

components and Fo. By doing this the function can be taken apart and looked at on

different levels. For example, Figures 12-18 portray subspaces 1-8 of the original

function.
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Figure 12: Wi Level Plot Figure 13: W2 Level Plot

Figure 14: W3 Level Plot Figure 15: W4 Level Plot
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Figure 16: W5 Level Plot
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Figure 17: W6 Level Plot

Figure 18: W7 Level Plot Figure 19: Ws Level Plot

Notice from the illustrations above that the original signal will be obtained by 

adding up all of the different subspaces. In order to filter out the noise from this signal 

the Wj components with high frequencies must be found because these relate to skinnier

bars needed to represent the noise. Once these components are found and discarded the 

signal can be reconstructed using the remainder of the subspaces. From Figures 16

1 2through 19 it can be seen that the initial noise at t - - and t = — appears in these
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subspaces. Therefore, setting the wavelet coefficient corresponding to these subspaces 

equal to 0 will filter out those subspaces and de-noise the original signal.

The coding does the above procedure by setting a tolerance level for the size of 

the bar in the step function. If the coefficient for the subspace is less than the tolerance 

level, then the coefficient is set equal to 0. This will effectively filter out that subspace 

which contains the high frequency component and smooth out the signal.

Reconstruction of the signal is now possible by simply plotting all of the levels 

and subspaces that were within the tolerance level. The following is the filtered signal 

that has been reconstructed compared with the original function.

f(t)

24



f(t)

r\J \ A 

. . A.0..2.Z 1

ft

1
/ \\ / \

ox/ o.fc
z

0,8 . . /l
V y A

1
<V

.
___J

Figure 21: Original Signal

It can be see from Figure 20 that less noise does occur around the trouble areas of

1 2t = — and f = —. However some distortion can also be seen around those areas of the 
3 3

graph. This is due to the nature of the wavelet that was chosen. The Haar wavelet was 

chosen for this program because it is a simple wavelet to use and understand. However, 

it is discontinuous in nature and therefore does not produce a perfectly reconstructed 

signal once the noise is filtered out. If a smooth continuous scaling function and wavelet 

would have been chosen, such as a Daubechies 2nd order wavelet, the filtered signal 

would be smooth even with the filtered noise gone.

This Maple sound filtering program is also a good example of an implementation 

of data compression. Once our initial coding is done for the wavelet decomposition and 

reconstruction, only a small portion of the code needs to be changed in order to perffom 

image compression. Instead of filtering out subspaces that were below some tolerance

level, look for wavelet coefficients below some set tolerance level and then filter those 

out. These wavelet coefficients basically arise from an averaging and differencing
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technique used to determine the importance of each individual pixel in relation to the 

other pixels around it. When the difference between pixels is small, one can be thrown 

out without greatly affecting the overall picture quality. Figure 22 illustrates a 70% level 

of compression. This means that 70% of the original pieces of data were discarded.

Notice from Figure 22 that even with 70% of the coefficients discarded, the graph 

is still very similar to the original signal. This new graph will require much less 

electronic storage space and will be easier to transmit and store on computers.
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Chapter 4: Wavelet Image Compression of a 2D Image
In today’s fast paced society, speed and efficiency are of top priority. Therefore, 

anything that is capable of saving time, space, and resources is advantageous and useful, 

especially in the new world of information technology. With the growth of the Internet 

the need for image compression has developed. Because images take up large amounts 

of room, they are cumbersome to transmit and also costly to store in memory. Image 

compression could be useful in reducing the size of the images and also cutting down 

transmittal time and necessary storage space requirements. I worked on developing a 

program that would perform a wavelet analysis and image compression of a 2D image. 

The program is a modified version of computer code and previous work done by Jeff 

Bryce for his Senior Project at Carroll College in 1999.

4.1 The Beginnings of Image Compression

In recent years the need for a form of efficient image compression has increased.

With this need has grown the number of methods developed in order improve upon 

current forms of image compression. With each new method the same two factors seem 

to be used to judge the effectiveness of the technique. The first is the parameter of 

compression ratio. This compression ratio refers to the percentage of pixels removed 

from an image, compared to the number of pixels in the original uncompressed image. 

The goal is to represent an image with the least amount of data as possible in order to 

save space and transmittal time. The second factor to consider is the overall picture 

quality. Theoretically, a picture could be compressed until just a few pieces of data 

represent the entire picture. However, in this compression the quality of the picture
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would deteriorate and small details would be lost. Therefore, the goal is to find the 

method that will produce the highest compression ratio while still maintaining a high 

level of picture quality.

The initial compression attempts revolved around the technique called ‘lossless’ 

compression. This form of data and image compression always returns the original data 

exactly. In terms of an image, it would be returned bit by bit. The appeal of lossless 

compression is that no information or data is lost. This can be crucial for certain 

programs such as Microsoft Word, Excel, or even Mathematica. Losing even one piece 

of data in these programs might be detrimental. However, the appeal of this aspect does 

not apply to images. Because lossless compression returns every bit of the original 

information, the compression ratio is very small. Compression can usually not be 

completed with more than a 10-30% ratio. Therefore, this method has since been

considered obsolete and is no longer utilized in image compression [Fulton].

The other form of image compression is ‘lossy’ compression. Unlike lossless 

compression, this technique does not ensure that all data is recovered after the 

compression. Some of the pixel information and picture detail may be lost during the 

compression. The advantages of this technique lie in the nature of most pictures. There 

are usually certain regions in an image that are the same gray level or color or very nearly 

the same. For example, in a picture taken outside, much of the top of the picture is 

represented by the same colored sky. Lossy compression could be utilized in a picture 

like this to recognize that there were similarities in a certain area of the picture and cut 

down the number of pieces of information used to represent that area. Since the detail 

information that accounts for slight variation in the sky color can not be easily seen by
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the human eye, leaving out this detail information does not change the resolution of the 

picture that much. This sort of compression is useful in helping find a balance between 

image quality and compression ratio. The more data that we take out, the more the 

quality of the picture deteriorates. However, there is a balance that may lead to high 

compression with a small loss in resolution.

One popular form of image compression is Joint Photographic Experts Group 

compression, otherwise known as JPEG. This is a type of lossy compression that 

produces high quality image compression. One of the main features about the JPEG 

compression is that it contains a Huffman Code Optimization option. This option 

generates a code table according to each individual image. Therefore, each image has a 

different code table that relates to its pixel representation. This allows the level of 

compression for each image to increase because the code table relates specifically to that 

image. Many programs use a standard generic code for all images. This standard code 

does not change according to the image and uses a general table that fits the basic needs 

of a majority of images. Therefore, the tables are not specialized to each individual 

image and the levels of compression can not be nearly as high as with the Huffman Code 

[Compression].

So how does wavelet compression work? Wavelet compression can be used for a 

lossy form of image compression. In order to reduce the size of the file for the picture, 

certain unneeded bits of information are discarded. The key to wavelet compression is 

the way in which the pieces of information to be discarded are chosen. Wavelets allow 

for better compression because they can separate a picture into different sections. For 

example, if a picture contains numerous pixels all used to represent a red ball in the
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picture, the wavelet analysis finds that all of the stored information may not be useful and 

discards most of it. Therefore, we are getting the highest image compression ratios while 

still maintaining high picture quality and resolution.

4.2 Image Necessities for Compression

While images may not seem mathematical, computers turn them into a mathematical 

sequence in order to interpret and process them. In order to represent an image with a 

computer program, the image is represented with pixels. Each pixel is a number that 

represents a certain part of the image. The pixels contain data that represent important 

information about the image. Each pixel represents color, brightness, and location for a 

certain portion of the picture. These pixels are then strung together in a matrix and the 

combination of the pixels tells the computer how to construct the image.

The first key to image compression is finding how to convert a picture into its pixel 

representation. There are programs that will do the conversion quite easily. For 

example, the program Gimp is a useful tool in converting most all picture formats into 

their pixel components. Once the picture is converted it will look like a list of numbers in 

a matrix. At this stage we are still not ready to start the image compression. The first 

few lines of the pixel representation of an image represent parameters of the picture such 

as length and width. These parameters should not be used in the wavelet compression, 

because they are all needed in order to reconstruct the image. Therefore, it must be 

determined where the actual pixels in the picture are being represented in the matrix, so 

that portion of the matrix can be used in the wavelet compression.
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The actual format of the picture to be considered is also important. For the purposes 

of wavelet compression, it is necessary that the picture be of size 2j. This requirement is 

needed to ensure that when the pixels are averaged together, they always come out with 

an even number of differences. For the purposes of this thesis I utilized images that were 

256 x 256 and 512 x 512 pixels.

Another factor that is incorporated into the 2D image compression is the color 

format. Mathematica represents colors with an RGB color scheme. Dealing with the 

different colors of each pixel would complicate the image compression and wavelet 

algorithm. Therefore, we must first convert our images to a gray-scale format. This can 

be accomplished in the program Adobe Photo Shop. The last important aspect of the 

picture is the actual file-format. For the purposes of this 2D image compression program, 

Mathematica was utilized in order to convert the pictures to a string of numbers. 

Mathematica works best if the picture is in a bitmap (.bmp) file format.

4.3 Converting a Picture for Compression

Almost any image can be used in the 2D image compression program if it is first

converted over to the correct format described in Section 4.2. When a picture is found 

that needs to be compressed, the first step is to save the picture in the bitmap or bmp file 

format. This can be accomplished by right clicking on the picture and choosing the 

option “Save Picture As...” When the new window pops up, choose the option at the 

bottom that says “Save as Type: ”, Click on the arrow and choose the second option, 

Bitmap .bmp). Next, choose a file name for your picture and save it in an appropriate 

directory.
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Now that the picture is in the right file format, it needs to be converted to fit the rest 

of the specified requirements. Because Adobe Photo Shop does not recognize some of 

the bitmap file formats we start by opening our picture in Microsoft Paint. Once the 

picture is opened in a Paint palette, go to the file option in the tool bar and choose the 

Save As option. Under the toolbar “Save as Type:” choose the option 24-bit Bitmap

(x. bmp; x.dib). Now choose a new file name and save the picture in this file-format.

Once the picture has been saved close Microsoft Paint and open Adobe Photo 

Shop where most of our conversions will take place. Go to the File option on the toolbar 

and choose the option to open a new canvas. When this option is chosen a new window 

will pop up. In this window we are going to set the dimensions for our image that we 

will compress. Under width choose the size of the image that you would like. For our 

purposes we will mostly deal with square images of 256 or 512 pixels. During this

process remember that the size must be of the form 27. On the right hand side of the 

width there is another option bar. Click on the arrow and choose the option for pixels. 

Now go to the next line for height and again enter in the corresponding height. It is 

important to note that because we need a square image, this height is going to be the same 

as the width that we entered in earlier. Go to the right hand side of the height option and 

choose the option for pixels. Now go to the next line and choose the resolution that you 

would like for your picture. The default of 72 is usually preferred. This step sets a 

resolution for your picture and needs to be performed before the window can be 

displayed. The last step is to go the fourth item down under Mode. Click on the arrow 

and choose the option for Grayscale. This will ensure that our picture does not have the 

RGB color scheme associated in its pixel representation. Once all of these options have
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been chosen hit the O.K. button to create a window with your chosen dimensions. Once 

our window has been created we can simply open the picture that we saved from 

Microsoft Paint. The picture will now have the size dimensions that we specified and 

also be in the correct grayscale color scheme. Now save this picture under a new file

name.

4.4 Mathematica Implementation

Once the picture for compression has been converted to all of the correct formats, 

Mathematica can be utilized to perform the image compression. After a Mathematica 

notebook is opened, go to the File command in the toolbar and choose Import. Now 

choose the file that you saved from Adobe Photoshop and import the picture into your 

notebook. The picture should show up in your notebook with the same dimensions that 

were specified in Adobe Photoshop.

Once the picture has been imported into Mathematica, highlight the picture and go to 

the Cell command in the toolbar. Choose the option Convert To and then the option 

Input Form. This command will convert your picture over into a bitmap string of 

numbers and replace the picture with a large matrix. This matrix will look something like 

the following: Show[Graphics[{AbsoluteThickness[l],Raster[{2, 3, 8,1, 5, 2, 7, 8,...,} 

{{5,4}, {517, 516}}]}], AspectRatio->l,PlotRange->{{5, 517}, {4,516}}. The numbers 

may vary but will essentially be in the same format. These are commands that determine 

how the actual picture is displayed from the string of numbers. Therefore, these will not 

be used in our wavelet compression. In order to remove the essential pieces of 

information, highlight the entire string of numbers that lies between these two sets of
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information and excludes their commands. Copy this set of numbers and paste it under a 

list name such as List2D=. This procedure will essentially isolate the pixel information 

from the 2D image and save it in a list format. Now that the picture is in pixel format it 

can be run through the wavelet decomposition, compression, and reconstruction 

algorithm to perform different levels of image compression.

4.5 2D Image Compression Computer Program

For the purposes of this particular 2D image compression, I utilized a wavelet 

decomposition algorithm developed from a paper entitled “Wavelets for Computer 

Graphics: A Primer” [Wavelets for Computer Graphics].

The main concept behind the coding involved in the program is a technique called 

averaging and differencing, which is just a method for implementing a Haar Wavelet. 

This technique is crucial to wavelet image compression as it determines which areas of 

the picture have bits of information that are not as important and can be discarded. This 

technique is best illustrated through a one-dimensional example. Consider that we have 

the given string of numbers:

String 1= {20, 16, 22, 2, 44, 36, 64, 42}

The algorithm is accomplished by first pairing each number in the string with its 

neighbor, starting with the first element in the list. In this case, we would have (20, 16), 

(22, 2), (44, 36), (64, 42). From this initial step it is evident why the stipulation that the

string be of length 27 be included. As we keep pairing our numbers together we

34



eventually want to get down to one last pair of two and hence need to start with a total of

27. After we pair the numbers, we find the averages of each of the pairs and then store 

them in the first half of a new list of identical length to the first. The second half of this 

list will be occupied by the list of differences of each average, and the first number in 

each pair in the original list. These differences are called the detail coefficients.

String 2= {(18*, 12, 40, 53), (2*, 10, 4, 11)}
*(20+16)/2= 18 *20-18=2

Now that the averages and differences have been found for the original list, these 

new values in String 2 can be stored back into list 1. The process is then repeated using 

the first half of the new list, or the portion of the list pertaining to the averages. Doing 

this again results in:

New String 1= {(18, 12, 40, 53), (2, 10, 4, 11)}

New String 2= {(15, 46.5), (3, -6.5, 2, 10, 4, 11)}

Repeating the process one final time obtains the results:

Second New String 1= {(15, 46.5), (3, -6.5, 2, 10, 4, 11)}

Second New String 2= {(30.75), (-15.75, 3, -6.5,2, 10,4, 11)}

It is evident that this last string is our final result because there is only one number 

in the new list that is generated by the filter. The resulting transformed list can be 

represented as follows.

String 1= {30.7,-15.75,3,-6.5,2, 10, 4, 11}
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Now that our picture pixel information has been run through the filter bank, 

decisions can be made on whether or not the particular information is important enough 

to keep. At this point a tolerance level is set for the differences found in the last part of 

the string. If the difference falls below the tolerance level that was set, than the 

information contained in the two pixels that difference represents is not significant. If 

this difference is small, the pixels give essentially the same information and therefore 

they are not both needed in order to represent the picture. We can then throw this 

difference out and essentially remove part of the pixel information and compress our 

image.

This averaging and differencing technique needs to first be applied to each row of 

pixels in our matrix representation. After the filter has been applied to each row, the 

same process will be applied to each column. This process is done on the new strings 

that were created by performing the averaging and differencing method on the rows first. 

Therefore, after the columns are averaged, we will have one average that represents a 

section of the picture, and difference coefficients that represent smaller portions of that

section.

Once the unnecessary, small differences have been filtered out, a process needs to 

be made in order to reconstruct the image without all of its old pixel values. In order to 

do this, we work backward using the same process as above. Essentially, the 

reconstruction process goes back through the compression algorithm and undoes the 

averaging and differencing step-by-step. Eventually, the last difference will be undone 

and a new list will have been generated that still represents the picture while being 

greatly condensed.
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4.6 Image Compression Results

Utilizing both the process described above and the computer algorithm, I performed 

different levels of image compression ona512x512 image. The image I chose is the 

most widely used and recognized compression image in the world. The image is a 

picture of a Swedish model and is entitled “Lena”. There are many reasons why this 

image has caught on as the most widely used and accepted compression image. The main 

reasons are that the image contains a nice mixture of detail, flat regions, shading, and 

texture that do a good job of testing various image processing algorithms. Another 

reason is the fact that virtually all previous image compression techniques have utilized 

this image and therefore it is easy to compare the results of a new technique to the 

previous methods that have been used.

For this particular wavelet algorithm, the reconstructed picture looks virtually 

identical to the original image for up to about an 80% compression ratio. As different 

levels of compression are taken above 80% the quality of the picture begins to 

deteriorate. Figures 23-26 show the original picture compared to reconstructed images 

with 80, 95, and 98% of their pixel information discarded.
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Figure 23: Lena at 0% Compression Ratio

Figure 24: Lena at 80% Compression Ratio
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Figure 25: Lena at 95% Compression Ratio

Figure 26: Lena at 98% Compression Ratio
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Chapter 5: Continuous Feed Mathematica ‘Movie’
Along with 2-dimensional image compression, wavelets have also been found 

useful in the compression of continuous feed images. Both movies and music are 

examples of large multi-media files that are continually transferred between computers. 

Image compression of these forms of media would therefore also be useful in saving 

space and cutting down on transmittal time. In order to simulate the compression of 

continuous forms of multi-media, I first generated a “movie” in Mathematica that 

simulates a continuous feed image. I then altered the wavelet code so that it could 

perform the wavelet decomposition and reconstruction on the continuous feed image. 

Finally, I found the length of time in which it took to perform the wavelet compression

for the movie.

5.1 Generating a Movie in Mathematica

In order to simulate a continuous feed form of multi-media, I developed a simple

“movie” in Mathematica. By first defining a build function, I created a new list by taking 

variations of a picture made with a sine function. This produced an original image like 

the one in Figure 27.

Figure 27: Movie Image
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I then used the table command to build a set of pictures that essentially moves the 

last pixel from the end of one line, to the beginning of the next. A limit (Zz'/n) 

specification is then placed in the function in order to determine the size and the number 

of images to be used in the movie. For example a limit of 32 would specify that 32 

images are to be generated with each image being 32 x 32 in size. Again, for continuous 

feed image compression it is also important to note that the images must be square in 

order to run them through our compression algorithm. Also the number of images in the

movie must be of the order 27 in order to ensure that the total number of pixels in the

image will be of the order 27.

Once the Build code is executed all of the images will be generated sequentially. 

Double clicking on the final image that is produced will generate all of the images in 

sequence and will essentially give the effect of a continuous feed movie. The small 

changes in each successive picture will make the image appear to be moving and 

changing. Generating a movie in this fashion is very similar to the original techniques 

used for creating animation. In order to produce animation, several cartoons are drawn 

with only a slight change occurring from one picture to the next. Once the images are 

strung together they give the effect of movement and continuity. The Mathematica code 

used to accomplish this feat is as follows:

build[ [jj_] :=Block[ {} ,lim=32;
list2D=Table[[Sin[Pi*(n-(m-l)-(j-l))/((lim-l)/2.)]+l)/2.,
{j,l,lim},{n,O,lim-l}];
Do[Show[Graphics[Raster[list2D[[j]]]],AspectRatio->l],{j,l,lim}];
Newlist2D=Flatten[list2D];];
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5.2 Conversion of the Movie

After the generation of the continuous feed movie, a method needs to be devised that 

incorporates running the pixel information from the movie through the wavelet 

decomposition and reconstruction algorithms. The first important step is to realize that in 

order to run a continuous feed image through the wavelet generator, the pixel information 

will need to be strung together in one big list. This was initially accomplished by using 

the Build function and the table generator to produce the pixel information for each 

separate picture in the movie. Once this information is found for each individual image, 

the list needs to be flattened in order to combine the information into one big list that can 

be run through the algorithm. While performing this step it is also important to store this

information into a new list name.

For continuous feed compression the string will first need to be converted into one 

big string of numbers and then segmented accordingly. In order accomplish this task, I 

first segmented the entire string into segments of different lengths and then performed a 

1-dimensional wavelet decomposition on each segment. Notice from the code in 

appendix B that an empty timelist is also added at the beginning of our code. This list 

will be used to store the value for the amount of time that it takes the algorithm to 

perform the wavelet decomposition and reconstruction on different lengths of segments 

of the continuous feed. The following double for-loop is also added to the code:

For[ik=5,2Ak < limA3,ik++,build[2] ;list 1 =Newlist2D;listlength=2Aik;
AppendTo [timeliest, {2Aik,Timing[For[ij-l ,ij < limA3/listlength,ij++,
listl=Take[Newlist2D,listlength];Newlist2D=Drop[Newlist2D,listlength];
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This double for-loop is the most important aspect of the continuous feed wavelet 

compression algorithm. In the initial Build function, the limit was set at 32. This 

specified that the algorithm would generate 32 images that are all 32 x 32 in size. In the 

first for-loop, this fact is also taken into consideration. The total number of pixels in the 

movie can be represented by lim3. Take for instance a movie generated with a limit of 

32. There would be 32 x 32 pixels in each image and 32 images for a total of 323 or 

32,768 total pixels in the pixel string that represents the movie.

Since another goal of this wavelet program was to perform an optimization analysis 

on continuous feed image compression, different ways of splitting up the flattened list are 

also explored. By splitting up the list into different sized segments and then sending 

them through the wavelet algorithm, an analysis can be performed on the amount of time 

needed to perform each decomposition. By utilizing the Timing function in 

Mathematica, the amount of time needed to perform the decomposition on each different 

size segment was essentially stored in the empty timelist that I defined above.

The second portion of the double for-loop defines the process used to split up the 

flattened list into different size segments and then send them through the wavelet

algorithm. Again it is important to note that each of the segments must be of the size 27 

in order for the averaging and differencing technique in the algorithm to come out even. 

This is accomplished by first setting a value for the variable ik in the program. This is

the value that is plugged into the segment of length 27 function. For example an ik 

value of 5 would result in an image size of length 25 or 32. The ik value is then 

incremented so that the segment length keeps increasing by powers of 27, up to the 

limit3. This limit3 function describes how many total pixels are in the string. Essentially
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what this does is split up the continuous feed compression into different sized segments. 

By doing this, the wavelet compression is first performed on the continuous string by 

sending segments of pixel length 32 through the algorithm. The time needed to perform 

this decomposition is then stored in the time list. Next the flattened string is split up into 

segments of 64 and sent through the decomposition algorithm and the corresponding time 

is also stored in the time list. This process is repeated for segments of 128, 256, 512 and 

further increments of 27 up until the limit3 tolerance is met. The final segment will 

involve all of the pixels being sent through the algorithm at once in one big segment.

This process is developed in order to eventually find the optimal size of a segment to 

send through the algorithm in order to save on computation time. Therefore, in each case 

a wavelet decomposition is performed on the entire movie, however it varies by setting 

different size segments to take and compress at once before sending the rest of the 

segments through.

5.3 Continuous Feed Wavelet Compression

The rest of the code in the algorithm is similar to the code used in 1-dimensional

sound signal compression. There are two important portions of the code that should be 

examined. The following Mathematica code is used to define the function used to 

perform the decomposition.

decompstep[listlength]=list 1/divisor;
decompstep[n_] :=decompstep[n]=Module[ {cp,c},
cp=c=decompstep[2*n];
do[ep[[i]]=(C[[2*i-l]]+c[[2*i]])/(Sqrt[2]);
cp[[n+i]]=(c[[2*i-l]]-c[[2*i]])/(Sqrt[2]),{i,l,n}];cp];
filtered=decompstep[ 1 ];
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Decompstep[] defines the function that does the wavelet decomposition and 

performs the averaging and differencing technique. This is a recursively defined function 

in Mathematica that allows for previous calculations to be stored and saves on 

computation time. The code is applied to each individual signal segment that we divide 

our flattened string into. Each segment is run through the filter and essentially has the 

averaging and differencing technique applied to it.

The input value for the function is listlength, the length of the list of pixels that 

needs to be compressed. The averages and differences are computed with the differences 

being stored in the command filtered. During this algorithm the steps are also divided by 

a/2 . This will essentially normalize the wavelet coefficients. A tolerance is then set for 

the filtered values or the differences. If these differences are below the given tolerance 

then they will be compressed, that is, they will be turned to 0’s and essentially thrown out 

when reconstructing the image and this also triggers the counter to add one to the

numberofzeros. If the filtered value is above the set tolerance value then the difference

will be left as is and one will be added to the uncompressed counter.

The next important aspect of the code is the reconstruction part of the algorithm. 

The code that accomplishes the reconstruction of the picture is as follows:

unfilterstep[ 1 ]=compressed;
unfilterstep[n_] :=unfilterstep[n]=Module[ {cp,c},
cp=c=unfilterstep [n/2];
do[cp[[2*i-l]]=(c[[i]]+c[[n/2+i]])/Sqrt[2];
cp[[2*i]]=(c[[i]]-c[[n/2+i]])/Sqrt[2],{i,l,n/2}];cp];
unfilterstep[ 1 ]=Simplify[unfilterstep[listlength]];
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This portion of the code basically reverses the steps that were performed in the

decomposition part of the algorithm. It starts with the new pixel representation of the 

image with the less important coefficients discarded. With the new string of numbers, the 

algorithm performs the reverse process to construct the new compressed image. It starts 

with the one average that is left and the differences that have not been set to 0 and 

systematically goes back through the algorithm to reconstruct the image by undoing the 

averaging and differencing technique. Once the averaging and differencing technique has 

been undone, a new pixel representation will be formed that represents the new image 

without the unneeded coefficients. This new pixel representation can then be converted 

back to image format to play the new compressed movie.

5.4 Optimization Analysis

One of the goals of this project was to determine the optimal length of a segment to 

send through the wavelet algorithm in order to reduce the amount of time needed to 

perform the decomposition. Factors to be considered for this optimization analysis are 

not only the time needed to compress the string, but also the time needed to transmit the 

string from one computer to the next in order to perform the compression.

Utilizing the timing analysis built into the continuous feed decomposition algorithm, 

a pattern did arise. For certain decompositions, the time needed to perform the 

compression decreased as the size of the segment increased. However, once the segment

reached a size near the limit3 tolerance the time needed to perform the algorithm again 

began to increase. Therefore it seems that a larger segment would be optimal. However, 

in the process of this research no definite optimal length of a string could be determined.
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This is one area where future research could prove to be beneficial in determining an 

optimization factor for continuous feed wavelet decomposition.
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Chapter 6: Future Work and Applications

One of the interesting aspects of this thesis is the different forms of research and 

applications of wavelets that it has opened up for future work. Wavelets is an area of 

mathematics research that is continually growing and evolving. With this growth comes 

many new opportunities for research and applications to real-world situations.

One area of future research that this thesis has opened up is in the area of sound 

filtering and speckle noise removal. Through my Maple program, the basics of sound 

filtering have been outlined. Future applications could be to generalize this algorithm to 

continuous feed images such as movies and songs. This form of sound filtering has 

already proved to be useful with major companies such as Disney in the form of speckle 

noise removal from some of their early movies. The applications of speckle noise 

removal could therefore also be further examined with Mathematica and Maple

programs.

Future research could also be useful to find a true optimization analysis for 

continuous feed image compression. The beginnings of a method for this optimization 

have been outlined in this thesis, but time did not permit an accurate solution to the 

question.

Finally, the research in this thesis could be furthered by finding a way to perform 

the decomposition and reconstruction algorithms with different forms of wavelets. The 

code in this program basically utilizes the averaging and differencing technique and a 

variation of the Haar wavelet. Future research could find the applications of wavelets 

such as Daubechies, the Mexican-Hat, and the Shannon to be useful in different types of 

settings.
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