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Abstract

The classical laws of motion and Newtonian thought met considerable opposition 

in the late 1800s and early 1900s as a result of several observations that were inexplicable 

by then current means. Several breakthroughs were made by notable historic figures such 

as Louis de Broglie, Werner Heisenberg, Max Planck, Albert Einstein, and of particular 

interest, Erwin Schrodinger. The new ideas and innovations of these and other 

individuals helped forge the beginnings of Quantum Mechanics and paved the way for 

significant understanding.

Erwin Schrodinger confronted the problem of electrostatic attraction between the 

nucleus and electrons within atoms. His approach greatly utilized the developing theory 

of wave-particle duality, introduced by Planck and Einstein, and the quantization of 

energy. The result of Schrodinger’s work was a wave model that fundamentally stated 

that all possible locations for a particle can be represented by a wave. The Schrodinger 

Equation establishes a mathematical relation between a particle’s energy and its 

wavefunction, and is considerably generalized, making it adaptable to various 

applications.

This investigation aims to understand the observations and discoveries leading up 

to and resulting from the Schrodinger equation, as well as look into some simple 

solutions of the equation in one dimension. Specifically, five well-known instances of 

classical mechanical failures are presented followed by a basic approach to solving the 

single particle systems of a particle in a box and a simple harmonic oscillator. Numerical 

methods are utilized to solve the Schrodinger equation and discover allowed particle 

states within various potentials.
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1.0 Introduction

The laws of motion introduced in the 1600s by Isaac Newton which govern 

everyday physical phenomena, now known as classical mechanics, are insufficient for 

explaining the experimentally observed behavior of very small particles1. Instead, these 

behaviors are explained and understood through quantum mechanics, which came about 

in large part during the early twentieth century.

Several of the more revered names in physics were instrumental in the 

development of quantum mechanics, perhaps most notably de Broglie, Heisenberg, 

Planck, Boltzmann, Einstein, and Schrodinger. It is the product of this last physicist, 

Erwin Schrodinger, which we will visit in great detail. As evidence of matter exhibiting 

wave-like characteristics became more and more evident, Schrodinger, using existing 

postulates and observations, confronted the issues previously unexplained by classical 

Newtonian mechanics2. Specifically, Schrodinger developed a model for the behavior of 

a small particle traveling in three dimensions that accounts for both the kinetic and 

potential energies of the particle, stating that all possible positions of the particle can be 

described by a wave.

The exact need for the Schrodinger equation is not simply that some of the 

greatest names in physics were stumped. In fact, there are at least five specific instances 

of classically unexplained behavior that collectively led to the discovery and refinement 

of quantum mechanics.

2.0 Failures of Classical Mechanics

Though classical physics can accurately predict the trajectory of particles in terms 

of instantaneous locations and momenta and allow any energy value for the three
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common modes of motion, these determinations agree only with our everyday

experiences1. When single atoms are considered, classical mechanics fail to allow for the 

exceedingly small quantities of energy transferred to such small masses. There have been 

several experiments performed that highlight this inaccuracy, and we shall discuss five 

such experiments in the following sections.

2.1 Blackbody Radiation and the Ultraviolet Catastrophe

We begin with blackbody radiation; a blackbody radiator is defined as an object 

that is able to emit and absorb all frequencies of radiation uniformly1. The component 

atoms of the radiator are susceptible to all absorbed energy and thereby increase their 

kinetic energy as they oscillate3. This energy accelerates the electrons within these atoms, 

and is ultimately released to reduce this kinetic energy. The blackbody reaches 

equilibrium upon arriving at a state where the rate of energy absorption is equal to the 

rate of energy emission by the constituent atoms3. Understanding a blackbody begins 

with the discovery that at high temperatures (600-700° C), a large fraction of the emitted 

radiation is in the visible region; as the temperature is increased, a greater percentage of 

the radiation is in the ultraviolet region of the electromagnetic spectrum3. This shift is 

representative of an increase in the energy and a decrease in the wavelength of the 

radiation. It is a natural conclusion then that as the temperature of the blackbody is 

increased, so too does the energy within the blackbody increase.

There are two important elements of blackbody radiation that are of note: (1) the 

phenomenon is dependent on temperature alone, and (2) in the entire spectrum of the 

intensity of the radiation, there exists a single peak. A graphical representation of these

two characteristics is shown in Figure 1:
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Figure 1: Graphical depiction of increasing intensity of radiation with decreasing 
wavelength and increasing temperature4.

The dependence of the single peak upon temperature was analyzed by Wien, who 

subsequently developed the Wien displacement law, as described in the following

equation:

(2.1a)
5k

where Xmax is the wavelength of the maximum distribution at some temperature T, c is the 

speed of light, h is Planck’s constant, and k is Boltzmann’s constant1. Given that h, c, 

and k are constant, we see that kmax is only determined by the temperature of the

blackbody.

Explaining this curious nature of blackbody radiators was impossible under 

classical mechanics, though a valiant attempt was conceptualized by Lord Rayleigh1. 

Rayleigh (with the help of James Jeans) was able to show a proportion between the
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energy density and the wavelength of oscillators within the blackbody in the Rayleigh- 

Jeans law; see equation 2.2 below1:

rZE = pdh STlkT
zt4

(2.1b)P =

where p is the proportionality constant relation between dk and the energy density in the 

specified range of wavelengths; and k is still Boltzmann’s constant.

The problem, known as the ultraviolet catastrophe, lies in the fact that the above 

law works only for longer wavelengths. At long wavelengths, the Rayleigh-Jeans law is 

in agreement with experimental results. Unfortunately, at short wavelengths (high 

frequencies), where the energy is at a maximum the Rayleigh-Jeans law does not exhibit 

a peak, but instead approaches infinity as the wavelength decreases toward zero. 

Graphically, the Raleigh-Jeans law and experimental results no longer follow the same 

curve, as can be seen in Figure 2 below:

Figure 2: As the wavelength approaches zero, the Raleigh-Jeans law 
diverges from the experimental data, without peaking5.
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2.2 Resolution of the Ultraviolet Catastrophe and the Planck Distribution

Fortunately enough, Max Planck was determined to understand why previous 

attempts at explaining blackbody radiation were unsuccessful. His approach followed a 

more thermodynamic path that led him to propose that the energies of the oscillators must 

be limited to discrete values, not any arbitrary value, as was the classical standpoint . 

Planck’s limitation of energy is referred to as the quantization of energy, and is often 

likened to the rungs of a ladder1. One can stand on any rung; however, one can only 

stand on the rungs and nowhere in between. Further exploration of the quantization of 

energy enabled Planck to arrive at a fundamental constant by which, combined with an 

integer value and the specific frequency of an oscillator, one can directly find the energy1

E = n h v n - 0,l,2,3,... (2.2a)

The constant h is known as Planck’s constant, and is used throughout the quantum

theory. Equation 2.3 is important in that any oscillator may only have energies equal to 

some integer multiple of the frequency and Planck’s constant. Most significantly, by 

utilizing the Boltzmann distribution and incorporating the constant, Planck was able to

quite effectively model the experimentally obtained results, thereby succeeding where the 

Rayleigh-Jeans law had failed with his development of the Planck distribution1:

(2'2b)

The Planck distribution follows experimental results at all wavelengths, and it is 

not difficult to see why. As the wavelength decreases, the second term in the 

denominator ehcl2Jil approaches infinity much faster than A5 approaches zero, and as a 

result, p tends toward zero just as X does3. Furthermore, we see that Wien’s displacement 

law for the maximum wavelength at a particular temperature is obtained by
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differentiating p with respect to X and setting it equal to zero. The derivation is complete 

by making the valid assumption that the wavelength is so short as to say X « hc/kT, and 

the Planck distribution collapses to1:

(2-2c)
5k

In short, by only allowing specific energies for the oscillators (quantizing the 

energy) and applying the Boltzmann distribution to all possible oscillators, Planck was 

able to move beyond the capabilities of classical mechanics and explain some of the 

inconsistencies between experimental results and then current modeling.

2.3 Specific Heat Capacities

Planck’s hypothesis of confining the energy of oscillations to discrete values 

allowed Einstein to tackle a second failure of classical mechanics: heat capacities. The 

heat capacity of a solid is defined as the amount of heat needed to raise the temperature 

of the body by one degree centigrade, and the specific heat is simply the amount of heat 

needed to raise the temperature of one kilogram of the substance by one degree6. In the 

early nineteenth century, two French scientists, Dulong and Petit, had proposed that the 

heat capacity of all monatomic solids was independent of the temperature of the object, 

and approximately 25 JK^mof1^ The result of the Dulong and Petit observations can 

be arrived at by applying the equipartition theorem; the internal energy must be equal to 

the sum of all the vibrational energies of the solid. As such, the total energy can be

described as:

1 2 1 2 1 2 1 2 1 2 1 2
E=—mv +— mvv + — mv + — k.x + —k,v + — k,z 

2 2 2 2 2 2
(2.3a)
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where the first three terms account for the kinetic energies of the atoms and electrons and 

the last three terms represent the potential energies due to the molecular bonds . With 

some combination of terms, the above expression can be condensed to an average energy

per molecule,

e'=<s(?H <2'3b)

Then, by applying Avogadro’s number (A^) to allow for the calculation of the average 

energy per mole:

E=3NAkT=3RT (2.3c)

where R is the Rydberg gas constant, R = 8.314 J K'1 mol'1, the specific heat the takes on 

a value of 24.9 J K'1 mol'1. This value seemed sufficient until scientists were able to 

measure the heat capacities of solids at significantly lower temperatures.

Once heat capacity measurements could be achieved at lower and lower

temperatures, the value for the specific heat of all solids was seen to approach zero 

simultaneously as the temperature did1. In an attempt to explain these observations, 

Einstein assumed that any atom oscillates about its equilibrium position with some 

characteristic frequency3. Einstein also utilized Planck’s quantization of energy to 

explain the contribution of the oscillators to the total energy of the solid arriving first at 

the following replacement of the classical 3RT 1:

U = ™*hv
m hv/kT 1

(2.3d)

By differentiating with respect to T, he developed the Einstein formula:

G =3R/2
f eeEin A

/=—T
(2.3e)

1
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The Einstein temperature, 0E - h v I k, is a means of expressing the frequency of

an oscillator as a temperature, which accurately describes the observed behavior of solids

at low temperatures1. Further confirmation of the validity of this better explanation of 

heat capacities lies in the fact that at high temperatures (T » 0E) both of the exponential

terms in f are expanded and we get, according to Atkins:

1 + 0E / 2T +...
(l + 0E/T +

(2.3f)

which collapses to the classical model described by Dulong and Petit1. Though he was 

able to more closely model the heat capacities of solids at low temperatures, Einstein did 

not achieve the exact experimental values as a result of his assumption that all atoms 

oscillate at the same frequency3. Once all allowable frequencies were accounted for, 

extremely close models for the experimental behavior following the Debye formula were 

developed, thus deciphering the mystery of heat capacities previously unexplained by

classical mechanics.

2.4 Atomic and Molecular Spectra

While both blackbody radiation and heat capacities were important areas of the

application (and discovery) of quantization of energy, perhaps the most significant area is 

that of atomic and molecular spectra. As the electrons in molecules or atoms are excited

by some type of energy, the energy is stored in the orbitals of the electrons. Energized

electrons move to positions further from the nucleus until the energy is released, often in 

the form of electromagnetic radiation, or light. Unlike blackbody radiation (which covers 

the entire range of wavelengths), observation of atomic or molecular spectra reveal that 

only specific frequencies/wavelengths of radiation are emitted. Since every substance in
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the known universe has some particular spectrum, this phenomenon allows for the 

identification of the absorbing/emitting substance.

Once again, the need for the quantization of energy to discrete values was

necessary to explain this behavior. As the emission of radiation was confined to the 

specific frequencies, so too must the absorption be confined to discrete values, because

the loss of energy must follow the same intensity and frequency as the incoming energy, 

since the electrons may only jump/fall to the discrete energy orbitals. These spectra were 

of great concern in the late nineteenth century to many scientists, particularly Johann 

Balmer1. Balmer examined the emission spectra of hydrogen, and eventually discovered 

that the lines differed by specific amounts later described by an equation derived by

Rydberg:

2 2n2,
(2.4a)

with n being a higher energy orbital than m3. Balmer’s discovery was confined to the 

visible region of light (the emission spectra of hydrogen), and Rydberg’s equation was 

not developed until more lines were discovered in the ultraviolet and infrared regions by 

Lyman and Paschen1.

2.5 The Photoelectric Effect

Planck’s energy quantization also made its appearance in the explanation of the 

ejection of negative particles from surfaces exposed to light in what would come to be 

known as the photoelectric effect. This phenomenon was initially observed and studied 

in detail by Heinrich Hertz, who found it an annoyance that hindered the progress of his 

research, but the actual proof of the ejected particles being electrons was shown by 

Philipp Lenard3.
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In short, Lenard observed that exposure of a clean metal surface to light results in

the production of a current, i.e. the appearance of electrons from the metal. As he 

expected, increasing the intensity of the light increased the amount of current 

proportionally, but the curious result was that an increase in the intensity of the light did 

not increase the kinetic energy of the ejected electrons3. Classical theory predicted that 

the kinetic energy would be proportional to the light intensity, and that there should in 

fact be some minimum intensity for the ejection of the electrons. The only feasible 

explanation was that any incident light transmitted all available energy directly to one 

electron. If this were sufficient energy to eject said electron, that electron would be 

immediately removed from the metal surface. To put it another way, the electrons on the 

metal surface left immediately upon receiving sufficient energy to do so. The electrons 

did not “wait” for increased numbers of photons to arrive and then leave at increased 

speeds.

It was Einstein who eventually explained the photoelectric effect by applying 

Planck’s quantization of energy to light as a universal characteristic, effectively arriving 

at the definition of a photon as one quanta of light with energy equal to the frequency 

multiplied by Planck’s constant3:

E=hf (2.5a)

This idea from Einstein led quite directly to another result of the photoelectric 

effect, that of zero lag time. Classical thought dictated that any incident light would 

diffuse across all available surface area before any electrons would be expelled. This was 

not the case; however, as in none of the experiments was there any delay between the 

incidence of light and the ejection of electrons. As such, even if the rate of exposure is
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very small, each incident photon has adequate energy to remove an electron, and so there 

exists the opportunity for a photon to be absorbed immediately1.

3.0 Introduction to the Schrodinger equation

Before moving into the Schrodinger equation, it is necessary to consider some of 

the work of Louis de Broglie and Einstein. Louis de Broglie, as a result of great 

consideration of Einstein’s wave-particle duality proposed that this characteristic of 

radiation be extended to matter3. Specifically, de Broglie turned his attention to electrons. 

The photon model proposed by Einstein stated that each photon possesses a finite energy, 

E, which is dependent upon the frequency of the wave produced7:

E=hf=~ (3.0a)
A

here h is Planck’s constant, c is the speed of light, A is the wavelength, and/is the 

frequency. Using relativistic mechanics and making the speculative claim that any 

particle having some mass would exhibit wavelike behavior and that ultimately there 

should be no distinction between matter and energy, de Broglie developed what are now 

known as the de Broglie relations:

(3.0b)

(3.0c)

where E is the total energy, h is still Planck’s constant, p is the momentum of the particle, 

and A is now the de Broglie wavelength3. Essentially, de Broglie had proposed that the 

momentum of a particle is related to the wavelength and energy of the particle.
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To eventually arrive at the Schrodinger equation, let us first consider a particle 

under classical thought that contains some energy E and is moving in one direction. This

particle has both potential (F) and kinetic (K) energy contributions:

E=K-V(x) (3.0d)

As we are considering this particle to be nonrelativistic, we can show that the momentum

and kinetic energy of the particle are related as follows:

(3.0e)

Since the potential energy of a particle in a bound system increases with position, the 

kinetic energy must decrease (see 3.0d).

It would be convenient if we were able to quantify this wavelength and thus find 

the equivalent momentum, but as we are considering a situation in which the entire 

system varies according to the position of the particle, the wavelength is not the same in 

all locations. Our common definitions of wavelength are of little use here, and as such 

we seek something more general. The solution to our problem lies in the inverse 

relationship between the curvature of the wave function and the wavelength7. Thus we 

see that we should be able to describe the wavelength of some function at a point by 

looking at the second derivative of the function, which is representative of the curvature 

of a function at some point. This is only part of the solution, as the curvature of a wave 

function is not independent on the amplitude; in fact the two are in direct proportion, and 

the curvature can be expressed as described below7:

d2f/dx2curvature =— -------  (3.Of)
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This curvature has units of inverse length, and thus the local wavelength follows the

formula:

/(*)
d2 f ! dx2

where C is a unitless constant that is dependent upon the solution of interest, for a 

sinusoidal wave the function and second derivative may be:

/(x) = ^sin^^p^,/"(x) = -^sin (3 0h)

So we can see that C = -47i . If we add this into equation 3.0g, we see the following as

the definition of the local wavelength of a function, z(x):

_1__ _-d2f/dx2
[2(x)]2“ 4tt2/(x)

(3.0h)

3.1 The Schrodinger Equation

Section 3.0 allowed us to see that we can in fact formulate some way of

describing the local wavelength of a function, 2(x). If we extend the ideas of the previous 

section to combine equations 3.0c, d, and e; we can arrive at a new formulation for the 

particle’s energy:

2=— => — = p = yjlmK => ^-~ = K = E-V{x) (3.1a)
p 2 2m

Using these ideas, Schrodinger conjectured his famous wave equation, which in one

dimension is:

h2 f2T(x,Z) + V (x, Z)vF(x, Z) = ih 5T(x, Z)
2/w dx2 > y -ft

where h is h/2n and ¥ is the wave function itself1.

(3.1b)
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3.2 The Wavefunction

It is important to devote some time to the explanation of the wave function, T. 

The wave function can be thought of as analogous to the displacement for sound waves 

or field strength of electromagnetic waves, and is related to the probability of finding our 

particle of interest3. Imagine our particle traveling through space and time as a wave. 

This motion is effectively described in our wave function, 'P and we interpret it as 

follows. These waves behave in the same manner as classical waves, having the 

characteristics of reflection, diffraction, etc3. The wave function, however, does not 

simply tell us the position of the particle at any instant in space and time; the amplitude 

of the wave function is related to the probability of finding our particle, and combining ¥ 

with its complex conjugate, T** to obtain T2 hT*T, we arrive at a value which is 

proportional to the probability of finding an electron in some space . Thus, T is often 

referred to as the probability density3.

The probability density is important for the analysis of the Schrodinger equation; 

as the particle must be somewhere at any point in time. Because of this constraint, it

follows that when summed over all possible values of x, the probabilities must equal one,

or:

r T*T(Zx = l (3.2c)
J-00

This important equation is defined as the normalization condition3 and is significant in 

quantum mechanics because of the limitations it places on the solutions of the 

Schrodinger equation. Normalization of the wavefunction assures that the particle of 

interest has some location, and it forces the wave function Tfx) to approach zero as x —> 

± oo at a rate sufficient to guarantee that the integral remains finite.
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3.3 Solving the Schrodinger Equation

The Schrodinger equation enables us to relate the energy of some particle to the

wavelength of the particle’s wave function. This relation comes as a result of the 

combination of both the time and space derivatives of the wave function. As a scientific 

hypothesis, this equation cannot be derived mathematically. We take it as a conjecture 

that is then supported by its agreement with experimental results, just as with Newton’s 

laws3.

Since the Schrodinger equation in reality is a tool for calculating the probability 

of finding a particle in three dimensions (and at some point in time), we simplify our 

investigations for solving the equation by moving to one dimension and working with the 

time independent form:

A2 d2wP(x}
~ 2m dx2— = (3.3a)

In solving the Schrodinger equation, we are attempting to find energies that allow 

normalized function values when plotted. Such functions must have the correct values at 

the boundaries. These energy values correspond to allowable energy states for the 

particle of interest.

We do not make the above mentioned simplifications arbitrarily; they allow us to 

arrive at exact solutions without complicated mathematics and this situation is fittingly 

extended to some real situations. For example, a free electron within a metal follows 

much the same behavior as the infinite square well demonstration below3.

4.0 A Particle in a Box

The simplest situation for modeling of the Schrodinger equation is that of a 

particle in a box, or rather a particle on a line, as we are only concerned with one
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dimension. Though this is a simplistic viewpoint, it should be noted that this treatment is 

applied to the electronic structure of metals, primitive treatment of conjugated molecules, 

and is used in understanding the contribution translational motion makes to the 

thermodynamic properties of molecules1.

Essentially, the particle in a box is a system of a single particle traveling on a line 

between two limits, or boundary conditions that signify the walls of the box. 

Consequently, the box has some length, L, and any allowable energy of the particle forces 

a normalizeable wavefunction, as described above. Inside the box, there is some constant 

potential energy for the system that is different than that outside the box. We further 

define our system as having either finite or infinite potential outside the box, referred to

as a well.

In the case of the infinite square well, the wave function must take on a value of

zero at the walls of our box, and for the finite square well, the wave function follows an

exponential decay equation at the walls of the box. Satisfaction of these conditions 

implies quantization of energy and forces non-divergence of ¥ inside the box, and we

will see this theme is recurrent in the other forms of motion we model.

4.1 The Finite Square Well

Following with our trend in starting with the simple and moving to the more 

complex, we begin our solutions with the finite square well. We set up our example to 

have a potential of zero inside the box, and some larger value outside the box and we 

decide on a size of the box, or length, which is 2 in our example. This situation can be

visualized as follows:
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Potential, Finite Square Well

X

Figure 1: Potential of infinite square well. For -1.5 < x < 1.5, V(x) is zero,
15 otherwise.

Having set up the conditions for our finite square well, we can begin to work 

toward some solutions. To help simplify our situation, we condense the Schrodinger 

equation further, and equation 3.3a has the form:

(*) = |r W (4.0a)
n

From equation 2.8.2a, it is apparent that the solutions are cosines and sines when V(x) is

zero. In the case where V(x) = Vo> E, the solutions follow exponential decay functions.

At the boundaries of the well, T is not constrained to take on a value of zero, as would be

the case for the infinite square well; here there exists some chance, however minimal it 

may be, that our particle may reside outside the well. Thus, ¥ and T’ are now considered 

to be continuous at the boundaries of the well3.

Within the confines of the finite square well the potential is zero, and equation

3.3a is as follows:

(4.0b)
n
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Beginning at the boundaries of the well and extending indefinitely outside T again

follows 3.3a.

4.2 Numerical Solutions of the Schrodinger Equation

Just as moving from everyday experiences to atomic and molecular motion 

required a change in theory, solving the Schrodinger equation requires a different 

mathematical approach than large mass problems. In dealing with common occurrences

such as projectile motion, the equations describing the situation can be solved

analytically, or exactly. Complex equations such as the Schrodinger equation, however, 

cannot be solved analytically, and we are forced to employ numerical solutions. The

numerical approach reformulates the problem and allows solving by arithmetic 

operations8.

Numerical methods, as previously stated, permit complicated situations to be 

broken down and solved by much simpler means. To illustrate this, we take from Chapra 

and Canale the example of approximating the time rate change of velocity:

Jv~Av = v(f,.+1)-v(/,.) 
dt kt tM -tt

(4.2a)

with Av and At as differences in velocity and time, taken over some finite interval t,- —> 

ti+i. Applying this approximation to the time rate change equation of a falling body, we 

arrive at a means of computing the instantaneously based on the velocity immediately 

prior:

dt mm m
(4.2b)

—v> ———W m tM-ti m

v(^+,)=v(t,.)+ g-—v(Z,)
m
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where g is the gravitational force, D is the drag force and m the mass of the falling body. 

Essentially, the new velocity is calculated using the slope of v and the previous values of 

v and t8. Continuing in this fashion, all subsequent values for the velocity can be 

calculated from some initial time Of course, we can solve this situation by taking a 

simple time derivative of the specific equation defining the fall, but the general tactic of 

the numerical method is apparent.

The complexity of the Schrodinger equation necessitates the use of a similar 

numerical approach. We do so by dividing the equation into single, finite steps and then 

solve for the wavefunction using the previous values. The appearance of a second 

derivative in the above forms of the Schrodinger equation requires the use of a second 

order approximation to convert the equation into a difference equation that can be 

manipulated in Excel and plotted, allowing us to visualize the wave function T. The 

second order approximation we use is as follows, as applied to the wave function8:

d2VE _T£(x + Ax)-2T£(x) + T£(x-Ax) 
dx1 Ax2

(4.2c)

As we are interested in plotting the wave function, we then incorporate this 

approximation into equations 2.8.2b and 2.8.2c, and solve for the next value of the wave 

function according to the following:

2 m Ax2T£(x,.+1)=2T£(x,.)-^£(x(._1) [£-F(x,)]>F£(x,) (4.2d)
tr

Thus, we have a second order difference equation, and to simplify our situation even

more, when using Excel® to numerically solve this equation, we set the — term in our 
h

equation to a value of one, since this value does not change for each new value of T.
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Having set up an equation that solves for the next value of ¥ both inside and 

outside the box, the coding in Excel is relatively simple. Aside from setting the constants 

to 1 for convenience, only the potential inside and outside the well remain constant in our 

solution attempts. Pursuing well-behaved functions is only dependent on finding 

allowable energies. A second order approximation such as that we are using in this 

numerical analysis has some associated error that is proportional to the step size chosen 

for the Ax2 term in the Excel coding. As a consequence of round-off error, the step size 

must be adjusted in order to find correct solutions of the finite square well.

4.3 Numerical Solutions of the Finite Square Well

In Section 4.0, we stated that the solutions within the finite square well are sines 

and cosines, and we begin our solutions with the cosine function. The coding in Excel is 

as described above (Equation 4.2d), with the first two values located at x = 0 and x = Ax

set to one. Continuing with the example set forth previously, the well has a depth of 15, 

and a length of 2 (see Figure 1). The initial stepsize chosen was 1, albeit arbitrarily. The 

first energy value attempted was 1, and the graph in Figure 2 was obtained:

Figure 2: First attempt at finding correct step size and energy for cosine 
solution. Note that the function violates the boundary conditions of the well.
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Already, it seems that the step size is too large, given that we have not exceeded the 

potential energy of the well and ¥ is oscillating about x - 0 continuously. At the 

boundaries of the well, this wavefunction does not exhibit exponential decay shape,

which it must to allow for normalization. Without changing the energy of the particle, 

we reduce the stepsize by one-half to 0.5, and again we see in Figure 3 that the

wavefunction is not normalizeable:

Figure 3: Graph of ¥ with decreased stepsize of 0.5. Psi continues to 
violate the constraints of the square well.

The third step size chosen for the cosine solution was 0.01, and here we begin to see a

more likely situation, with adjustment still necessary to the energy value. As the

wavefunction nears the boundary of the well, the plot no longer oscillates about the x axis 

but instead tends toward positive infinity; this result can be seen in Figure 4 below.
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Figure 4: Depiction of psi, using stepsize 0.01; the wavefunction is more 
closely adhering to the boundary conditions of the well.

To ensure that 0.01 is the most accurate for the analysis, we reduce the stepsize again to

0.001, and the result is similar to that in Figure 4 in the general shape. What we see here 

is that the error of the numerical solutions is approximately proportional to the step size

squared, and experience with these methods reveals that when the stepsize is too small,

the numerical solution tends to go awry due to round off error in Excel. Figure 5 shows

the effect of this smallest stepsize on psi:

Figure 5: Psi graphed with stepsize of 0.001, note the similarity of the 
shape to Figure 4, but not to the same extent.

25



Having arrived at an adequate stepsize for the analysis, we are now able to input a 

range of energy values into the spreadsheet to see which values produce a normalized 

wavefunction. Immediately upon moving from an energy of 1 to a value of 2, the 

wavefunction crosses the x-axis. This reveals an acceptable energy between the two

values, as can be seen in Figure 6 below:

Figure 6: Psi graphed with energies of 1.00 and 2.00; note the evidence of 
an acceptable energy between the two.

If the energy is set to E = 2 or E =1, T diverges to + oo and - oo, respectively. Thus, there 

must exist some value of E between 1 and 2 for which T approaches 0 as x —> oo. Only 

this ¥ is normalizeable, and consequently only that particular value of E represents a 

quantity of energy that could be possessed by a particle. Finally arriving at the allowable 

energy between 1.00 and 2.00 is achieved by changing the energy to 1.50, then making 

more adjustments above and below this value until the wavefunction appears to follow 

the conditions of the well. Figure 7 depicts the last few energy values used as well as the

final value of 1.547019:
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Psi

Figure 7: The wavefunction cosine solution graphed using energy values 
near 1.547019, which corresponds to an acceptable function.

The same procedure of using successive energy values approaching the potential outside 

the well is applied to the spreadsheet, and once the switch of the graph is seen again, the 

allowable energy is found in the manner described above. For the finite square well with 

internal and external potentials of 0 and 15, respectively, there are two energy values that 

produce well-behaved functions. These two functions are shown in Figure 8:

1.5

Psi

1 1

0 5 -

0 ■

-0 5 -

> 05 1 1.5 * ■'■ 3 3.5 4 4 5

-1 -

-1 5 -

X E = 1.547019
--x--E = 12.613829

Figure 8: Depiction of the two cosine-like solutions of the finite square 
well with outside potential of 15.
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The sine-like solutions for the same example well are found in the same manner 

except that the first two values are 0 and 1, respectively. This is due to the fact we are 

now working with the sine function, which has 'F(O) = 0 and 'F’(O) = 1. Figure 9 contains 

the one sine function solution and several other energy attempts for the same well as was 

used in the cosine example:

Psi, Sine Solutions

E=5.9816475
.. x-- E=18.00
-*—E= 12.00 
------- E=2.00

E=1.00

Figure 9: Sine-like solutions for the same finite square well, note that only 
one acceptable solution is present.

As can be seen from the preceding figures, there are multiple energy values for both the

sine-like and cosine-like situations, some of which are collected in Table 1 below. .

Though these functions take on correct values within the box and at the boundaries, it is 

important to note that due to our calculation limitations, the functions eventually diverge

well outside the box.

Solution Potential Enerov
Cosine 5 1.147450807
Sine 5 4.048585
Cosine 15 1.547019032
Cosine 15 12.613829
Sine 15 5.9816475
Table 1: Allowable energy values for the sine- and cosine-like functions, with 

well potential.
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Analytical solutions of the sine and cosine functions exist, and follow the general

form3:

^(%)==.dsinAx and ^/(x)=yfcos Ax

with allowed wavelengths:

/t 27
n—=L => 2n =— n = 0,l,2,3,...

2 n

Solutions of the particle in a box are relevant examples of how the Schrodinger 

equation can be simplified to a single dimension and taken as time independent to. allow 

for application to some real-world situations. Of greater interest, however, is the 

incorporation of the simple harmonic oscillator potential.

5.0 The Simple Harmonic Oscillator

Schrodinger also worked on the problem of finding acceptable wavefunctions 

within the simple harmonic oscillator potential. Instead of having a constant potential for 

two defined regions, this formulation has a potential energy term that is actually a 

function of the particle’s position and has the form:

V(x)=-Kx2 =-mco2x2 
2 2

(5.0a)

with K being the force constant and co the angular frequency of the oscillator; Figure 10 

shows a graphical representation of this potential. The solution to the Schrodinger 

equation with the simple harmonic oscillator potential is of interest for its application to 

the vibration of molecules in the solid or gaseous (must be at least diatomic) state3.
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Figure 10: Potential energy for a simple harmonic oscillator.

We discuss in depth the simple harmonic oscillator because of the greater

complexity of the potential. Taken from a classical understanding, the potential of a 

particle in oscillation has an equilibrium position at the origin, and will move back and

forth between two points on either side of this equilibrium position. These two points are 

defined as the classical turning points, and are equidistant from the origin toward the 

positive and negative limits of the oscillation3. The distance to the turning points is 

related to the energy in that at either of the turning points, E = V(xtp), thus:

E=~- mco2x^ 
2 *

(5.0b)

For the simple harmonic oscillator, the Schrodinger equation has the form:

~7 - ^^+^-m(o2x2i//{x)=Ey/(x) (5.0c)
2m dx 2

or, following the same form as used in previous sections,

f°rx
n

■'ip, y
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Once again, there are only specific energy values that will produce solutions that 

approach zero when x becomes large sufficiently so as to be well behaved. Fortunately, 

we are able to make use of the symmetry of the simple harmonic oscillator and as a result 

only find the solutions for x > 0.

5.1 Numerical Solutions to the Simple Harmonic Oscillator

The coding for the simple harmonic oscillator is virtually the same as that for the 

particle in a box, with the exception that the potential energy is now a function of 

position and is never constant. Finding the appropriate energies follows the same 

procedure as well. The energy values corresponding to normalizeable functions for the 

simple harmonic oscillator are closer together and more equally spaced than those of the 

sine or cosine solutions (see Tables 1 & 2). Figures 11-14 show some of the allowable 

energy wavefunctions found for this problem:

Figure 11: Acceptable wavefunction for the simple harmonic oscillator; note that 
with the lower energy, the probability of finding the particle at increased distance from 
equilibrium decreases quickly.
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Figure 12: Next highest allowable energy for the simple harmonic oscillator 
graphed with the potential; the increased energy of the particle allows greater distance 
from the origin.

Figure 13: Third highest energy found, note the continuation of the trend seen in 
Figures 11 & 12.
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Figure 14: Wavefunction with highest energy found for the simple harmonic 
oscillator.

Though somewhat difficult to see in the above figures, the amplitude of the 

wavefunction is actually increasing as the distance from x — 0 increases. This comes as a 

result of the particle actually slowing down as it nears the turning points of the oscillation. 

As the particle nears either of the turning points, its kinetic energy is almost completely 

converted to potential energy, and is thus at a minimum.

Figure 15: Depiction of increase probability of finding the particle at the turning 
points of the oscillation, where the potential energy is at a maximum for that system.
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From equation 3.0e, it is evident then that the speed of the particle must coincidentally be 

at a minimum, and this decreased speed indicates a greater probability of finding the 

particle at that location. Figure 15 shows this event in more detail.

The difference in the allowable energies for the solutions to the simple harmonic

oscillator problem is almost a constant value of 3. This trend can be seen in the above

figures as well as in Table 2 below:

Simple Harmonic Oscillator:
Allowable Energies

3.543890195
6.375164918
9.205760665
12.03596568
23.3545691

Table 2: Lowest four and highest allowable energies found for the simple 
harmonic oscillator.

While surprising at first, this trend is actually confirmation of the accepted form for the 

energies for the analytical solutions to this problem:

f 0E = n + — haI 2j « = 0,l,2,3,.. (5.1a)

From Equation 5.1a, it becomes readily apparent that the acceptable energy values 

will differ by a constant amount for any specified system. Further, the allowed solutions 

or wavefunctions for the simple harmonic oscillator problem of the Schrodinger equation 

can be analytically written as3:

(5-lc)

with the constant Cn are found through normalization and the Hn(x) are nth order Hermite 

polynomials. Solutions for the first three integers are found to be:
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i//0(x)=A0e

/

ma> -mox2/2H---- xe

e
h 7

^2G)=A !“

6.0 Conclusion

The major implications of this study focus on the use of numerical

methods to solve second-order differential equations as opposed to analytical techniques, 

and the necessity of the quantization of energy. Numerical methods allow systematic 

break down of complex problems to solve them by simpler mathematics. In the 

particular application to the Schrodinger equation, we used a second order approximation 

to find the next position of the wavefunction based on the two previous locations. We are

forced to use the numerical methods because functions do not exist for accurate modeling 

of the increasingly intricate probabilities of multi-electron systems. The quantization of 

energy led the afore-mentioned physicists to redefine their thinking and ultimately our 

world to allow for the wave particle duality of light and matter in general. As a result, the 

possibility of describing particles with waves and subsequently the Schrodinger wave

equation became even greater tools.

The Schrodinger equation provides a versatile tool for application to the behavior 

of matter on extremely small scales where classical mechanics fails. The failures of

classical mechanics and their solutions are significant not only in their contributions to 

the eventual development of quantum mechanics, but also in that they literally forced 

those individuals concerned with them to seek the hidden truths. Many of the persons

involved became famous for their work, and have at the very least made significant

changes to the manner in which we think and view the universe. In the preceding
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sections, some of these failures have been investigated and the eventual solution, the 

Schrodinger equation, has been presented as conceived by Erwin Schrodinger.

As the goal of this thesis was to understand the beginnings of the Schrodinger 

equation and explore some basic solutions through numerical methods; the rest of the 

paper detailed two such understandings and the mathematics behind them. From the 

particle in a box simulation, we saw that under specified conditions, we can apply a 

second-order approximation to the Schrodinger equation and through varying our 

parameters (potential, energy) arrive at sufficient solutions that succinctly define the 

particle’s wavefunction. Of particular interest was the normalization requirement for any 

of the possible wavefunctions; with only those satisfying this condition having allowable 

energy values. Additionally, through multiple trials, we see that the solutions to this first 

situation follow specific forms, and can be individualized to virtually any applicable 

problem.

After the particle in a box, we moved to the simple harmonic oscillator, where the 

potential varied according to the position of our particle. Solving this problem required 

the same techniques as previously applied, but with changes to the coding in Excel. Once 

again, we were able to see that the analytic solutions to the Schrodinger equation under 

the simple harmonic oscillator have a characteristic form. One consistent conclusion is 

that the potential energy of the system, whether a particle in a box or the simple harmonic 

oscillator, controls the spacing of the allowable energies of the particle.

Without the quantization of energy and the subsequent quantum mechanics, we 

would not have the detailed understanding of our physical universe we have today. The
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Schrodinger equation and the numerical methods used in finding its solutions are 

invaluable tools in the analysis necessary for this interpretation.
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