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Abstract

Butterfly wings consist of many patterns and every species has its own

combination of patterns to make their wings unique. However, every possible

pattern is derived from a common blueprint called a nymphalid groundplan.

The cells of butterfly wings each emit a color either through the cell’s structure

or through pigments that the cell produces. These cells must therefore work

together in order to arrange themselves into the many patterns we see in but-

terfly wings. As the wings are developing, signals are distributed throughout

the cells of the wings. These signals induce the cells of the wings to emit their

designated color. In 1952, the mathematician Alan Turing devised a method to

model the formation of patterns in nature using reaction-diffusion mechanisms.

Turing named the cell signals morphogens and believed that these morphogens

diffused through the cells of the organisms, inducing pigmentation and forming

patterns. Using Turing’s models along with more recently developed numerical

methods for solving partial differential equations, the formation of the many

patterns found on butterfly wings can be simulated. In this project, a small

region of a butterfly wing was modeled using a system of two morphogens over

a two-dimensional trapezoidal surface. This region included an eyespot from

which it was assumed one of the morphogens was emitted. After solving this

system using the Finite Element Method, a banded pattern is formed over the

region. Therefore, repeating this process for the different regions of the wing

can reproduce a pattern commonly found on butterflies.
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1 Introduction

Many patterns in nature arise from reactions of chemicals that occur when the organ-

ism demonstrating those patterns is developing. These reactions often occur between

gene products and affect the development of patterns as varied as symmetric limb

development or skin and fur coloration [14]. Several examples of Turing patterns

found in animals can be seen in Figure 1. The system of pattern development was

first modeled by Alan Turing in 1952. He hypothesized that patterns found in nature

can be modeled using reaction-diffusion mechanisms [14]. These patterns are now

called Turing patterns.

 

Figure 1: Examples of Turing patterns in nature. Patterns from right to left belonging
to hybrid fish, marine beta, cheetah, bengal cat, and giraffe. Image from [11].

Turing patterns can also be applied to the patterns on butterfly wings. Biological

research involving butterflies, including the formation of wing patterns, is becoming

more popular. Studying the patterns and colors of butterfly wings is not only useful

in determining phylogeny, but also in determining changing environmental factors,

including increased predation, increased pollution, changing temperatures, or avail-

ability of resources [2]. In areas of greater predation, patterns that aid in crypsis,

warning coloration, or mimicry are more common. Butterflies that live in areas of

higher pollution often have darker coloring in order to blend in with the darker envi-

ronment. In environments with increasing temperatures, butterflies often have lighter

coloring to lessen the amount of heat absorbed by the wings. Butterfly pattern for-

mation is highly plastic even within species. However, it is believed that the patterns

that form on butterfly wings all stem from a general plan [12]. Therefore, it is pos-
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sible to simulate any wing pattern with a simple model through changing parameter

values.

In this paper, the biological basis of butterfly wing patterns and the work of Turing

are explored in order to create a simple mathematical model. The ultimate goal of

this paper is to form a model which generates a banded pattern over a small area of

butterfly wing.

2 Butterfly Wing Biology

The patterns on butterfly wings are determined even before the wings begin to form.

In larval form, cells in the mesothoracic and metathoracic regions, the second and

third segments of the thorax, begin to enlarge and divide [12]. These cells are the

precursors of the wings. After beginning metamorphosis, the cells invaginate, con-

tinue to divide, and form a pocket. From this pocket, four layers of cells are formed.

The two innner layers thicken and are called the imaginal disk, while the outer layers

remain thin and form the peripodial membrane [12]. This membrane remains rela-

tively unchanged and encases the forming wing throughout metamorphosis. Inside

the peripodial membrane, the imaginal disk undergoes many changes before forming

the dorsal and ventral wing surfaces.

Imaginal disks are the developmental precursors of butterfly wings. As an imagi-

nal disk grows, each half remains in a monocellular layer with cells dividing outward

towards the peripodial membrane [12]. This outward growth leaves gaps called lacu-

nae which are eventually filled in with a vein and trachea system. These gaps also

determine wing shape, as the cells continue to divide until the layer reaches a final

boarder lacuna. After the wings reach their adult shape venation begins.

During venation, a tracheal loop attaches itself to the tip of the imaginal disk,

branching off into thoracic trachea and filling in the lacunae [12]. The trachea supply

9



Vavruska

oxygen to the developing wings. The vein system that forms splits the wings into small

sections called cells (referred to as wing-cells), which act as independent units during

pattern formation. After venation is completed, the irregularly arranged cytological

cells of the wings undergo two cycles of division which result in the ordered rows of

cells found in adult wings. During the first cycle, the cells divide perpendicular to

the wing surface and the resulting inner layer of cells undergo programmed cell death

[12]. This cell death maintains the mono-layer of cells in the wing. The cells divide

at an angle of about 45 degrees during the second cycle and half of the resulting cells

differentiate to scale-building cells [12].

The scale-building cells of the wing form cytoplasm-filled projections called scales.

Through scale architecture and pigment production, each scale emits a color and, in

combination with other scales, forms the pattern of the butterfly wing. Determined

by the genes of the butterfly, the architecture of a scale can take on several forms.

Depending on its architecture, a scale cell can reflect light in different ways in order

to produce different colors. An example of scale arrangement and scale architecture

can be seen in Figure 2. Iridescent, blue, and green scales are determined almost

exclusively by the scale architecture [12].

Scales may also produce a pigment, which fills in the scale uniformly. The type

of pigment a scale produces is dependent on the species of butterfly as well as the

scale’s location on the wing. The various categories of pigments include melanins,

ommochromes, pterins, and flavonoids [12]. The melanins are the most common type

of pigment and are black or brown in color. This is also the pigment found in human

skin. Ommochromes produce colors somewhere between red and brown. Lighter

colors, including white, yellow, or light shades of red occur through the presence of

pterins. Finally, the flavonoids cause the bright, primary colors yellow, red, and blue.

Flavonoids are obtained through the butterfly’s diet. Each of these pigments take

different amounts of time to produce and once made, can interact with the pigments
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Figure 2: The image labeled C is a light micrograph of the yellow scales of a butterfly
wing. The ordered rows of scale cells can be seen. Image D is an SEM image of
a single scale and shows the light-reflecting architecture of a butterfly scale. Both
images from [16].

of neighboring scales. Due to the small size of each scale and their close, ordered

arrangement, the scales of a butterfly wing act much like the dots in a pointillism

picture. The colors of each scale blend in the human eye to produce the many colors

we see.

It is believed that all butterflies share a common groundplan from which their

patterns develop [12]. This groundplan contains several regions of signaling cells, such

as the border ocelli, central bands, and basal bands seen in Figure 3. The signaling

cells are small groups of cells which emit signals, or morphogens, that induce or inhibit

the surrounding scale cells to produce a certain pigment or architecture [10]. The type

and location of signaling cells a butterfly has is determined by that butterfly’s genes.

The production and response to this signal is called morphogenesis.

The exact process of morphogenesis in butterfly wings is not known. However,

two models exist for morphogen distribution. The first is known as the morphogen

gradient model. In this model, as the scales begin to produce pigment or structure,

a concentration gradient is formed [12]. After the initial scales are activated by the

morphogen, they can begin to activate neighboring scales. The patches of pigment
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Figure 3: This is an example of the butterfly groundplan. The shaded regions are
points in which the signaling cells may be located, depending on the species of but-
terfly. Image from [2].

continue to grow until coming into contact either with another pigment or with one

of the veins bordering the wing-cell. The second model hypothesizes induction rather

than a concentration gradient for pigment activation [9]. In this model, an initial

signal of morphogen is produced by the signaling cells, which moves out like a wave

front towards the edges of the wing-cell. The neighboring scales can emit their own

signal after being activated. In this model, there are two signals produced: dark

and light. The dark signal begins first, activating scales to produce dark pigments

and reacting with the light signal, produced by neighboring scales. The light signal

activates scales to produce lighter pigments and inhibits the dark signal. No matter

the method of morphogenesis, a signal passes through the scale cells of the butterfly

wing, inducing them to emit a color. Through this process, the varied pattens of

butterfly wings are produced.
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3 Turing Patterns

In 1952, Alan Turing developed a method to model the patterns we see in nature.

These patterns include not only the patterns we see in fur or scales, but also symme-

tries produced during an organism’s development. Today these patterns are known

as Turing patterns.

In his original paper, Turing modeled the diffusion of two chemicals in a ring of

cells. These chemicals he called morphogens, which is a general term to describe a

substance that causes a reaction within a cell [14]. Turing used a reaction-diffusion

mechanism as the basis of his model. A reaction-diffusion mechanism is a system of

equations which models the distribution of chemicals in an organism as they react

with each other and diffuse throughout the organism. In Turing’s model, one mor-

phogen was an activator, which induced cell growth, and the other was an inhibitor,

which moved more quickly and stopped the activator [8]. These morphogens diffused

through the cells, collecting in various areas throughout the organism over a given

time interval. This congregation of morphogen is the cause of pattern formation.

 

Figure 4: Examples of Turing pattern studies. The top row are simulated patterns
modeled using reaction-diffusion mechanisms. The bottom row are the patterns found
in nature. Patterns from right to left belonging to hybrid fish, marine beta, cheetah,
bengal cat, and giraffe. Image from [11].

Several studies have built upon Turing’s work. These studies aim to model the

patterns seen on animals, such as cheetah spots or zebra stripes; several examples of
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these patterns can be seen in Figure 4. A more recent area of study is modeling the

patterns of butterfly wings. Within this area, several models exist. One such model

is Gierer-Meinhardt, which has a general form

ut = f(u, v) +D1∇2u (1)

vt = g(u, v) +D2∇2v (2)

with concentrations of activator u(x,t) and inhibitor v(x,t) at position x and time

t, diffusion coefficients D1 and D2, kinetic functions f and g, and spatial derivative

operator ∇ [13]. The rate of reactions between the two chemicals is determined by

the functions f and g while the distance these chemicals can travel is determined by

D1 and D2. The functions f and g are polynomials or rational functions which take

the form

f(u, v) = k1 − k2u+
k3u

2

v(k6 + k7u2)
, (3)

g(u, v) = k4u
2 − k5v, (4)

wher u and v are still represent the chemical concentrations and k1, . . . , k7 are positive

rate constants [13]. Equations 1 and 2 can be simplified through non-dimensionalization.

Non-dimensionalization is the process of defining new variables and parameters such

that the units of a constant and an original variable cancel, leading to a dimensionless

new variable or parameter. Often, variables or parameters can be combined and the

equation can be simplified. This system was non-dimensionalized for units of time

and distance. This process yields the system

ut = γ

(
a− bu+

u2

v(1 +Ku2)

)
+∇2u, (5)

vt = γ(u2 − v) + d∇2v, (6)
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with positive parameters a, b, d,K, and γ and non-dimensionalized spatial derivative

operator ∇ [13]. The variables u, v, and t still represent activator concentration, in-

hibitor concentration, and time, respectively. In their study, the researchers Sekimura

et al. (2000) set the values of a = 0.1, b = 1.0, and K = 0.5 and determined γ and

d by solving the equations 3 and 4 numerically using the Newton-Raphson method

and finding a γ and d which the system is unstable. With these parameters, the

researchers were able to solve the system of equations and model the patterns on the

wings of the butterfly Papilio dardanus.

Creating a contour plot for equations 3 and 4 will show the relationships between

the morphogens u and v. Plots for morphogens u and v can be seen in Figure 5. These

plots, along with the functions, show that for larger concentrations of morphogen u,

the total concentrations of morphogens u and v will be larger. However, for larger

concentrations of morphogen v, the total concentrations of morphogens u and v will

be smaller.
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Figure 5: (a) shows a contour plot of equation 3, the concentration of the morphogen
u in terms of u and v. (b) shows a contour plot of equation 4, the concentration of
the morphogen v in terms of u and v.
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4 Finite Element Method and Numerical Analysis

Numerical methods can be used to solve the system over the given area in order to

visualize the patterning that occurs over the area of the butterfly wing. Once such

method is called the Finite Element Method (FEM) and can be used to find solutions

for systems of partial differential equations (PDEs). FEM is especially useful when

finding solutions over an area of irregular geometry, with unusual boundary condi-

tions, or with heterogenous composition [5]. Butterfly wings encompass all of these

features. Six general steps are taken when performing FEM: discretization, choos-

ing element equations, assembling element equations, choosing boundary conditions,

finding solutions for the element equations, and displaying the solution graphically

[5]. In the discretization step, the solution domain is broken into small, simple regions

called elements. The points where each element intersects another are called nodes.

In the next step, a function for which the solution can be optimized is chosen. The

function, usually a polynomial, must pass through the nodes of each element and

each element has its own representative equation from this function. These equations

are then assembled in matrix form such that the solution is continuous. After the

boundary conditions for the area are chosen and the solution function is modified to

account for these conditions, a program such as MATLAB can be used to find and

display the solution.

As modeling butterfly wings is more complicated than a simple one-dimensional

problem, several MATLAB m-files were used to find a solution over the given area.

There are two major files which are used to perform a two-dimensional FEM. These

files encompass the steps of FEM. In the first [7], the area is broken into separate

elements, forming a mesh. This program allows the user to input an area they wish to

create a mesh for as well as to determine the element size they wish to create. After

the file is run, a triangular mesh is created over the area. In the second file [1], the

solution over the area is found, given a mesh, boundary conditions, and the reaction
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forcing terms. This file uses the modified Euler’s method as a time-stepper to find

and assemble element equations.

The goal of this project is to model the patterning within a small portion of a

butterfly wing, called a wing-cell. As mentioned previously, these patterns can be

modeled using a diffusion mechanism, which can then be solved numerically using

FEM. The first step in FEM is to define the area over which you want to find a

solution. We can set this area to be a trapezoid with a small circle removed from the

center as in Figure 6. The trapezoid is a simplified representation of a wing-cell and

the circle represents an eyespot from which one of the morphogens will be emitted.
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0
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Figure 6: (a) shows the area over which we are finding a solution. The trapezoid
shape is a simplified butterfly wing-cell and the circle represents an eyespot. (b) is
the butterfly groundplan shown previously [2]. The colored section is the wing-cell
we are approximating.

After defining the area, we can create a mesh to define the elements. For this

step, we use the m-file [7]. This file divides the area into an array of triangles and

records the nodal coordinates for later use. The resulting mesh can be seen in Figure

7. At this point, we can also define our boundary conditions. There are two types of

boundary conditions: Dirichlet and Neumann. Dirichlet boundary conditions force
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fixed values for the solution along the boundary. The boundary around the circle will

be set as Dirichlet conditions such that the concentration of v is always zero and the

concentration of u is a number between zero and one that will allow all values of the

solution to remain less than one. These conditions for the circle model an eyespot

from which morphogen u originates and is at its highest concentration along this

border. Neumann boundary conditions fix the derivative of the solution to a given

value. The edges of the trapezoid represent the edges of the wing scale which neither

morphogen can cross. Therefore, these boundaries will be set as Neumann conditions

where neither morphogen concentration changes.

Figure 7: This figure is the mesh created over the given area using [7]. Each triangle
is an element and each intersection is a node. Neumann boundary conditions are set
around the edges of the trapezoid and Dirichlet boundary conditions are set around
the edge of the circle. Figure created in MATLAB.

Our next step is to find the element equations which will be used to find the

solution. In order to find the element equations, a function which approximates the

solution in each element must be chosen. For the butterfly wing-cell, a linear function

is used. The m-file [1] is used to find the element equations, assemble the element

equations, and obtain the solution. This file was originally written for a heat diffusion

model which does not incorporate the reaction forcing terms. After changing the

code to work for reaction-diffusion mechanisms, this file takes the nodal coordinates

obtained from the mesh along with the reaction forcing equations we are using for
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this model (equations 5 and 6) and the boundary conditions set in the previous step

in order to find an equation for each element created with the mesh. These equations

are found using a modified Euler’s method to find solution approximations. The

m-file assembles these equations into a linear system, solves the system, and then

plots the resulting concentration gradients for each chemical. A brief summary of the

two-dimensional FEM process can be seen in the list below:

• Choose Area:

For this project, a trapezoidal shape was chosen to represent a wing-cell.

• Create Mesh:

In this step, the area is divided into small triangles, called elements; this step

is completed using [7].

• Choose a Function to Approximate the Solution:

In this project, a linear function is used.

• Find the Element Equations:

This step uses [1] to find the equations, using an Euler’s time stepping method

is used to find solution approximations.

• Assemble Equations within the Boundary Conditions:

This step is completed using [1]; the element equations are assembled in a linear

system of equations.

• Obtain the Solution:

In this step, [1] is used to create and display the solution as plots modeling

morphogen concentrations.

The Finite Element Method is an effective way to find solutions to partial differ-

ential equations. However, FEM is only an approximation method. Therefore, some

amount of error will be present in the solution. FEM has order of accuracy O(hn).

The amount of error in the approximation is greatest further away from the nodes due
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to the method of finding element equations. The equations are built using the coor-

dinates of the nodes and only approximate the rest of the element area. However, as

discussed below, the solution found for this model is a fairly accurate representation

of a butterfly wing-cell.

5 Numerical Results and Discussion

After performing the finite element method for our simplified butterfly wing-cell, we

find the morphogen distribution seen in Figure 8. In the top plot, which shows mor-

phogen concentrations for the activator u, we can see that concentrations are highest

nearest to the eyespot. This distribution is as expected because the morphogen u

originates from the eyespot and does not meet higher concentrations of morphogen

v until reaching a further distance from the eyespot. The morphogen v starts at

lower concentrations throughout the wing-cell and ends with a highest concentration

in the left-half of the wing. This distribution is also as expected because there are

lower concentrations of morphogen u for v to react with. Considering these two plots

together, we can see a banded pattern forming over the wing-cell which originates at

the eyespot.

The results can be compared to an actual butterfly eyespot, seen in Figure 9.

Although the eyespot is located in a different wing-cell, the placement within the

wing-cell is fairly similar. The pattern formed is also similar to the morphogen con-

centrations of the model. Looking at the concentration of morphogen u, we can see

that directly around the eyespot there is a lower concentration of morphogen. This

lower concentration would result in a lighter band around the eyespot. Adjacent to

this band is an area of higher concentration of morphogen, which would result in a

darker band that becomes increasingly darker as it moves towards the edge of the

wing-cell. This same type of pattern can be seen in the butterfly in Figure 9.
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Figure 8: These figures show the FEM solutions for the morphogen concentrations u
and v over the specified area. Figures created in MATLAB.

Changing the values of the parameters can change the patterns formed with this

model. The original parameters set in this model were a = 0.1, b = 1.0, K = 0.5, γ =

0.25, and d = 1.0. Because the activator u is the morphogen that induces coloring,

we will only examine the effects of changing parameters in the ut equation (Equation

5). The pattern is altered after each change; however, because patterns are also

affected by the type and location of signaling cells, each system will still produce an

eyespot. The effects of changing the parameter a can be seen in Figure 10. For the

parameter a, we can decrease its value to 0.01. Decreasing a lowers the concentration

of u throughout the wing-cell. Increasing the value of a to 0.5, we can see that the

bands become more curved and higher concentrations of u are present. Increasing a

also increases the size of the lighter band around the eyespot.
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Figure 9: An eyespot from an actual butterfly to be compared to the results of the
model. Image from [15]
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Figure 10: (a)Concentration of morphogen u with original parameter values.
(b)Concentration of morphogen u changing a to 0.01. (c)Concentration of morphogen
u changing a to 0.5.

Next, we can examine the effects of changing the values for parameter b. These

changes can be seen in Figure 11. This parameter has less of an effect on the shape

of the banded pattern. Decreasing the value of b to 0.5, we can see that the overall

concentration of u is decreased. Increasing the value of b to 1.5 increases the overall

concentration of u.

The parameter K has less of an effect on both the shape of the pattern and the

concentration of u. These effects can be seen in Figure 12. Decreasing the value of

K to 0.25 does not appear to have a significant effect. However, increasing the value

of K, for example to 0.75, slightly increases the curve of the banded pattern.

Changing the values of the parameter γ seems to have the largest effect on this

model. These changes can be seen in Figure 13. Decreasing the value to 0.1 changes
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Figure 11: (a)Concentration of morphogen u with original parameter values.
(b)Concentration of morphogen u changing b to 0.5. (c)Concentration of morphogen
u changing b to 1.5.
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Figure 12: (a)Concentration of morphogen u with original parameter values.
(b)Concentration of morphogen u changing K to 0.25. (c)Concentration of mor-
phogen u changing K to 0.75.

the direction of the curve of the bands. The area of highest concentration of the

wing-cell is also changed so that directly around the eyespot will be darker bands.

Increasing the value of γ to 0.5 maintains the original direction of the curved bands.

However, the darker bands are thinner and the lighter band around the eyespot

increases in size.
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Figure 13: (a)Concentration of morphogen u with original parameter values.
(b)Concentration of morphogen u changing γ to 0.1. (c)Concentration of morphogen
u changing γ to 0.5.
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6 Conclusions and Future Work

Through the use of Turing patterns and an understanding of butterfly biology, a model

was created which produced a pattern over a small section of wing. Looking back at

Figure 3, the generated pattern closely matches those of the segments of the upper

wing as well as the eyespot of the butterfly in Figure 9. Therefore, a butterfly which

has a genetically determined eyespot will likely have stripes or bands surrounding

this eyespot. The number and width of these bands can be altered by changing

initial morphogen concentrations. In the model, changes in the initial conditions,

parameters, and location of signalling cells affect the pattern.

Future work for this project includes increasing the number and complexity of

wing-cells modeled in order to complete a full butterfly wing and, therefore, a more

realistic model. Another way to create a more realistic model would be to generate

more complex patterns either through changing the location or increasing the number

of signaling cells present in each wing-cell. In addition to creating more complex

models, further understanding of the biological formation of butterfly wings could be

beneficial to creating a more realistic model. This area of study is vast and knowledge

about pattern formation is increasing. However, there is still much we do not know

about the formation of patterns on butterfly wings.
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